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1 The Software

The Python programs ana DS calib.py, implementing the calibration procedure, and

ana DS study.py, for investigating the influence of variations in the evaluation parameters,

both call the algorithms described in Section 2, which are collected in the module algos DSana.py.

The program ana DS calib.py processes all data files in a user-selected directory that match

a user-defined filename pattern. For each data set, it generates a map of the evaluation

regions together with a profile view containing four representative cross sections. These profiles

illustrate the form deviation of the reference plateau but are not used in the areal depth

evaluation.

The repository contains four example data sets acquired at the rotational orientations 0◦, 90◦,

180◦, and 270◦, obtained by rotating the depth standard about the optical axis (see Fig. 1).

2 Areal and radial-profile evaluation of a spherical cap

In flatness metrology, the field of view typically spans several tens to several hundreds of

millimetres. Consequently, the 25.4mm depth standard occupies only a small fraction of the

camera field and is mounted in the rotatable holder shown in Fig. 1.

For further processing, a rectangular subaperture enclosing the measurement object is cropped
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Figure 1: Surface under test (SUT) mounted in a rotatable holder.

from the measured topography. Pixels outside the circular object boundary are assigned not-

a-number (NaN) values. Missing values inside the object boundary are interpolated solely

for the segmentation steps used to distinguish the spherical cap from the reference plateau.

These interpolated values are excluded from all subsequent quantitative evaluations, in par-

ticular from the least-squares fits of the reference plane and the spherical cap.

1 # Within the c i r c u l a r area r ep r e s en t i ng the ob j e c t sur face ,

2 # remaining i n v a l i d data po in t s are r ep laced by i n t e r p o l a t e d va lue s

3 # to f a c i l i t a t e segmentat ion a lgor i thms conven i ent ly ; more s t ab l e

4 z map um = algos DSana . f i l l n a n i n s i d e c i r c l e ( z map um raw )

5 v a l i d f i t = (

6 np . i nv e r t (np . i snan ( z map um raw ) )

7 & np . i nv e r t (np . i snan ( z map um ) )

8 )

The two main programs, ana DS calib.py and ana DS study.py, each contain a main func-

tion, analyse depth(), implementing the respective evaluation workflow. In both programs,

the data processing is performed with the following steps:

Step 1: Rough estimate of the sphere cap center

In a first step, a coarse estimate of the lateral coordinates of the cap centre, (xc,circ, yc,circ), is

obtained by fitting a circular disk of radius rcirc to the central region of the cap. The set of

indices corresponding to the data points located within the circular region is denoted by Icirc.

2/ 23



Spherical Depth Standard Algorithms

This is called by analyse depth with

1 # determinat ion o f index s e t o f the c i r c u l a r d i sk

2 #

3 (

4 i s ph 1 s t ,

5 pcirc um ,

6 x gridum , y gridum

7 ) = ana ly s e edge t r an s (dx um , dy um , z map um)

The data points associated with the maximum slope are selected for the circular fit. In ac-

cordance with ISO 25178-2 and ISO 21920-2 the slopes are determined from local gradients

based on sixth-degree local polynomials. The function analyse edgetrans is located in the

main modules ana DS calib.py and ana DS study.py calling

1 # determine the index s e t o f the c i r c u l a r d i sk

2 # of the r eg i on f o r the cap f i t t i n g

3 (

4 x c um , y c um ,

5 radius um ,

6 i d i s k ,

7 ) = algos DSana . dete rmine capd i sk (

8 x gridum , y gridum , z map um

9 )

where the gradient based circle detection is performed. In determine capdisk of module

algos DSana this is

1 # eva luate g rad i en t and curvature accord ing to

2 # Annex D.1 f o r the g rad i en t and D.2 f o r the curvature ,

3 # o f the ISO standard , here , the g rad i en t i s used

4 d x = x gridum [ 0 ] [ 1 ] − x gridum [ 0 ] [ 0 ]

5 d y = y gridum [ 1 ] [ 0 ] − y gridum [ 0 ] [ 0 ]

6 z grad , = grad curv ( d x , d y , z map um)

7 i u s e = np . where (np . i nv e r t (np . i snan ( z grad ) ) )

The threshold to define the steepest decent is estimated using find peaks from scipy.signal
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1 # determinat ion o f the th r e sho ld value to d e f i n e

