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Abstract

Frequency standards based on optical transitions between electronic states of
trapped ions have reached uncertainties below 107 1 . The Stark shift caused
by room-temperature blackbody radiation (BBR) causes the largest correction
for most high-performance optical clock. The systematic uncertainty of *"'Yb*
clocks based on the 25 /5(F'=0) = 2Ds/y(F'=2) electric quadrupole (E2) and
251 )2(F =0)—2Fy5(F'=3) electric octupole (E3) transitions is currently limited
to 28 x 10718 and 1.5 x 107 '8, respectively, by the fractional accuracy of the
differential polarizability Aay. of approximately 2% 2 .

In the scope of this thesis, a dual species clock based on ''Yb* and ®Sr* ions was
set up, operated and evaluated, to overcome this barrier. Since Aag. is known with
a smaller fractional uncertainty of 0.04 % for the 25, /2 —2Ds 2 E2 transition of
8Srt 3 | this allows for a transfer of Aage from %Sr™ to ''Yb™ following a method
proposed in 4 . The optical intensity of a laser is calibrated with the Stark shift it
causes on the %8Sr™ clock transition, allowing for the determination of Aag. of the
"YbT clock transitions. This allows for a reduction of the fractional uncertainty
of Aag. for both Yb* clock transitions below 0.4 % and clock operation on the
E2 and E3 transition with a fractional BBR shift uncertainty of 0.84 x 1078 and
0.24 x 10718 is enabled, respectively.

However the value of Aage determined in this thesis does not agree with 2, a
fractional offset of approximately 14 % is observed. To investigate this discrepancy
further, Aoy, is measured in the same manner as in 2 for the %¥Sr™ clock transition.
The same offset of approximately 14 % is found, calling the accuracy of at least
one of these methods into question.

Finally, the first optical frequency ratio R between the ®¥Sr* clock transition and
the '™YDb™ E3 transition is measured. The fractional uncertainty of R is 23 x 1075,
R in combination with the absolute frequency of the E3 transition allows for the
determination of the ®*Sr* absolute frequency vg .+ with an uncertainty limited by
the caesium references. The value of vg+ falls outside of the recommended range,
but is corroborated by measurements of the same quantity by other institutes ° ©

IM. Marshall et al., Phys. Rev. Lett. 135, 033201 (2025)
2N. Huntemann et al., Phys. Rev. Lett. 116, 063001 (2016)
3T. Lindvall et al., Phys. Rev. Lett. 135, 043402 (2025)
4M. D. Barrett et al., Phys. Rev. A 100, 043418 (2019)
5C. Marceau et al., Metrologia 62.4, 045001 (2025)

6T. Lindvall et al., Phys. Rev. Appl. 24, 044082 (2025)
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1. Introduction to optical atomic
clocks and this thesis

Time is one of the most fundamental parts of the physical description of our
universe. While Albert Einstein has revealed within the framework of special and
general relativity that space and time are emergent phenomena of one malleable
spacetime [Ein05; Einl6|, in day to day life we experience the progress of time as
proceeding at a constant rate everywhere. For this reason, our unit of time, the
second, is at the center of the [Systeme International d’Unités (SI)| [BIP19] and
enters into the calculation of most other units in it as is shown in [Fig. 1.1} Tt is
defined by fixing the unperturbed ground state hyperfine transition frequency of the
caesium 133 atom Avgs to [BIP19)

Avgs = 9192631 770/s = 9192631 770 Hz, (1.1)

where the unit Hz is defined as the reciprocal second. Since this number defines the
unit, it has no uncertainty. Every frequency or time measured with an instrument
needs to refer back to this number in some way, to be consistent with the
For this reason, [National Metrology Institute (NMI)s around the world such as
in Germany [Bau05}; [Wey—+18|, [National Institute of Science and Technology
[NIST7 in the United States of America [Hot+23] and [National Physics Laboratory]
[NPL] in the United Kingdom [Szy+16| operate caesium clocks, so called primary
standards, that realize the |SI second.

Even though the definition of the second is free of uncertainty, its realizations
are not. For example, electromagnetic fields at the position of the caesium atoms
change the energy difference of the hyperfine states, causing the observed transition
frequency to differ from the unperturbed reference Avcs. The magnitude of these
perturbations has to be quantified, which is only possible with finite accuracy,
limiting the overall uncertainty of the primary frequency standard. The best-
performing caesium clocks [Szy+16; Wey+18; Hot+23; Bea+25| reach a fractional
uncertainty of around 1 x 10716, which corresponds to a frequency uncertainty of
1 pHz.

On the other hand, optical frequency standards already reach below a fractional
uncertainty of 1 x 1078 [Bre+19; |Aep+24; Mar+25b|, primarily because they
operate at a higher frequency of 100-1000 THz, making them more insensitive to
any frequency shifts not proportional to the optical frequency itself . They are based
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1. Introduction to optical atomic clocks and this thesis

on transitions from the atomic ground state to a long-lived excited state that are
driven with laser radiation. For this reason, a change of the definition of the second
in the [ST is proposed, to refer the second to one or multiple optical transitions
[Dim+24]. This would allow for absolute frequency measurements with significantly
smaller uncertainty, but requires reproducible and reliable operation of optical
frequency standards . Nevertheless, already today a selection of optical
transitions are recognized as secondary realizations of the second with frequency
values determined from previous measurements against Cs clocks and frequency
ratio measurements between optical standards [Mar+24]. These recommended
values of standard frequencies are reviewed and updated on a regular basis by the
[Bureau International des Poids et Mesures (BIPM)| the last update at time of
writing was performed in 2021 [Mar+24].

AV Cs

v

c h
N / \:\ 4

o /@M

f '\

kB ch

Figure 1.1.: Unit relations in the new SI. The base units of the|SI are the second (s),
kilogram (kg), mole (mol), Candela (cd), Kelvin (K), Ampere (A) and
meter (m). They are defined by fixing the values of various constants
in nature, the caesium hyperfine frequency (Avgs), Planck constant (h),
Avogadro constant (N4 ), luminous efficacy of a defined visible radiation
(K.q), Boltzmann constant (kp), elementary charge (e) and speed of light
in vacuum (¢), respectively [BIP1Y]. The arrows indicate whether a unit is
used to define another unit in the system in combination with the defining
constant. Qut of all of these, only the second and the mole are purely
dependent on their defining constants and the second is a part of every other

unit in the system, except for the mole. Image source:

From a top level view, an optical frequency standard consists of the following
elements, which are sketched in [Fig. 1.2

1. Local oscillator: A laser with high short-term (<10s) frequency stability
provided by an ultrastable resonator |[Mat+17]. It can be adjusted in its
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frequency with electronic and optical elements and is sent to the atomic
reference and frequency comb.

2. Atomic reference: The atom which contains the optical reference transition,
that is used as the basis for the optical frequency standard. The local
oscillator frequency is compared with the reference and adjusted such that it
is on resonance with the atomic transition. This stabilizes the local oscillator
long-term (>100s) to a natural constant, the atomic transition frequency.

3. Frequency comb: The frequency of the local oscillator is measured at the
frequency comb [YCO05; FB19]. It consists of a fs-pulsed laser with an actively
stabilized repetition rate and [Carrier Envelope Offset (CEO)| By employing
supercontinuum generation in optical fibers [BWRO00|, a spectrum spanning
at least one frequency octave (Vpax > 2vmin) in the optical range is produced,
consisting of narrow peaks spaced by the repetition rate. Since the repetition
rate and [CEQ] are referenced to the [SI] second via a caesium fountain clock,
this allows for absolute measurements of the local oscillator frequency and
consequently atomic transition frequency.