2 # s t e ep e s t s l o p e s

3 h i s t , b in edge s = np . histogram ( z grad [ i u s e ] , b ins=100)

4 z b i n s = 0 .5 * ( b in edge s [ 1 : 1 0 1 ] + b in edge s [ 0 : 1 0 0 ] )

5

6 idx peak , = f i nd peak s (np . abs ( h i s t ) , he ight=0)

7 idx sh = np . a r g s o r t ( h i s t [ idx peak ] ) [ : : − 1 ]

8

9 z upper = np .max( z b i n s [ idx peak [ idx sh [ 0 : 2 ] ] ] )

10 z mid = np .mean( z b i n s [ idx peak [ idx sh [ 0 : 2 ] ] ] )

11 idx upperpeak = np . where ( z b i n s > z mid ) [ 0 ]

12

13 weights = h i s t [ idx upperpeak ]

14 dev i a t i on = z b in s [ idx upperpeak ] − z upper

15

16 peak width = np . sq r t (

17 np . sum( weights * dev i a t i on **2)

18 / np . sum( weights )

19 )

20 zg th r = z upper − peak width

The resulting circle parameters are then used as initial values for fitting a radially symmetric

paraboloid to the data points within the central cap region, i.e. with indices in Icirc. The

paraboloid model is given by

zcap(p, x, y) =
1

2p2

(
(x− p0)

2 + (y − p1)
2
)
+ p3, p = (p0, p1, p2, p3)

T, (1)

where (p0, p1) are the lateral centre coordinates, p2 is the signed radius of curvature at the

vertex, and p3 is the vertex height.

A paraboloid is used instead of the exact spherical sag equation because it gives a well-

conditioned fit whose parameters have a direct geometric interpretation. For the present stan-

dards, the sag-to-aperture ratio is of order 10−4, and the quartic correction that distinguishes

a sphere from its paraxial paraboloid is negligible over the central fitting region.

The centre coordinates obtained from the parabolic fit in this first processing step, (p0, p1) =

(xc,step 1, yc,step 1), form the basis for the subsequent refinement of the determination of the

transition region between the spherical cap and the reference plateau.
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Figure 2: Segmentation of the regions for fitting the reference plane and the spherical cap; as
the spherical cap is eccentrically embedded on the object, the reference-plane region
forms a complete annulus only for rout ≤ min{r(φ)}.

This is called by analyse depth with

1 # f o r a more p r e c i s e d e t e c t i on o f the cap cente r

2 #

3 dr um = np . sq r t (dx um**2 + dy um**2)

4 mask sph 1st = np . z e r o s l i k e ( v a l i d f i t , dtype=bool )

5 mask sph 1st [ i s p h 1 s t ] = True

6 i s p h 1 s t f i t = np . where ( mask sph 1st & v a l i d f i t )

7 (

8 psphere um ,

9 sigma pshp , covar sph , s igma res i sph um

10 ) = algos DSana . f i t p a r abo (

11 x gridum [ i s p h 1 s t f i t ] . f l a t t e n ( ) ,

12 y gridum [ i s p h 1 s t f i t ] . f l a t t e n ( ) ,

13 z map um [ i s p h 1 s t f i t ] . f l a t t e n ( ) ,

14 dr um , pcirc um

15 )

A challenge associated with the sphere cap measurement objects is that the reference plateau

exhibits form deviations on the order of 0.1µm, corresponding to approximately 10% of the

spherical cap depth. The form deviations may arise from the polishing process. Determin-

istic polishing acts through a finite tool influence function. Near edges or boundaries, the
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pressure-removal distribution changes and produces edge effects such as roll-off or turned

edges. Therefore, in a 25 mm quartz disk with a 20 mm cap diameter and only a 2.5 mm

surrounding annulus, maintaining that annulus perfectly flat is a manufacturing challenge.

An annular deformation of around 0.1µm could be explained by known edge effects in optical

polishing.

These deviations introduce a bias in the determination of the transition between the spherical

cap and the planar reference region and lead to a dependence of the evaluated depth on the

size of the selected reference area on the plateau.

Step 2: Improved estimate of the sphere cap center

Therefore, in the second step, in case of ana DS study.py a set of reference regions is defined.

Each annular reference region is characterized by an inner radius rin and an outer radius rout.