An optical clock is strictly speaking a continously operating optical frequency
standard counting cycles from a set initialization time onwards [MS21]. The optical
frequency standard discussed in this thesis was not operated in this fashion. In
practice, the terminology is used more or less interchangeably, so many optical
frequency standards are called optical clocks even though they provide no time
signal.

https://doi.org/10.7795/110.20260204



1. Introduction to optical atomic clocks and this thesis

Local oscillator Atomic reference
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Figure 1.2.:

Overview over the elements of an optical clock. An optical clock combines
several elements in order to allow for frequency comparisons with the current
primary realization of the [S] second. A clock laser with adjustable frequency
emits radiation shown in red that is sent to an ultrastable resonator or cavity
[Mat+17]. This pair of mirrors is spaced apart at a distance that changes very
slowly and transmits light in a narrow frequency range repeating every free
spectral range. By measuring the reflection of the laser from the resonator,
the frequency of the clock laser is stabilized to the cavity length, indicated
by the dashed arrow. This produces a laser with high frequency stability on
short (<10s) time scales [Mat+17], called the local oscillator. The light
passes through an optical element that can change the oscillator frequency
by Af, such as an|Acousto-Optic Modulator (AOM), and is distributed to
two elements: The laser light is sent to 1. the atomic reference, where its
frequency deviation from the atomic transition is determined. The frequency
offset Af is adjusted repeatedly such that the oscillator is on resonance with
the atomic reference transition, 2. to a frequency comb [YCO05; FB19]. This
fs-pulsed laser is referenced in its properties (the repetition rate fre, and
feeo) to the SI second, which is provided by a Caesium fountain clock
|Wey+18; |Hot+23; |Szy+16; |Bea+25]. By measuring frep and feeo as well as
determining the frequency offset of the laser from the m-th comb tooth Af,
the absolute frequency v=mfrep + feeo + Af of the local oscillator stabilized
to the atomic reference is measured with the comb. Frequency comb image
source (modified): [Har06]
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1.1. Figures of merit: Stability and accuracy

Two figures of merit are central to the performance of an optical clock: the
instability and the accuracy of the frequency output. On an abstract level, the
instability quantifies what the noise properties of the clock are, how the clock
frequency v(t) varies over time. The accuracy is equal to the uncertainty of the
overall clock frequency offset from the unperturbed reference quantity.

Stability The frequency of an optical clock varies because of fundamental ef-
fects such as |Quantum Projection Noise (QPN)| or the uncontrolled changes of
experimental conditions. To compare clocks at different frequencies on equal
footing, the fractional deviation from the mean y(t)=v(t)/v —1 is computed. Then
the Allan deviation o,(7) [All66; RHO§| of M time-averaged frequency samples
y; (1) =(y(t))r;, 1<j<M with averaging time 7 is defined as

o 1
oy(1) = \/Uy(T)— m

and quantifies the instability for a given averaging time. The intuitive meaning
of the Allan deviation is that the frequency output v(t) averaged over the time
T varies within o,(7). The statistical uncertainty of the mean frequency v of a
measurement lasting a time 7" is 0,(7"). The advantage of the Allan deviation
over e.g. the standard error of the mean ¢ is that o,(7) is properly defined and
converges for a broad variety of noise spectra, for which & diverges |A1166; RHOS|.
The effect of noise sources with different spectral content on the Allan deviation is
depicted in

A fundamental type of noise relevant for optical clocks is [QPN] As is described in
in more detail, the measurement involved with the operation of the
clock projects the quantum state |¢)) =alg) + b|e) into either the ground state |g)
or excited state |e). This projection introduces white noise to the frequency signal
with a magnitude related to the linewidth of the transition dv and cycle time to

until the clock transition is interrogated again [PSTO05]. This results in the Allan
deviation of a clock purely limited by of |[PSTO5]

> (@) -u) (12

Jj=1

ov |t
0,(r) = Co—y | 2. (13)

where C encapsulates the [Signal-to-Noise Ratio (SNR)| of the measurement and
depends on the precise interrogation scheme of the clock [PST05]. This shows
that narrow linewidths and short cycle times (up to the Fourier limit relating
linewidth and interrogation time) are necessary to minimize and reduce the
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1. Introduction to optical atomic clocks and this thesis

measurement time 7 to reach a given uncertainty of the clock frequency. For the
clock discussed in this thesis, is the dominant contribution to the total noise,
but clocks can also be limited by their cycle time (resulting in Dick noise [Lud+15])
or show more complex noise components such as frequency drifts or flicker noise.
One important caveat is that the instability of a clock cannot be measured without
a reference oscillator. So, the instability of a frequency ratio R =14 /v, between
two clocks with frequencies 17 and v5 is measured, instead. The Allan deviation of
R is then dominated by the more unstable clock or minimally a factor of /2 higher
than the single clock instability, if both of them contribute equally to o,. Since
the Allan deviation of white frequency noise decreases with larger averaging times,
the instability is commonly reported as o,(1s). The current record instability is
around o, (18) =50 x 1078 [Oel+19; Sch+20] for optical clocks, while comparisons

between systems sharing the same clock lasers reach o, (1s)=1.5 x 10~ nowadays
|Kim+-25].

10715
101
0
10718
1071

10

10°° 103 10! 10° 10°
t(d) f (Hz) 7 (s)

Figure 1.3.: Comparison of the Allan deviation for different noise sources. Flicker phase
noise (blue), white frequency noise (black), flicker frequency noise (pink) and
random walk frequency noise (brown) lead to different behaviour of the Allan
deviation oy (T) with respect to the averaging time 7. This is shown here for
computer-generated noise with an amplitude of 1 Hz on an optical standard
with a mean frequency of 500 THz. The sampled data on the left is offset
from the mean by a multiple of 2 Hz for each noise type to compare them
more easily. The figure in the middle shows the spectral density amplitude
vV Say of the noise, which shows particular slopes for each noise type. White
frequency has the same amplitude at each frequency f, blue noise has a lower
amplitude at lower frequencies. Pink and brown noise show the opposite
behaviour, their amplitude increases at smaller f. The right figure shows the
Allan deviation for several averaging times of the individual noise samples.
The Allan deviation of white and blue noise decrease for larger T, allowing
for more precise determinations of the mean frequency by increasing the
measurement time. Pink and brown noise on the other hand do not decrease
and ultimately correspond to a variation of the center frequency, which limits
the overall uncertainty for long measurement times. For a real frequency
standard, a weighted combination of all these noise types is observed.
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Accuracy The goal of an optical frequency standard is to reproduce an unper-
turbed atomic transition frequency v4. This is a constant of nature determined from
fundamental parameters such as the fine-structure constant. Various effects cause
the observed frequency to differ from the unperturbed case, e.g. electromagnetic
fields, the Doppler effect caused by movement of the atom and collisions of the clock
atom with other atoms [Lud+15|. All of these effects are measured or calculated
and an appropriate correction Av is applied to the clock frequency to produce
the unperturbed value. The uncertainty u(Av) with which Av can be determined
limits the overall uncertainty u(vg) of the unperturbed frequency. It is usually
called the systematic uncertainty and reported as the fractional value u(Av) /1.
The lowest reported systematic uncertainty to date is 5.5 x 1071 [Mar+25b|. One
important systematic uncertainty is that of the best caesium fountain clocks of
around 1 x 10716 [Wey+18; [Hot+23; [Szy+16; Bea+25]. Since the [SI| unit Hz is
defined with reference to the Cs transition, this is also the systematic uncertainty
limit of all absolute frequency measurements, unless measurements are performed
against a large ensemble of independent Cs clocks. In that case, uncorrelated
systematic frequency shifts can be assumed to be independent and normally dis-
tributed, which allows for a reduction of the systematic uncertainty below the limit
of any particular clock.

Frequency measurements always have to be performed with respect to another
clock that provides the reference. This means that one measures a frequency ratio
R =14 /s with the frequencies v; and v of clocks 1 and 2 respectively. An absolute
frequency measurement refers to the special case that one of the clocks is a caesium
clock. This means that the total fractional uncertainty wu.; of an optical frequency
ratio measurement is the [Root Mean Square (RMS)| of the individual fractional
clock uncertainties «; and wus

The individual uncertainties u; are the of the fractional statistical uncertainty
Ustat,; and the fractional systematic uncertainty wugys ; of each individual clock

Uy = u() = \Jul, i +ul (1.5)

Consequently, the uncertainty of R is limited by the combined systematic uncer-
tainty of both clocks and requires sufficiently large averaging times to reduce the
statistical uncertainty of both clocks below the systematic limit. This informs
the different types of optical clocks, their advantages, disadvantages and specific
properties.
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Types of optical clocks At multiple optical frequency standards have
been and are in operation [SPTO05; Fal+11; Hun+16; San+19; [Han+19bj [Sch+-20;
Stu+21; [Lan21; Ste+23; Hau+25; Nos+25]. They can be divided in roughly
three categories, all of which have their advantages and disadvantages in terms of
stability and accuracy:

1. Neutral atom clocks [Fal411; |Sch+20; Nos+25]: The atoms, which possess
the optical reference transition, remain uncharged and are trapped with
high-intensity laser radiation. This results in a large number of atoms being
interrogated at once and consequently a high stability of the output frequency
[Kat403]. But the atoms are experiencing a large electromagnetic field which
may shift the unperturbed frequency significantly. To minimize this effect, a
trapping laser wavelength is chosen that shifts the energy of both the ground
and excited state by the same amount, causing a differential frequency shift
of 0Hz [Kat+03]. These optical clocks are not covered further in this thesis,
a review on them is contained in [Lud+15].

2. Single ion clocks |[SPT05; Hun+16; San+19; Han+19b; Stu+21; |Lan21;
Ste+23]: A single charged atom, an ion, is interrogated in a trap of oscillating
electromagnetic fields, a Paul trap [Pau90]. The ion resides in a largely field-
free environment, causing only small frequency shifts. On the other hand,
only a single ion is interrogated repeatedly, which results in a comparatively
high instability [PSTO05]. Compared to neutral clocks, this results in long
averaging times to reach a given frequency uncertainty.

3. Multi ion clocks [Ste+23; Hau+25]: Similiar to single ion clocks, the same
trapping mechanism is used. But multiple ions are trapped within the
same potential and interrogated simultaneously [Pre+92]. This reduces
the averaging time proportional to the number of ions to reach a given
statistical uncertainty, but care needs to be taken that all ions are affected
by electric and magnetic fields sufficiently homogeneously. The idea of a
microwave multi-ion clock using a linear ion trap was first proposed in 1992
[Pre+92]. Multi-ion clocks using optical transitions started to be developed
from 2012 onwards [Her+12] and are currently starting to be employed in
frequency ratio measurements [Kel+19; Ste+23; Hau+25]. They operate in
a middle ground between neutral atom and single ion clocks, the stability
is significantly better compared to single ion systems even for a moderate
(around 10) amount of ions and the ions are still trapped without any large
electromagnetic fields.

Specifically in the group Optical clocks with trapped ions at [PTB] where I did
the work for this thesis, three generations of single-ion *'Yb* clocks Yb1 [SPT05
Hun+16|, Y02 [San+19] and Yb3 |[Lan21]| have been developed and operated. They
were employed in absolute frequency measurements of the ' Yb™ clock transitions
[Tam+-09; Hun+12; Lan+21a|, optical frequency comparisons between Yb* clock
transitions in the same and different experiments [San+19; |Lan+-21a], international
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clock comparison campaigns [Lin+25c|, Lorentz symmetry tests [San+19)|, investi-
gation of the variation of fundamental constants [Lan+21a; Fil4+23] and searches for
dark matter [Fil+23]. Also, novel schemes to determine the excited state lifetime
of the '"'Yb™ [Electric Octupole (E3)|transition |[Lan+21b|, compensate tensorial
[Lan+-20] and clock-laser induced [San+18| frequency shifts as well as differential
polarizability measurements [Hun+16] were developed and implemented in these
systems. Additionally, a collaborative project with partners from industry led to
the development of Opticlock, a single-ion, compact, transportable "'Yb™ clock
[Stu+21]. All of these systems only trap and interrogate a single ion of a single
species, but there are some key advantages to a multi-ion, multi-species optical
clock.

The limiting systematic uncertainty for these single ion clocks operating at room
temperature is the knowledge of the differential polarizability A« [San+18; |Lan21;
Tof+24]. This quantity is the proportionality constant between the
Radiation (BBR]) temperature and the frequency shift induced by thermal electro-
magnetic fields. It is known with a fractional uncertainty of approximately 2 %
[Hun+16; [Bay—+20] from measurements with intensity-calibrated [Near Infrared|
and [Mid Infrared (MIR)|lasers. This limits the [BBR]shift uncertainty to
a fractional value of 28 x 1071® and 1.5 x 1078 for the [Electric Quadrupole (E2)|
and transition, respectively and precludes the optical clocks based on ™Yb™
from reaching the 10712 uncertainty regime. Overcoming this limitation is one of
the primary objectives of the multi-species clock discussed in this thesis.

1.2. Multi-species, multi-ion optical clocks

This thesis focuses on the first multi-species, multi-ion optical frequency standard
in group Optical clocks with trapped ions at called YbSri. In this system,
single or multiple *'Yb™ and ®¥Sr™ ions can be used as the reference for single-ion
or multi-ion optical clocks. This provides the following advantages over a single-ion,
single-species system.

Stability improvement with multi-ion clocks As mentioned in the previous
section, interrogating multiple ions of the same type simultaneously reduces the
instability of the optical clock. is independent for each ion, so the average
over all N ions reduces the instability by a factor of v/N compared to the single
ion stability o, 1(7) |[Rie06]

_ 0y1(7)
oy nN(T) = —\/N (1.6)

under the assumption that each ion contributes equally to the mean clock frequency.

11
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Since the Allan deviation reduces with /7, if it is dominated by white noise, the
time 7' to reach a given statistical uncertainty ug.; scales with N

2
_ Loy ()
N Ustat

so 10 ions reduce the averaging time by an order of magnitude. For single-ion
clocks based on the [E3| transition of '™Yb", instabilities of ¢, (1s)=1 x 10715
are typical [Dor+21]. To reach a statistical uncertainty of 0.1 x 107!® requires
108s~ 3yr of averaging time, so reducing the measurement time to months in
a multi-ion clock is a significant improvement. For this reason, I built up the
first multi-ion optical clock in the group Optical clocks based on trapped ions to
gain knowledge with multi-ion traps, interrogation sequences for multiple ions and
perform first measurements with ion chains. These results inform and support the
next-generation system YbS5r2 focused on multi-ion clock operation.

Sensitivity to new physics Optical clocks are used to investigate fundamental
physics, such as variations of fundamental constants over time |[Pei+04; |God+14;
Hun+14; Lan+21a; |Fil4+23; She+4-23], dark matter [Col+21} [Fil4-23; |[She+23] and
Lorentz invariance [San+19|. These measurements typically rely on the fact that
different clock transitions have different frequency sensitivites with respect to
parameters such as the fine-structure constant o |[God+14; Lan+21aj; [Fil4-23]
or orientation of the excited state wavefunction in space [San+19]. While these
measurements can be and are performed between separate optical clocks, this
requires that any non-fundamental effects, such as temperature and magnetic
field variations, are sufficiently well under control to not mask the quantity being
investigated. In a multi-species system, these perturbing effects are mostly common
to both clocks, since their distance from each other is typically on the pm scale.
This heavily relaxes the requirement on control of external perturbations and
allows for more accurate investigations of new physics effects.

Sensitivity to external perturbations Multi-species clocks have an advantage
over single species clocks with respect to their accuracy. Often, the frequency shift
induced by external perturbations has to be measured, relying on specific properties
of the ion species interrogated. For example, the the differential polarizability A«
of the clock transition is known with significantly different fractional uncertainty
for #Sr* (0.04 % |Dub+-14; Lin+-25b]) and '™ Yb™ (2% [Hun-+16; Bay-+20]). This
allows for calibration of laser intensities with ®Sr™ and the reduction of the
uncertainty of Aa for '™ Yb™ using the calibrated intensity. This has the potential
to reduce the fractional [BBR| frequency shift uncertainty at room temperature
below 10~ for the '™Yb™ [E3] clock transition.

12
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1.3. Key results and structure of the thesis

The thesis concerns the setup and operation of the optical clock YbSr1 in the
group Optical clocks with trapped ions at Key results of this work are

+ a measurement of the %Sr™/"'Ybt, optical frequency ratio with a
fractional uncertainty of 23 x 1078 and a direct determination of the trap-
induced shift. This allows for calculation of the #Sr™* absolute frequency
limited by the systematic uncertainty of Cs clocks [Wey+18; Lan+21a]
and a value inconsistent with the recommended frequency as a secondary
representation of the second [Mar+24] is found. This result is corroborated
by recent determinations of the same quantity by [National Research Council
Canada (NRC] [Mar+25a] and [VTT Technical Research Centre of Finland
[Lin+25a], supporting an adjustment of the recommended frequency
of the ®*Sr™ clock transition [Mar+24].

o the first direct observation of the instability reduction due to multi-ion
operation of an optical clock. Three ®*Sr* ions show a significantly reduced
instability, limited by the spatially non-resolved state detection mechanism,
and the resulting frequency agrees with the single-ion result.