The minimum inner radius, rin,min, is estimated from a smoothing-spline approximation s(x)

of the central horizontal profile passing through (xc,step 1, yc,step 1). The transition between the

spherical cap and the reference plateau is identified by the maxima of the absolute curvature

|κ(x)| of the spline located on either side of the centre position.

κ(x) =
d2

d2x
s(x)

(
1 +

(
d

dx
s(x)

)2
)− 3

2

(2)

The two transition positions are

xle = argmax
x<xc,step 1

{|κ(x)|} , xri = argmax
x>xc,step 1

{|κ(x)|} . (3)

The average distance of these transition points from the centre, i.e. half the distance between

them, is used to define the radius of the inner bound rin,min,step 1 of the reference plane.

rin,min,step 1 =
1

2
(xri − xle) (4)

The idea is, that the local curvature |κ(x)| has its maximum value close to the transition of

the spherical cap into the surrounding reference plateau. Therefore, rin,min,step 1 represents an

estimate of the radius of the smallest circle, which touches the border of the plane reference

plateau outside of the cap.

The set of indices Icap used for the subsequent fit of the spherical cap is defined by all data

points located within a circular region centred at (xc,step 1, yc,step 1) with radius rin,min,step 1/3:

Icap =

{
(i, j)

∣∣∣∣ (xi,j − xc,step 1)
2 + (yi,j − yc,step 1)

2 <
(rin,min,step 1

3

)2}
. (5)
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A paraboloid is then fitted to the data points with indices (i, j) ∈ Icap to refine the estimate

of the cap centre, yielding the updated coordinates (xc,step 2, yc,step 2).

Subsequently, a profile passing through the updated centre position is evaluated to refine the

estimate of the minimum inner radius, resulting in rin,min,step 2. The minimum inner radius

rin,min,step 2 around the center of the sphere cap at (xc,step 2, yc,step 2) contains all points, which

are definitely not part of the surrounding reference plateau.

In case of ana DS calib.py, which uses a predefined width of the annulus as reference plane

region and the minimum distance of the circumference to the center, an estimation of an inner

radius of the reference annulus is not required. Here, step 2 directly uses this respectively the

first center estimate.

To determine the outer radius, the Cartesian topography data are resampled into polar

coordinates, that are uniformly distributed with respect to polar angles φ and that use

(xc,step 2, yc,step 2) as the origin. For each angular coordinate φ, the maximum valid radial

coordinate is determined and stored as r(φ), thereby defining the outer boundary of the mea-

surement object. The radii are determined for nφ = 360 angle classes:

[φk, φk +∆φ), φk = k∆φ (6)

where

∆φ =
max{φ(i,j)} −min{φ(i,j)}

nφ

, φ(i,j) = arctan

(
y(i,j)
x(i,j)

)
, (i, j) ∈ V (7)

and where V denotes the index set of data points lying inside the valid circular object area.

This is called by analyse depth of ana DS calib.py where the variable ref width micron

represents the user defined width of the annulus.

1 # Proce s s ing step 2 :

2 #

3 radius out um = rad iu s c i r cumf e r en c e (

4 x gridum , y gridum , z map um ,

5 psphere um

6 )

7 rad ius in um = radius out um − r e f w id th mic ron

The function radius circumference is located in both main python programs calling

determine DScircumference from algos DSana.
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In case of ana DS study.py the set of admissible outer radii is defined as

rout ∈ [min{r(φ)}, max{r(φ)}] (8)

where rout refers to a sample of radius values that are uniformly distributed along the radial

coordinate with

∆r =
max{r(φ)} −min{r(φ)}

nr

, rout,i = min{r(φ)}+ i∆r (9)

and where i = 0, . . . , nr.

The admissible inner radii of the annular regions surrounding the cap are defined as

rin ∈ [rin,min,step 2, rin,min,step 2 + (min{r(φ)} − rin,min,step 2)/2] (10)

Fig. 2 illustrates the fitting regions used for the spherical cap and the reference plane. In

general, the spherical cap is not perfectly centred with respect to the measurement object.

Consequently, the reference-plane fitting region forms a complete annulus only for rout =

min{r(φ)}.