« a measurement of the magic wavelength of the ®Sr™ clock transition differ-
ential polarizability around 1550 nm, which is consistent with theory. This
allows for a more accurate determination of the dynamic correction of the
BBR| shift and in general interpolation of the differential polarizability be-
tween the magic wavelength and the [Direct Current (DC)| value [Dub+14;
Lin+25b).

« a direct optical intensity-based measurements of the ®Sr™ differential po-
larizability at a perturbing wavelength of 10.6 pm and 8.5 pm, relevant for
the shift at room temperature. These measurements show a consistent
offset of the same quantity from the measurements using the trap
Frequency (RF) field [Dub+14; Lin+25b|. This persists across different
perturbing wavelengths as well as experimental implementations and agrees
with the corresponding values of the ''Yb™ clock transitions.

e a polarizability transfer measurement employing lasers to reduce the
differential polarizability uncertainty and consequently the shift uncer-
tainty for the '™ Yb™ clock transitions. With the currently acquired data,
this allows for a fractional shift uncertainty of 0.84 x 107!® on the
transition and 0.24 x 107! for the [E3|transition, but changes the magnitude
of the [BBR] shift by 40 and more than 50, respectively. This is due to
the discrepancy observed between the differential polarizability of ®*Sr* for
optical and fields mentioned in the previous bullet point. Nontheless, this
result allows for the operation of *'Yb™ clocks with an overall uncertainty
below 108, if the discrepancy is resolved and the uncertainty of the ®Sr™

13

https://doi.org/10.7795/110.20260204



1. Introduction to optical atomic clocks and this thesis

polarizability does not increase significantly.

The thesis is structured as follows:

14

1. [Chapter 1| (this chapter) contains an overview of optical clocks, their general

operation, key figures of merit and scientific achievements. In particular, the
previous work in the group Optical clocks with trapped ions at and the
advantages of multi-species, multi-ion clocks are summarized, as they serve
as the background on which this work rests.

. contains an overview of the theoretical background on ion trapping,

cooling and clock spectroscopy. Also the electronic structure of **Sr* and
'Yb* and the coupling between electromagnetic radiation and the ion
states relevant for this thesis are discussed. A greater emphasis is given to
state initialization for both species, the effect of ion motion on spectroscopy
and sub-Doppler cooling as well as heating rate measurements.

. contains the experimental setup of the ion trap, cooling lasers,

clock lasers and detection optics. The magnetic field perturbing the ions is
investigated in more detail. On the one hand, the decay of the magnetic
field applied during cooling of *'Yb™ is measured to estimate its effect on
other results in this thesis. On the other hand, the |[Alternating Current|
[AC] magnetic field induced by the trap drive is measured using the
Autler-Townes method discussed in [Gan+-18] to determine its contribution
to the overall clock uncertainties.

. contains the theoretical background on the quadratic Stark shift of

the clock transitions and direct measurements of the differential polarizability
with [NIR] and [MIR] lasers. The effect of [BBR] and its parametrization is

discussed in greater detail to correctly infer the [BBR| shift from single-
wavelength polarizability measurements. The magic wavelength measurement
of ®Sr™ in the is presented, which allows for a smaller uncertainty of the
dynamic correction of the shift and interpolation of polarizability values
in the region. Also, direct measurements of the polarizability using
[MIR] lasers are shown and reveal a consistent discrepancy compared with the
[RE}based values from [Dub+14} [Lin+25b]. The source of this discrepancy
needs to be investigated further to determine which value is correct for the

evaluation of the shift.

. contains the polarizability ratio measurements for the scalar and

tensorial polarizabilities of the ®Sr™ and '™ Yb™ clock transitions. These ra-
tios are in agreement with previous determinations [SPT05; Hunl14; [Hun+16;
Bay+20] of the same quantities of the "'Yb* transitions at a significantly
reduced uncertainty. The transfer measurement between 8Sr™ and '"Yb*
allows for a reduction of the |BBR]shift uncertainty at room temperature
to 0.84 x 10718 and 0.24 x 107! for the [E2| and [E3| transition, respectively.
But due to the discrepancy found in [chapter 4] the [BBR]shift changes by 40
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for the transition and more than 5o for the [E3 transition.

6. contains the measurement of the optical frequency ratio between
the %Sr™ and '™Yb*, [E3| clocks with a fractional uncertainty of 23 x 1018,
Of particular note are the method to determine the trap-induced shift
and operation of the system as a multi-ion clock. The optical frequency
ratio in combination with the absolute [E3| frequency in [Lan+21a] allow for
a determination of the ®Sr™ clock frequency with a fractional uncertainty of
1.3 x 1071¢, limited by the uncertainty of the Cs fountain clock [Wey+18].
This absolute frequency supports a discrepancy of the clock frequency from
the recommended value [Mar+-24] already observed at [Jia+22]. The
content of this chapter is largely published in [Ste+23].

7. contains the summary of the thesis and an outlook on future
measurements regarding multi-ion clocks and polarizability measurements.

15
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2. Optical clocks based on
trapped ions

To repeatedly interrogate clock transitions found in ions, it is necessary to confine
them in a region in space (trap the ions) and to remove the motional energy they
gain from interactions with the environment (cool the ions). For both purposes,
understanding the motional dynamics of a single or multiple ions in oscillating
electric fields, a Paul trap, is required. Once the ions are trapped and cooled,
coherent interaction between laser radiation close to resonance with the clock
transition is possible. The electronic structure of ®Sr™ and 'Yb™, effects of ion
motion on coherent spectroscopy, state initialization and sub-Doppler cooling are
discussed.

2.1. Trapping a charged particle with
electromagnetic fields

In classical physics, a particle possessing a charge ¢ and rest mass m, travelling
with the velocity U, experiences a force F;, caused by electric fields E and magnetic
fields B according to the Lorentz force law [Lor02]

_dp

—q<E+v><B> (2.1)
where @ is the acceleration of the charged particle and p'is its classical momentum
p=mu. In relativistic physics, the classical momentum p is replaced by the
relativistic momentum pr="(|7])p [KK73, p. 492] and the coordinate time d¢ is
related to the proper time dT:’}/(|"L7|) dt by the Lorentz factor [KK73, p. 500]

() = ———— (22)
—(|71/e)

Confining a particle in a finite region of space is equivalent to realizing a field
configuration with a stable minimum of the corresponding electromagnetic potential

(gp, /Y), where the potentials and fields are related via [Dem12, p. 137]
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A

B=V X A. 2.3

Fe ¥
It is shown in [Ear39] that a static electric field E on its own cannot fulfill this
stability condition, which is known as Farnshaw’s theorem. For this reason, either
a time-varying field E(t) or an additional static magnetic field B is necessary to
realize a stable configuration. Devices that use the latter approach are called

Penning traps and are employed in a variety of fundamental experiments in physics
[Sai+22; |And+23; [Sas+23)|.

In this thesis, I employ on the first approach: generating a time-varying electric
field E(t) (and corresponding induced magnetic field B(t)) to produce a time-
averaged, effective potential <goeﬂr, ffeﬂv> that features a stable minimum for the

charged particle. Devices operating on this principle are called Paul traps [Pau90|
and are a versatile technology used in fundamental research |Cai+17; Pat+20],
quantum information applications [Boc+18; [Fig+19; [Nad+22] and public outreach
[MH22].

The following derivations are based on the review on particle motion in Paul traps
[Lei4-03]. For the sake of specificity, let us consider the case of a single atomic ion
with charge ¢ and mass m residing in a harmonic electric potential

e(z,y,2,1)= pac(z,y, 2) +out(, Y, 2, 1) (2.4)
1 1
= §Udc (k‘wxg + kyy® + kz22)+§Urf cos(SLut) (cgccv2 + c,y? + czz2X2.5)

where Uy, is the amplitude of the static potential 4., U, is the amplitude of the
time-varying (or dynamic) potential ¢ and ;¢ is the angular frequency of the
dynamic potential. The factors k., . and c,, . specify the geometry with respect
to the spatial coordinates (z,y, z) of the static and dynamic potential respectively.
The Laplace equation

Vip(z,y, 2,t) = (7 + 55+ 7) o(x,y,z,t) =0V, y,z,t, (2.6)

which is derived from Maxwell’s equations for electromagnetic fields in free space,
imposes restrictions on the geometric factors, which represents a specific case of
Earnshaw’s theorem

ke +ky+k, =0 (2.7)
Cpt+cy+c.=0 (2.8)
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2.1. Trapping a charged particle with electromagnetic fields

and shows explicitly that pure static confinement (k,, k,, k. >0, ¢, =c,=c,=0) is
impossible.

While it is possible to trap ions purely with dynamic fields, corresponding to the
case Ugq. =0, the relevant case for the work in this thesis is static confinement along
one axis (arbitrarily chosen as z) and dynamical confinement across the remaining
two axes (arbitrarily chosen as x and y). This leads to the following relations for
the geometric factors

k.= —(ky+ky) >0 (2.9)
c, = (2.10)
Cp = —Cy (2.11)

to achieve a stable equilibrium for the motion of a positively charged ion. To derive
the equations of motion for the ion, the electric field E(x,y, z,t) is calculated from

IEq. (2.3) and [Eq. (2.6)| to be

. kyx CaT
E(z,y,z,t) = =Usc | kyy | — Urrcos(Quet) | cyy |- (2.12)
k,z Cr%

The set of differential equations describing the ion motion follows from the appli-
cation of [Eq. (2.1)|to [Eq. (2.12)|

2 [T kyx Cy
an y | = _EUdC kyy | — EUrf cos(Quet) | ¢,y (2.13)
.z C.Z

and are three independent differential equations of second order with explicit time
dependence. For this reason, the solution can be studied for an arbitrary direction
of motion r; and the constraints [Eq. (2.9)[ to [Eq. (2.11)[are applied later on.

With the substitutions

1 4qUqe 2qU.,
52 §Qrft, Clj = m—dl{?j, q]' = —m—fC‘ (214)

takes the shape of a Mathieu equation [Mat68]
d2
+ (a; — 2g; cos(28))r; =0, (2.15)

agz"?

19

https://doi.org/10.7795/110.20260204



2. Optical clocks based on trapped ions

which is a well-studied differential equation with known non-analytic solutions
[KRM18]. Of particular interest are the regions in the parameter space of a;
and ¢;, where stable orbits are found, i. e. solutions for which the coordinate 7;
stays bounded for all generalized times &. These are precisely the parameters that
produce a potential ¢ along this axis that traps the ion and are illustrated in
Fig. 2.1l The boundaries of the stability regions correspond to periodic solutions

r;i(€) = co(as, q5)cen (€, ¢5) + Z(Cn (a5, a5)cen (& a;) + sn(aj, 5)sen (&, qj)) ;
i (2.16)

with the integer Mathieu functions ce,, (f , qj) and se, (f , qj), where the coefficients
Cn (aj, qj) and s, (aj, qj) are calculated iteratively to the required precision of the
solution [KRM18; Olv+].

0.101
0.05
v 0001 ~— —
—0.05-
—0.101
—03 —-02 —01 0.0 0.1 0.2 0.3
qj

Figure 2.1.: Mathieu stability diagram. The parameters of the Mathieu equation
which feature stable solutions, where the ion is confined within the trap, are
shaded in grey. The white region contains unstable solutions, where the
ion coordinate grows without bound. The thick line separates the regions, a
numerical expressions for it is found in . The red shading shows
the parameter region where the ion trap in this thesis is operated. The[D(
confinement along the trap axis corresponds to a positive value of a, at g, =0.
This causes azy=—a./2 to satisfy the boundary condition and
limits the maximum azial confinement for a given value of qg . Since both
}aj’ and ‘qj‘ are significantly smaller than 1, the ion motion is well described

by the approrimate solution|Eq. (2.19)|
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2.1. Trapping a charged particle with electromagnetic fields

The solutions for parameters on the interior of the stability regions are not periodic
in time, but physically accessible. In this case, the eigenfunctions of the solutions
are fractional Mathieu functions me, (5 , qj) and can be expanded into the full
solution

[e.9]

ri(§) = Z mn(aj7qj)mel/+2n(§;Qj); (2.17)

n=—oo

with similiarly calculated coefficients my, (a;, ¢;) [Olv+].

Secular motion and micromotion While it is possible to confine ions in
any of the stability regions, the ion trap discussed in this thesis operates in the
center region where both !qj‘ and ‘aj| are smaller than 1. The Mathieu equation
can be solved numerically to investigate the motion of the ion in this trapping
region. In addition, an approximate analytic solution r}l(ﬁ ) can be formulated for

) }qj ‘2 < 1. For the initial conditions

|
HE=0)=ro. St (218)
ri(&=0)=rg, —r = .
the approximate solution is equal to
a 7o dj Vo . q; .
(&) = ——— ; 1—-= 2 — ; 1—-= 2
75 (&) s cos(ﬁjf)( 5 cos( 5)) + 5, Sln(ﬁjf)( 5 sin( f)) ,
(2.19)

with g; = \/ a; +q;/2. [Equation (2.19)| shows that there are three frequency

components to the motion of the ion. The secular motion with an angular
frequency wee. = 3;€h/2 and the intrinsic micromotion with angular frequencies
i £ Weee. The spectral density amplitude of the displacement of an ®¥Sr™ ion from
the trap center for Q=27 x 14.404 MHz,a=0,¢=0.25,70=0m, v9=0.18 m/s is
shown in |[Fig. 2.2/ on the left-hand side. The numerical solution is obtained with
the scipy [Vir4+20] python package using the implicit solver Radau [HW91| after
transforming the second-order differential equation into a system of
two first order differential equations. One can see that the approximate solution
correctly identifies the frequencies of secular motion (wge. =27 x 1250kHz) and
intrinsic micromotion.

For large ¢, the approximate solution does not accurately reproduce all dominant
frequencies of motion anymore. The right hand side of shows the spectral
density amplitude for the same parameters except that ¢=0.75, which results
in an expected secular frequency of 3800 kHz. Due to the large confinement of
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2. Optical clocks based on trapped ions

the ion, the secular frequency is shifted from the expected value and additional
components at high frequencies appear. The maximum confinement at which
the ion trap is operated in this thesis corresponds to ¢~0.3, so the approximate

solution is sufficient to investigate the ion motion.

\\
\ /|
1] Sel
H /\\/1\
— Numerical -

17— Approximate

10° 106 107 108 10° 108 107 108
f (Hz) f (Hz)

Figure 2.2.: Motional spectrum of a trapped ion at small and large q. The spectral density
amplitude \/Sa, of the displacement Ar from the mean position of a trapped
ion for q=0.25 is shown on the left, determined by the numerical solution
of the Mathieu equation (black solid line) and the approximate solution for
small q (blue dashed line). The corresponding \/Sa, for ¢q=0.75 is shown
on the right. A Kaiser window (a=14) [(HRS02] is applied to the data
before calculating the spectral density amplitude. While the approxzimate
solution correctly identifies the secular motion at the angular frequency wsec
and dominant intrinsic micromotion components at the angular frequencies
Qpp £ Wsee, for small q, at large q additional motional frequencies become

relevant that are not included in [Fq. (2.19)| Additionally, the secular
frequency is shifted to a higher value than expected from |Eq. (2.19)]

I[Equation (2.13)| and the corresponding solutions assume that no electric field
interacts with the ion that is not generated by the trap itself. In practice, this
assumption is often wrong, since surface charges on the trap geometry cause
a significant field at the position of the ion. A static external electric field

—

B = (Ex, Ey,EZ)ext displaces the ion from the trap center and causes excess

micromotion. This modifies to

d2
@ T (4 = 205 cos(28))ry = T (2.20)

where j=(2,y,2), Text,; :4quxt,j/(mef). The effect of the offset field can be
more easily seen in the approximate solution [Eq. (2.19)| with the initial conditions

Ed. (2.18]
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2.1. Trapping a charged particle with electromagnetic fields

75(€)= | Textj + <% — Texw‘) cos(3;€) (1 - %cos(%)) (2.21)

" (Text,j n % sin(@g)) (1 _ %Sin(Zf)) : (2.22)

which includes an additional oscillation of the ion proportional to the amplitude of
the external field at the frequency of the RE| trap drive Q, the excess micromotion.
It can substantially affect the coherence of ion-light interaction and causes frequency
shifts [Ber+98; Kel4-15]. For this reason, it needs to be minimized as much as
possible by applying a field opposite to Eext with electrodes placed in the vicinity
of the ion. The magnitude of excess micromotion can be measured in a variety of
ways [Kel+-15]. The photon-correlation method [Kel+-15] is discussed in
since this method is used in this thesis.