Step 3: Definition and orientation of the annular reference plane

In the third step, the parameters of a regression plane

p̂refplane = argmin
ppl

 ∑
(i,j)∈I(rin,rout)

(zi,j − p0,pl(xi,j − xc,step 2)− p1,pl(yi,j − yc,step 2)− p2,pl)
2


(11)

are fitted to the data points located within the annular region defined by the radii rin and rout

with respect to the centre coordinates (xc,step 2, yc,step 2).

I(rin, rout) =

{
(i, j)

∣∣∣∣ rin <
√

(xi,j − xc,step 2)2 + (yi,j − yc,step 2)2 < rout

}
(12)

The complete data set is then translated and rotated such that the fitted reference plane

coincides with the horizontal plane at zplane = 0. The rotation aligns the surface normal with

the optical axis using Rodrigues’ rotation formula.
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This is called by analyse depth with

1 # plane f i t and subsquent al ignment

2 #

3 (

4 z plateauplane um ,

5 sur face normal , z 0 ,

6 cov theta , s i gma r e s i

7 ) = algos DSana . r e g r e s s i o n p l a n e (

8 x gr idum sh i f t , y g r idum sh i f t , z map um ,

9 idx p l a t eau

10 )

11

12 (

13 x rot , y rot , z r o t

14 ) = algos DSana . r o ta t e by su r f a c eno rma l (

15 x gr idum sh i f t , y g r idum sh i f t , z map um − z 0 ,

16 sur face norma l

17 )

18

19 mean z = np .mean( z r o t [ i dx p l a t eau ] )

20 z r o t −= mean z

Step 4: Areal estimation of depth

In the fourth step, the depth of the spherical cap is estimated by fitting the parabolic model

function given in Eq. (1) to the aligned data points with indices (i, j) ∈ Icap, i.e. to the data

points located inside the circular region defined in the second processing step.

p̂cap = argmin
p

 ∑
(i,j)∈Icap

(zi,j − zcap(p, xi,j, yi,j))
2

 (13)

This is called by analyse depth with
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1 # f i t t i n g the parabola in s tep 4 accord ing to cente r o f

2 # parabola obta ined in s tep 2

3 #

4 idx sph = np . where (

5 (

6 ( ( x g r i dum sh i f t )**2 + ( y g r i dum sh i f t )**2)

7 < ( rad ius in um /3 . )**2

8 )

9 & v a l i d f i t

10 )

11 # −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
12 # f i t t i n g o f the parabola to s e t o f i n d i c e s i s ph i n s i d e

13 # the c i r c u l a r d i sk i d e n t i f i e d during p r ep ro c e s s i ng

14 # now to the a l i gned data s e t

15 #

16 (

17 psphere um prime ,

18 sigma pshp um , covar sph , s igma res i sph um

19 ) = algos DSana . f i t p a r abo (

20 x ro t [ idx sph ] . f l a t t e n ( ) ,

21 y ro t [ idx sph ] . f l a t t e n ( ) ,

22 z r o t [ idx sph ] . f l a t t e n ( ) ,

23 dr um ,

24 np . array ( [ 0 . , 0 . , psphere um [ 2 ] ] )

25 )

Because the aligned reference plane is at z = 0, the areal depth is

dA = −p̂cap,3. (14)

Equivalently, when the fitted plane level and cap-vertex level are expressed in the same un-

aligned coordinate system,

dA = p̂refplane,2 − p̂cap,3. (15)

In case of ana DS study.py, steps three and four are repeated for each reference region spec-

ified by a pair of radii (rin, rout).
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Figure 3: A finite set of radial profiles through the centre of the spherical cap is selected
for a profilometric depth determination following the profile-based convention of
ISO 5436-1.

3 Profile-based method:

In case of ana DS study.py, profile-based approaches are investigated. Instead of evaluating

parallel profile traces, as is common for groove-shaped material standards, the profile-based

analysis uses a finite number nprf of radial cross-sectional profiles passing through the centre of

the spherical cap, as illustrated in Fig. 3. Each profile is extracted from the aligned Cartesian

data by quadratic interpolation, with the radial origin located at (xc,step 2, yc,step 2).