Motion of ion crystals Since a multi-ion system is considered in this thesis,
the equations of motion for multiple ions in the same potential are of interest. In
general, the other ions are point charges that produce an electric field according
to Coulomb’s law. For this reason, the equations of motion for the position 77, of
each ion a are

d2 q k.txa Celyq 1 Fo— 7

_Fa = U c k Ya + Urf COs Qrft CyYa - q £ ’ )

dt® T k:?:za () czza dmeg b;éza ’ |7 — Fb’3
(2.23)

with the mass of the ion m,, the charge q,, the static field UdC/;, the rf field
Uyt cos(Qt)¢ and the dielectric constant €. Usually, all ions have positive charge
(¢>0), so they repel each other and may form stable configurations called ion
crystals [Dre+98]. These crystals exhibit transitions between different spatial
configurations and have been investigated by a variety of groups [Bli+88; BKW92;
Blo+00; Par+13|. [Equation (2.23)|can also be numerically solved to investigate
the behaviour of large crystals with siginificant expansion along all three trapping
axes [Pre+91].

For the purposes of this work it is sufficient to approximate for the
case of a so-called linear chain, where the ions are comparatively strongly confined
along the radial trapping directions (z,y) and weakly confined along the axial
trapping direction (z). In this case, the ions orient themselves along the
z-axis and do not significantly spread along the x- and y-axes. This allows for ion
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2. Optical clocks based on trapped ions

trapping along the whole chain at low and constant micromotion, a necessitiy for
high-precision spectroscopy [Rai+92]. The time-dependence of the potential is
usually discarded for analysis of ion strings and the static harmonic approximation
used instead to derive laws for the different phases of the ion crystal [MWO1;
MF04]. The transition between a linear chain of N ions and the so-called zig-zag
mode occurs once the ratio between the axial secular frequency and average radial
secular frequency reaches [MF04]

Wax 4 vin N
Wrad ~ 3 N 7

(2.24)

so the ion traps for multi-ion-spectroscopy are usually operated below this critical
ratio. In this case, the ion motion can be decomposed into components along
the axial and radial directions, which do not couple with each other [Rai+92;
MWO01]. The potential can be well approximated with a Taylor expansion around
the equilibrium positions of the individual ions, which results in an eigenvalue
problem to determine the crystal dynamics [MWO1|. This eigenvalue problem can
be solved to determine the secular frequencies and participation of each ion to the
motion at the respective secular frequency for a given crystal configuration [MWO1].
Determining the kinetic energy of each ion in the chain is necessary for high-accuracy
operation of a multi-ion optical clock and discussed in detail in [Vyb+23|. All
in all, a linear ion chain can be investigated with well-established numerical and
experimental techniques, developed to enable high-precision spectroscopy and
quantum state control.

2.2. Cooling the ion to the Doppler limit

Using the techniques described in ions are confined to a region of
space, but still possess all initial kinetic energy they entered the trap with. When
loading '™Yb" ions from thermally evaporated atoms emitted by a 500 °C oven
[Wod+21], they possess an average kinetic energy of 85 meV. Due to additional
energy imparted by the ionization process, the kinetic energy is substantially higher
than this value. Still, the ion can be confined within the eV deep ion trap, but has
to be cooled to enable coherent interaction with laser radiation with a wavelength
shorter than 1pm.

Even if coherent spectroscopy is not a possibility, laser radiation can still interact
with the trapped ion. The ions used in this work possess an electronic level struc-
ture with many states which are well described by alkali-like wavefunctions. This
is because Sr and Yb are elements with completely filled inner electronic shells
and a filled outer s-shell. When one electron is removed via ionization, a single
outer electron remains, which experiences the nuclear core and inner electron shell
approximately as a central positive charge. The ground state electronic configu-
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ration for '"'Yb™ and *Sr* are [Xe]4f'*6s' and [Kr]5s', respectively. Simplified
level structures with all states relevant to the initial ion cooling are depicted in
Fig. 2.3, Transitions between the electronic states are driven with electromagnetic
radiation in the visible and [NIR] region.

To describe the interaction of electromagnetic radiation at an angular frequency
offset § from the transition between two electronic states |g) and |e) with finite
lifetime 7 (and corresponding natural linewidth I') of the excited state, the optical
Bloch equations can be employed [MS99|. In this model, the two states couple with

the electric field E (7, t)=1/2 <Eoe_i‘“t - Egei“t> via the transition electric dipole

moment cZ; resulting in the Rabi frequency O=d- E, /h with which the population
is oscillating between |g) and |e). For long interaction times with respect to 1/ or
T the excited state population saturates at a fixed value where the excitation rate
and spontaneous decay rate balance with each other. Since 7 is shorter than 1 ps
for the optical transitions in [Fig. 2.3 only the steady state excitation probability
pe(t>>7) is observable. Each spontaneous decay from |e) emits a photon, which
can be collected with some probability determined by the imaging system of the
ion trap. This way the excited state population for different frequency detunings
of the cooling laser from resonance is measured via the rate of collected photons.
If Q< the observed linewidth of the transition is given by the spontaneous decay
rate 1/7. Once € reaches and surpasses 7, the transition broadens signficantly
above the natural linewidth and starts to saturate towards p. =0.5, the theoretical
maximum.
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Figure 2.3.: Level structure of 1"'Yb* and ®3Sr* relevant for Doppler cooling. The
simplified level structure (not to scale) of 1'Yb" [Sem+18] and 8Sr*
[Dub+10] relevant for Doppler cooling. All electronic states are labeled as
25+LL ;. where L is the orbital angular momentum, S is the electronic spin
and J the total electronic angular momentum. One exception is the bracket
state 3[3/2]1/2, which is a result of JK pair coupling in contrast to the other
states which are well described by LS coupling [Cow81|, p. 128]. Since the
ybh" nucleus possesses a nuclear spin of I =1/2, each electronic state
also splits into two hyperfine levels with angular momentum F =1+ J. The
Zeeman sublevels for each state are not shown. For each optical transition
the center wavelength and natural linewidth are given. The main decay
channels from the excited states are shown to indicate the cooling cycle and
state preparation for 171Yb*.

With this interaction between the trapped ion and a laser it is possible to cool the
ion, when the laser is detuned below resonance (6 <0). In this case, momentum of
the ion is reduced by the absorption of a counterpropagating photon, while the
spontaneous emission direction is random and consequently adds no kinetic energy
on average [Dem13, p. 395]. The linewidth of the transition, natural or broadened,
limits the lowest temperature of the ion because of the balance of photon emissions
and absorptions with different energies. The so-called Doppler limited temperature
Tp for a transition with linewidth I' at detuning I'/2 is

R

Ty = —
D oks

r
= 0.024 mK/MHz x o (2.25)
T
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2.2. Cooling the ion to the Doppler limit

which results in a temperature of 0.48 mK for a transition with a linewidth of
20 MHz. The actual ion temperature may be higher, if additional heating sources
due to electrical noise are present or because of decay to other states not connected
to the Doppler cooling transition and can be determined with measurements that
are discussed in To reach the Doppler temperature, a laser with
a linewidth significantly smaller than the natural linewidth of the transition is
necessary and its intensity needs to be well below the saturation limit of the cooling
transition.

In practice, addressing purely the transition %Sy ¢»2Py 5 is not sufficient to cool
the ion to the Doppler temperature. This is due to decay into the ?Dj 5 state which
has a natural lifetime of 55 ms for Yb™ [Sha+23| and 430 ms for Sr* [Sah+06]. The
probability for decay into this state after excitation by the cooling laser is given by
the branching ratio b, which is 0.5 % for the decay 2Py —2?D3/5 in Yb™ [Olm+07]
and 5.5% for the same transition in Sr* [Zha+16]. If the ion is in this state, it
does not couple to the cooling light anymore and starts to gain kinetic energy
for the lifetime of the excited state. Since this is much longer than the lifetime
Teoot = 1/T /b 100 pis in the 25 /5 > 2P 5 system, the ion is not actually cooled
for the majority of the time it is trapped. For this reason, an additional laser is
necessary, that couples the long-lived 2Ds 5 state to a short-lived excited state that

decays back into the ground state. This laser is often called a repump or quench
laser. The repump transitions for *'Yb™ and ®*Sr* are shown in [Fig. 2.3l

So far, the discussion of the cooling mechanism and decay assumes that the
electronic structure does not possess a hyperfine component. For Sr™ this is
correct, because the nuclear spin I is equal to zero. '™ Yb™ on the other hand has
a nucleus with I =1/2, which results in a hyperfine splitting of each electronic
state with angular momentum J into two states with total angular momentum
F=J+1=J+1/2. The splitting between these states is between approximately
1-10 GHz, so they are significantly further apart than the natural linewidth of the
optical transitions of approximately 20 MHz. This means, that they cannot be
addressed with a single unmodulated laser simultaneously without introducing a
large amount of saturation broadening . This issue is overcome by modulating
additional sidebands on the cooling and repumper lasers, that correspond to the
additional transitions between the hyperfine states. But even with all necessary
frequencies of the cooling lasers, an additional problem rears its head, coherent
population trapping.