Each radial profile represents a diameter of the largest complete circular region, i.e. the region

bounded by min{rout}. Since a profile at angle φ and a profile at angle φ+ 180◦ describe the

same diameter, the profile orientations are chosen in the interval [0◦, 180◦). For nprf equally

spaced profiles, the angular increment is

∆φprf =
180◦

nprf

. (16)

The profile-based analysis is performed on the aligned data set, i.e. after rotation and vertical

shifting according to the reference plane fitted to the annular reference region. Two variants of

the profilometric evaluation are considered. In the first variant, the depth values are evaluated

with respect to the common reference plane fitted to the annular region bounded by rin,min,step 2

and min{r(φ)}. In the second variant, each radial profile is referenced individually by fitting
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a straight line to the profile points located within this annular region. For both variants, a

parabola is then fitted separately to each radial profile, using only the profile points within

the central interval

C =
[
−rin,min,step 1

3
,
rin,min,step 1

3

]
. (17)

This is called by analyse depth of ana DS study.py for one choice of annulus region with

1 # Pro f i l ome t r i c p ro c e s s i ng f o r comparison :

2 #

3 i f ( i ou==0) and ( i i n ==0):

4 n samples = in t (np . f l o o r ( ( r l im i t o u t e r [ 0 ] − 10*dx um) / dx um ) )

5 (

6 ang l e degree ,

7 depth angu lar cut s ,

8 zpos on forms

9 ) = ana l y s e Xs e c tp r f s (

10 x rot−psphere um prime [ 0 ] ,

11 y rot−psphere um prime [ 1 ] ,

12 z ro t ,

13 r i nne r edge , r l i m i t i n n e r [ −1] ,

14 n samples , n xsec t s ,

15 pltname

16 )

17 u depth pr f = np . sq r t ( cov theta [ 2 ] [ 2 ] + zpos on forms [ 2 ]** 2 )

Alignment with respect to overall reference plane:

For each radial profile, a regression parabola (rp) is fitted to the data points that lie inside

the interval C with a width equal to one third of the cap diameter.

p̂rp(φ) = argmin
p

{∑
rν∈C

(
zν(φ)− p0rν(φ)

2 − p1rν(φ)− p2
)2}

(18)

As the entire data set has already been aligned to the reference plane by rotation and trans-

lation, the negative height of the fitted parabola minimum gives the depth drefplane(φ).

drefplane(φ) =
p̂2rp,1
4 p̂rp,0

− p̂rp,2 (19)
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where p̂rp,0, p̂rp,1, and p̂rp,2 are the fitted quadratic, linear, and constant coefficients, respec-

tively.

Alignment with respect to profiles:

For comparison with conventional procedures in which each profile has its own reference line,

a straight line is fitted to the plateau portions of each radial profile. Let zcp,refline(φ) denote the

height of this line at the lateral position rcp of the fitted parabola minimum. The corresponding

depth is

drefline(φ) = drefplane(φ) + zcp,refline(φ), (20)

where

zcp,refline = p̂rl,0 rcp + p̂rl,1 (21)

and

rcp = − p̂rp,1
2 p̂rp,0

(22)

for each profile at directional angle φ.

4 Fit-derived uncertainties of height levels and depth

estimates

All model parameters are estimated by least squares. Under the working assumption that

the vertical residuals have zero mean, are mutually independent, are approximately normally

distributed, and have a common variance, the least-squares parameter estimates coincide with

the maximum-likelihood estimates. For a model f(p,qk) with observations zk and lateral

coordinates qk, the residuals are

εk(p) = zk − f(p,qk), k = 1, . . . , N. (23)

For the areal method, the running index k enumerates the selected data points of the two-

dimensional grid. Each value of k therefore corresponds to a pair of grid indices (ik, jk), so

that qk = (xik,jk , yik,jk)
T and zk = zik,jk . For the profile method, the data are one-dimensional

and k directly enumerates the profile points, with qk = rk.

The uncertainties of the fitted height levels and the resulting depth estimates are derived from

the covariance matrices obtained from the least-squares fits. These matrices contain not only

the variances of the fitted parameters but also their mutual covariances. The covariance terms

must be retained when propagating the fit uncertainties to the evaluated height levels and
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depths because the fitted parameters are generally correlated. Neglecting them may lead to

either an overestimate or an underestimate of the uncertainty of the final depth value.

The usual first-order estimate of the parameter covariance matrix is

Cp ≡ Cov(p̂) ≈ σ̂2
ε

(
JTJ

)−1
, σ̂2

ε =
1

N −M

N∑
k=1

εk(p̂)
2, (24)

where M is the number of fitted parameters and

Jkℓ =
∂εk
∂pℓ

∣∣∣∣
p̂

, ℓ = 0, . . . ,M − 1. (25)

For the quadratic and straight-line profile models, the sign of the residual Jacobian J does not

affect its product JTJ. The corresponding design matrices are

Rrp =


r2rp,1 rrp,1 1
...

...
...

r2rp,Nrp
rrp,Nrp 1

 , Rrl =


rrl,1 1
...

...

rrl,Nrl
1

 , (26)

where Nrp and Nrl are the numbers of points used for the regression-parabola and reference-line

fits, respectively. Their covariance matrices are

Cs = σ̂2
ε,s

(
RT

sRs

)−1
, σ̂2

ε,s =
1

Ns −Ms

Ns∑
k=1

ε2s,k, s ∈ {rp, rl}, (27)

with Mrp = 3 and Mrl = 2.

For a scalar quantity g(p) derived from M fitted parameters, the sensitivity vector is

cg =



∂g

∂p0

∣∣∣∣
p̂

...

∂g

∂pM−1

∣∣∣∣
p̂

 . (28)

First-order covariance propagation then gives

u2(g) = cTgCpcg or u2(g) = cTgCscg. (29)

In the present analysis, the scalar quantity g is the evaluated depth obtained using one of the
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three approaches defined in Eqs. (14), (19), (20).

Where a result depends on parameters obtained from two different fits, the covariance terms

between the two fitted parameter sets are taken to be zero. This is justified here because the

fits are applied to disjoint sets of measured points: the reference-plane fit uses points within

the annular reference region, whereas the cap fit uses points within the central region of the

spherical cap. Within each fit, however, the complete covariance matrix is retained, including

all covariance terms between the fitted parameters.

For the areal depth in Eqs. (14) and (15), the fit-derived variance is

u2
fit(dA) = Var(p̂refplane,2) + Var(p̂cap,3)

= u2
plane(z) + u2

cap(z).
(30)

Although Eq. (14) expresses the depth as −p̂cap,3 after alignment, the fitted reference-plane

level that defines z = 0 is itself uncertain. Its variance must therefore be included in Eq. (30).

The resulting value characterizes the uncertainty of the fitted height levels within the least-

squares model. It does not include spatial correlation of the residuals, deviations of the

reference plateau from a plane, uncertainty associated with selecting the evaluation regions,

or instrument-related effects.

For each profile angle φ, the regression parabola is

zrp(r, φ) = prp,0r
2 + prp,1r + prp,2. (31)

For compactness, the hats and the explicit dependence of the fitted profile parameters on φ

are omitted in the following equations. The depth of the parabola minimum relative to the

globally aligned reference plane is

drefplane(φ) =
p2rp,1
4prp,0

− prp,2. (32)

Its sensitivity vector with respect to the parabola parameters is

cd,refplane,rp =



∂drefplane(φ)

∂prp,0
∂drefplane(φ)

∂prp,1
∂drefplane(φ)

∂prp,2


=


−

p2rp,1
4p2rp,0
prp,1
2prp,0

−1

 . (33)
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The corresponding fit-derived variance is

u2
fit(drefplane(φ)) = cTd,refplane,rpCrp(φ)cd,refplane,rp + u2

plane(z). (34)

The last term accounts for the uncertainty of the common reference-plane level used to align

the data set.

The profile-specific reference-line depth is

drefline(φ) =
p2rp,1
4prp,0

− prp,2

− prl,0
prp,1
2prp,0

+ prl,1,
(35)

where prl,0 and prl,1 are the slope and intercept of the reference line, respectively.