Since the state |51 12, = 1> has a higher multiplicity than the higher lying energy
state |P1 /2, F' :O>, coherent population trapping can arise at small magnetic fields
[BB02; ETHI10]. In that case, a superposition of Zeeman states in the ground and
excited state can always be found, that does not couple to the electric field and
forms a so-called dark state [BB02; [Ejt10]. The ion is then pumped into this dark
state and its flourescence is heavily reduced. This problem is mitigated by applying
a suffciently strong (=300 nT) magnetic field to clearly define the quantization axis
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[BB02; Ejt10] or by modulating the cooling and repump laser polarization |[BB02].
Dark states generally can also be employed for optical pumping, for example by
irradiating the ion with o -polarized light |[Coh75]. A more detailed review on this
topic is found in [BB02; ETH10; [Ejt10], where the dependence of the flourescence
on magnetic field strength, laser polarization and intensity is described theoretically
as well as investigated theoretically and experimentally.

Micromotion detection with photon-correlation The [Electric Dipole (E1)|
transitions used for Doppler cooling can also be employed to measure excess
micromotion of the ion due to displacement from the trap center. A variety of
methods are discussed in |Ber+98; |[Kel+15|, the one in use in this thesis is the
photon correlation method. The Doppler shift due to ion motion in the direction
of the cooling laser modulates the fluorescence signal [Hof+97; Ber+98|. The
photon scattering rate 7 is dependent on the frequency detuning A from the
atomic resonance as discussed in and the relationship between v and A
is approximately linear if the laser is set to the half-maximum detuning A=—I"/2.
In the reference frame of the ion, A changes due to the Doppler shift dp (Qrf, x#)
dependent on the rf trap drive frequency €2, and micromotion amplitude x,. This
results in the photon scattering rate varying with a fixed phase relation with
respect to Q¢ [Ber+98; Kel+15]

S(t) = So+ AS (2, Que) cos(Qust — ), (2.26)

with the mean fluorescence Sy, fluorescence modulation amplitude AS and modu-
lation phase ¢. By measuring the arrival times of photons with respect to the
phase, the parameters Sy, AS and ¢ are measured. This requires a time-resolved flu-
orescence signal detection with time resolution better than at least twice the inverse
trap frequency [Sha49|. [Equation (2.26)|is only approximately true, a derivation
of the accurate fluorescence modulation signal is found in [Kel+15]. Specifically,
to determine the micromotion amplitude z,, or correspondingly the field ampli-
tude Ey¢, the relationship between the modulation paramter §==kq/m/ foErf and
AS /Sy needs to be accurately calculated. A quadratic model

AS AS\ 2
F=A—+ Bl — 2.2
= ( SO) (2.27)

is usually sufficient to determine F,¢ in the amplitude and frequency range relevant
for optical clocks |[Kel+15] and employed in this thesis. It is important to mention
that these relations only hold, if the modulation signal does not contain a significant
component with frequencies n{2¢,n>1. This is the case, if the micromotion is
very large, which causes substantial frequency shifts. If micromotion cannot be
compensated completely, as is the case in linear ion traps with a significant axial
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micromotion component, this may limit the trap depth at which the ion trap can
be operated.

2.3. Coherent interaction between cold ions and
electromagnetic radiation

The overall goal of an optical clock is to determine the unperturbed center fre-
quency of an optical transition with small uncertainty. If the natural linewidth
of a transition is large, long averaging times are required, so transitions are
not suitable for optical clocks with low uncertainty. For this reason, forbidden
transitions are employed, for which the matrix element <g|cia|e) involving the
operator d is equal to zero. Instead, the higher orders of the electromagnetic
multipole are relevant for the transition moment Ty, such asMagnetic Dipole (M1)]
(i), [E2] (Q), Magnetic Quadrupole (M2)| (M) and [E3| (O) contributions [BAJ12]

Tye= —Z—ZS (gldale) (2.28)
+ie (Fx &) {ghinale) +1¥Zk EalolOusle)  (229)

1 Lo .
=0 (k x 5)ak5<g|Maﬁ\e>+ngZk k5E,(9|Ougnle) . (2.30)
apf afy

with the polarization vector £ and the propagation vector k. This description
does not include other physical processes such as state mixing that allow the
coupling between states without any expected transition matrix element [TMK17].
The indices «, 8,7 run over the three spatial directions x,y, z. This shows that
transitions between |¢) and |e) are still allowed if (g|da|e) =0, albeit at coupling
strengths proportional to approximately (ag/\)? for an [E2| transition and (ag/\)*
for an [E3| transition, where g is the Bohr radius and A=27/ ’lg ‘ Consequently, if
no further decay path exists for the excited state than back to the ground state,
it is long-lived with lifetimes greater than 50 ms [Sha+23; [Sah+-06} [Lan+21b].
This results in natural linewidths of several Hz and below, significantly narrower
than the dipole allowed transitions. For this reason, these transitions are used as
references for optical clocks.

When employing these forbidden transitions, the interaction between electromag-
netic radiation and a trapped Doppler-cooled ion has to be investigated more
carefully. Since the natural linewidth I' of a few Hz is significantly smaller than
the secular frequency wge. of a few hundred kHz, the ion-light interaction may be
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within the Lamb-Dicke regime |Lei+-03]. It is defined for a particle confined in a
box with length a, interacting with radiation with a wavelength \ as

a <A\ (2.31)

For a trapped ion with mass m at a temperature 7" and angle between the laser
k-vector and ion velocity direction 6, this corresponds to [Lei+03]

k’BT ]fBT 2T h
\/2hwsec77 a \/2hwsec7\/2mwsec cosf <1, <2'32>

where 7 is called the Lamb-Dicke parameter. Intuitively this condition means
that the oscillation amplitude along the k-vector within the trapping potential is
significantly smaller than the wavelength of the laser radiation interacting with
the ion. This is a necessary condition for coherent spectroscopy, since the ion
samples multiple phases of the electromagnetic wave otherwise. For a '"Yb*
ion Doppler-cooled to 0.55 mK (the Doppler limit for the cooling transition),
interacting with radiation at 435 nm, a secular frequency wg.. of about 500 kHz is
necessary to be well within the Lamb-Dicke regime if the ion velocity and laser
direction are collinear.

Up until the discussion of the Lamb-Dicke regime, the ion motion is considered
classical. But for an accurate description of the light-matter interaction for two
electronic states of a trapped ion that possesses some velocity, the motion also has
to be included in a quantized way. For this purpose it is practical to approximate
the potential as harmonic with frequency wgec, resulting in the following Hamilton
operator for the complete system [Lei+03]

H=H ion T ﬁmotion +H interaction (2.33)
== Bl + "5 el + o (0l + 3 (2:39)
+h7f2() exp (in (&e’i‘”mt + dTei”Se°t> ) e! (=00 leXgl (2.35)
+180 cxp (inatet et gl (2a0)

with the resonant angular frequency difference between the ground state |g) and
excited state |e) wp, the angular frequency detuning of the incident radiation from
resonance §, the Rabi frequency € and the raising (lowering) operators a' (a)
of the harmonic oscillator describing the ion motion. This Hamiltonian is valid

under the rotating wave approximation and the assumption that the ion is confined
within the lowest-order region of the stability chart [Fig. 2.1| [Lei+03]. For this
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Hamiltonian, states are well described in the product basis of the internal state
(lg), le)) and the quanta of motion (|n)) [SMO0]. A generic state is then described
by the density operator [SMO0]

p=>_anlg,n)¥g,n|+ bule,n)e,n| (2.37)
n=0

where the complex coefficients a,, and b,, depend on the internal and motional
state of the trapped ion.