The sensitivity vector of drefline(φ) with respect to the parabola parameters is

cd,rp =



∂drefline(φ)

∂prp,0
∂drefline(φ)

∂prp,1
∂drefline(φ)

∂prp,2


=


−

p2rp,1
4p2rp,0

+
prl,0prp,1
2p2rp,0

prp,1
2prp,0

− prl,0
2prp,0

−1

 . (36)

With respect to the reference-line parameters, the sensitivity vector is

cd,rl =


∂drefline(φ)

∂prl,0
∂drefline(φ)

∂prl,1

 =

− prp,1
2prp,0

1

 . (37)

The fit-derived variance of the profile-specific reference-line depth is therefore

u2
fit(drefline(φ)) = cTd,rpCrp(φ)cd,rp

+ cTd,rlCrl(φ)cd,rl.
(38)

Where a result depends on parameters obtained from the parabola and reference-line fits, the

covariance terms between the two fitted parameter sets are taken to be zero. The fits are

applied to disjoint sets of profile points, with the parabola fitted to the groove region and

the reference line fitted to the surrounding reference regions. Within each fit, the complete

covariance matrix is retained, including all covariance terms between the fitted parameters.

No additional term for the common reference-plane level appears in Eq. (38), because a com-
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evaluation regions

calotte

reference plane

Figure 4: Height map of the α = 0◦ orientation with evaluation regions indicated by high-
lighting, red for the spherical cap and blue for the annular ring of the reference
surface.

mon vertical translation cancels in the difference between the reference-line and parabola

levels.

For every pair (rin, rout), the areal depth dA and its fit-derived standard uncertainty are calcu-

lated. The mean and standard deviation of the depths over all investigated reference regions

are used separately to quantify the sensitivity to the definition of the reference region.

5 Standardized procedure for calibration services

A standardized procedure should maximize reproducibility between laboratories and instru-

ments by fixing both the measurement configuration and the evaluation operator. The centre

of the spherical cap should be positioned as close as practicable to the optical axis, and the

annular reference region should be defined by a prescribed width measured inward from the

largest complete circle contained within the valid object boundary.

The following evaluation steps are proposed:

1. determine the centre of the spherical cap, (xc, yc);

2. determine rref,out as the minimum radial distance from the cap centre to the valid object

boundary;

3. use the prescribed width wref of the annulus to determine the index set of the reference-
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Figure 5: Four profiles of the α = 0◦ object orientation at angular cross sections φ =
0◦, 30◦, 60◦, 90◦, with the evaluation regions indicated by highlighted areas under
the curves: red for the spherical cap and blue for the annular region of the reference
surface.

plane fit region, with inner radius rref,in = rref,out − wref and outer radius rref,out;

4. translate the lateral origin to (xc, yc) and subtract the fitted plane height z0 at that

position;

5. rotate the complete data set so that the fitted plane normal is parallel to the vertical

axis, and apply a final vertical shift so that the mean residual height in the reference

annulus is zero;

6. fit the paraboloid in Eq. (1) to the central circular region of radius rref,in/3 and report

the vertical separation between its vertex and the aligned reference plane as the depth

d.

The spherical-cap centre is estimated in two steps. First, a circle is fitted to the locus of max-

imum slope. Subsequently, a paraboloid, Eq. (1), is fitted to the data lying inside that circle.

The resulting centre (xc, yc) is used as the coordinate origin for the subsequent processing

steps.

To characterize the repeatability of the measurements obtained with the same instrument and

with a reference-annulus width of, for example, wref = 1.75mm, the standard deviation of the

mean, urep(d̄), is calculated. The mean depth d̄ and the corresponding standard deviation of

the mean are given by
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Figure 6: Reference-surface regions for the four orientations α = 0◦, 90◦, 180◦, 270◦, showing
the form deviation of the depth standard.

d̄ =
1

nmeas

nmeas∑
m=1

dm, (39)

and

urep(d̄) =
σd√
nmeas

, σd =

√√√√ 1

nmeas − 1

nmeas∑
m=1

(
dm − d̄

)2
. (40)

where nmeas is the number of measurements and σd is the standard deviation of the individual

depth values.

A CSV file is written with one row for each data set. It contains the filename, the evaluated

depth, the fit-derived standard uncertainty, the standard deviations of the plane-fit and cap-fit
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Table 1: Measurements at four different orientations α performed at PTB and one measure-
ment result obtained from an independent laboratory.

α d/µm ufit(d)/µm σresi,plane/µm σresi,cap/µm

0◦ 1.05000 0.00006 0.01984 0.00104

90◦ 1.05170 0.00006 0.01983 0.00105

180◦ 1.05067 0.00006 0.01947 0.00113

270◦ 1.05389 0.00006 0.02035 0.00118

residuals, and the measurement date and time. The fit-derived standard uncertainty ufit(d) is

propagated from the covariance matrices of the fitted parameters according to Eq. (30).

The four representative data sets provided in the repository give the following results when

evaluated with wref = 1.75mm and with a lateral resolution (pixel size) of 29.30 µm.
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The repository provides only a small number of data sets because they are intended as imple-

mentation examples. A characterization or calibration should be based on a larger number of

measurements.

For the four example measurements shown in Table 1, the mean depth calculated according to

Eq. (39) and the experimental standard deviation of the mean calculated according to Eq. (40)

are

d̄ = 1.05157µm (41)

and

urep(d̄) = 0.85 nm. (42)

Here, urep(d̄) characterizes the repeatability represented by the four rotational orientations,

with one measurement for each orientation only, rather than the repeatability of consecutive

measurements at a fixed orientation.

Different instruments and laboratories may differ slightly in their lateral-scale calibration and

in the detected object boundary. Both effects change the physical position and width of the

annulus represented by a prescribed set of pixels. Their influence on the evaluated depth was

estimated by repeating the evaluation using

w± = wref ±∆w, ∆w = 0.5mm. (43)

For the example data, this gives w− = 1.25mm and w+ = 2.25mm. If the unknown effec-

tive annulus width is assumed to be uniformly distributed over this interval, the associated

standard uncertainty can be estimated from the full change in depth as

u∆w(d) =
|d(w+)− d(w−)|

2
√
3

. (44)

The depth values obtained for the limiting annulus widths are summarized in Table 2.

Using the largest observed full difference, 5.12 nm, gives

u∆w(d) = 1.48 nm. (45)

This estimate is conditional on the assumed rectangular distribution. Where traceable infor-

21/ 23



Spherical Depth Standard Algorithms

Table 2: Variation of the depth values obtained for the four orientations α when the width of
the reference annulus is varied.

α w− = 1.25mm w+ = 2.25mm |d(w+)− d(w−)|

0◦ 1.05229µm 1.04751µm 0.00478µm

90◦ 1.05418µm 1.04906µm 0.00512µm

180◦ 1.05302µm 1.04813µm 0.00489µm

270◦ 1.05622µm 1.05136µm 0.00486µm

mation on the lateral-scale calibration and a quantitative uncertainty associated with bound-

ary detection are available, their effects should instead be propagated separately.

The influence of the lateral scale for these example data was additionally assessed by varying

the assumed pixel size by 6.55%. The resulting full difference between the evaluated depth

values was ∆d = 0.54 nm. Approximating the distribution by a rectangular distribution gives

ulat(d) =
∆d

2
√
3
, ∆d = 0.54 nm. (46)

The uncertainty of the pixel size is correlated with the change in physical position and width

of the annulus represented by a prescribed set of pixels. A corresponding correlation term

has not been estimated here. Previous investigations on the instrument with which the data

in the repository where acquired yielded a value of ulat = 1nm for the contribution due to

uncertainties of the lateral scaling. The larger value is therefore used below as a conservative

upper limit.

The standard uncertainty uc(d) of the depth determination is obtained by combining the

instrumental and environmental uncertainty contributions of the experimental setup with the

uncertainty contributions associated with the evaluation of the depth standard. Its square is

given by

u2
c(d) = u2

flat(d) + u2
∆w(d) + u2

T + u2
lat(d)

+ u2
rep(d̄) + u2

ret + u2
λ + u2

fit(d).
(47)

The uncertainty contributions considered in this example are summarized in Table 3. Using a

coverage factor of k = 2, the expanded uncertainty is U = 9.77 nm. The measurement result

for the example with one measurement at each of the four orientations of D23 is therefore
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Table 3: Exemplary uncertainty budget for measurements at four different orientations α per-
formed using PTB’s flatness-measurement interferometer.

Contribution Symbol Value

reference flat uflat(d) 4.33 nm

reference-annulus width u2
∆w(d) 1.48 nm

temperature uT 1 nm

lateral scaling ulat 1 nm

repeatability urep(d̄) 0.85 nm

retrace errors uret 0.5 nm

plane and paraboloid fits ufit(d) 0.06 nm

light wavelength uλ 0.05 nm

combined standard uncertainty uc(d) 4.88 nm

expanded uncertainty for k = 2 U(d) 9.77 nm

d = (1.05157± 0.00977)µm (48)
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