If the ion is cooled and confined sufficiently to be within the Lamb-Dicke regime,
the exponent in the interaction part of the Hamiltonian can be approximated to
first order in 7 |Lei+03]

f{ :ﬁion + Hmotion + Hinteraction (238)
h h 1
= wO 220 g)g| + 2 |eXel + e ( a7+ = (2.39)
2 2
—l—TO (1 +1in (deﬂ“mt + dTeMS“t) ) =3 e)g] (2.40)
h$)
I (1 in(ateet s aee) )o@l (2a)

which reveals the three different types of transitions that can be driven. If the
laser frequency equals the center frequency of the transition (6 =0), the motional
state |n) is unchanged and the ion cycles between the ground and excited state
(lg)|n) <> |e)|n)). This is called the carrier transition and is the one excited to
determine the unperturbed center frequency during clock operation. If the laser
frequency is offset from the center by the secular frequency of the ion (0 =4wse),
a motional sideband is driven, that changes both the internal and motional state
(lg)|n) <> |e)|n £ 1)). Consequently, the transition is called a blue/red sideband
transition and has applications from resolved sideband cooling [Die+89| to quantum
logic spectroscopy [Sch+-05]. It is also possible to drive transitions at detunings that
are integer-multiples of the secular frequency (0 =+kwgec, k € N), which change the
motional state by the appropriate amount of quanta (|g)|n) <> |e)|n £ k)). These
transitions are then called first, second, third, ... order sideband transitions.

To investigate the effect of the ion motion on the coherent light-matter interaction
between the laser of the ion, it is useful to assume initially that 6 =0, the excited
state lifetime is much longer than the interrogation time and that the ion is in a ther-

mal motional state with mean occupation number n=1/ <exp (hwsec /kg/ T) —1)=
kpT /(hwse), where the temperature 7" is given by the Doppler limit [Eq. (2.25), if
no additional heating sources are present. In this case the probability p, for the
ion to be found in the motional state |n) is [Lou00, p. 14]
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pa() = 1—|1—n(1 +11/n)n’ (2:42)

which results in the excited state population P.(t) [Roo00]

P.(t) = %(1 - an(ﬁ) cos(Qn,nt)> , (2.43)

—~100
BN 1000 kHz | 52
Wh B 500 kHz > 80
Wﬂlu.., 250 kHz ;;
'WW )
< °
o
40
10-3 H““W“'Wl"“"llllun..... S —— 1000 kHz
8 20 —— 500 kHz
g —— 250 kHz
L
150 200 %.0 0.5 1.0 1.5 2.0 2.5
n Time (ms)

Figure 2.4.: Thermal Rabi oscillations. The thermal distribution p, (left-hand side,
and excitation probability P.(t) (right-hand side, for
the 435nm transition of 1"'Yb" at the Doppler temperature of 0.55 mK for
various confinement strengths. The states included are cut off once 99 % of
the total population is accounted for. The thermal distribution shows the
expected exponential decay and it can be seen that many states need to be
included at low confinement to accurately describe the Rabi oscillation. At
low confinement, the mazximum excitation probability is significantly less
than 100 %, which shows the need for a high secular frequency to operate the
clock with low instability.

with the effective Rabi frequency Q,, = Qe "/2L,(n?), where Qq is the Rabi
frequency in and L, (n*) =1—nn*+n(n — 1)n*/4+0(n®) is the Laguerre
polynomial [AS72, p. 775]. The distribution and excited state population for various
confinement strengths is shown in [Fig. 2.4f While each Rabi oscillation for a given
n is perfectly coherent, the weighted average due to the thermal distribution
Eq. (2.43)[ shows a contrast loss and a saturation of the excitation probability at
50 % for long interaction times. Since the instability of an optical clock increases,
when the maximum excitation probability is reduced, it is generally advisable
to reduce the mean occupation number as much as possible. This is primarily
achieved via operating at high wse, but additional cooling below the Doppler limit
also improves the overall contrast. Resolved sideband cooling may result in a
non-thermal distribution, though, which results in the need for a more detailed
measurement of p, to determine frequency deviations due to the ion motion.
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This is possible by measuring the relative excitation strength between the carrier
and sideband transitions at a fixed laser intensity. The Rabi frequency of the
m-th sideband transition €2, ;,+,,, with positive m describing blue sidebands and
negative m describing red sidebands, is changed from the carrier €2, ,, proportional
to the Lamb-Dicke factor n [Lei+03|

Qpnim = Qoe—n2/2n|m| [n< lel( ) : (2.44)
ns!

where n.(n-) is min(n,n + m)(max(n,n +m)) and L%(z) is the generalized or
associated Laguerre polynomial. These Rabi frequencies substitute €2,, in
when calculating the excitation of the ion when driving the secular sideband
frequencies. This coherent interaction is not only useful for temperature mea-
surements, but can also be employed in quantum logic spectroscopy, if the ion is
sufficiently cooled to the motional ground state [Sch+05]. A comparison of the
scaling of the excitation probability for times ¢t < 1/ shows that the ratio of
P.(t) of the 1st red sidband and carrier is proportional to the mean population of
a thermal state i [Roo00]

Plst red t o0 TLQ
Pcarrler t Z 77 =7 an n)n = 7] n t < 1/90 (245)
€ =0

To determine how good this approximation is, one can solve for the 1st
red sideband and the carrier numerically given a fixed n and 7. The result is shown
in together with the relative excitation strength of the blue sideband. The
approximation is valid within 10 % for interrogation times below approximately
21 /(4€)). If a more accurate determination is necessary, the difference between
the approximation and numerical solution can be applied to any collected data.
This is particularly important if n is used to determine frequency shifts of the
optical clock with sufficient precision.

An alternative method to determine 7, independent of the Lamb-Dicke factor 7, is
comparing the relative excitation probability of the first red and blue sideband
transition at constant laser intensity |Lei4-03]. If the excitation probabilities are
pr and py, respectively, then 7 is equal to |Lei+03]

1
n=————. 2.46
pb/pr —1 ( )

While in principle is valid even at high temperatures (T ~ 1mK),
the difference in the excitation probability becomes smaller as 7" increases. This

produces a comparatively high uncertainty in 7 [Roo00], so it is primarily applicable
to ground-state cooled ions.
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Figure 2.5.: Carrier sideband excitation probability comparison. The figure on the left
shows the excitation strength of the carrier and sideband transitions of the
same ion in a thermal motional state as in (Qo=2mr/1ms, A=
435nm,m = 171u,Tp = 0.55 mK, wgee = 2w x 500kHz, n ~ 22.4,n ~ 0.111).
The states of the thermal distribution are included up to a missing population
of 1 x 107 to accurately model the relative excitation probability for short
times as well. At short times, the excitation probability is roughly an order of
magnitude smaller for the first sidebands and the blue sidebands always has a
larger coupling strength than the red sideband. The figure on the right shows
the inferred thermal average population n from comparison of the 1st red
stdeband and carrier excitation strength at various pulse times. The residual
from the true value ng is shown as a dashed line and shows that the fractional
error of 1 is less than 10 % for t<0.25ms. The rise of i at very short times
s due to the finite population included in the numerical calculation of the
excitation probability and not physical. Since the difference between n and
ng can be calculated for a given Lamb-Dicke parameter and pulse length, ng
can be determined from the inferred population n with smaller uncertainty,
if necessary.

Driving the red sidebands also allows for cooling below the Doppler-limit of the
cooling transition of the ion due to the narrow linewidth of the clock transition.
Every excitation on a red sideband transition of order m removes m quanta of
motion from the ion. Since the ion is confined within the Lamb-Dicke regime,
any decay from the excited state (be it natural or facilitated with a repumper)
occurs preferably on the carrier transition, i.e. no quanta of motion are gained or
lost [Lei4-03]. Effectively, this removes motional energy from the ion until a state
with minimum energy is reached once the cooling process is balanced by heating
processes. States with an average occupation number n well below 0.1 have been
observed [Lei+03].

Care has to be taken though, if the confinement of the ion is not sufficiently high
enough to be well in the Lamb-Dicke regime. In that case, there is a significant
amount of the total motional energy Eyox=> . - Enpp(7t), B, =hw (n + 1/2) con-
tained in Fock states with high n. As shown in [Fig. 2.6 the coupling strength of
the 1st red sideband can have its first minimum at a point n,,;, where a significant
fraction of E\ is contained in states with n > n.;,. This means that driving the
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1st red sideband only couples weakly to a superposition of states around n,;,, caus-
ing reduced cooling performance. This discrepancy is not easily observable with
temperature measurements on the 1st red sideband, so the 2nd order transition
has to be employed instead. Not accounting for the remaining motional energy
causes an incorrect frequency shift estimate.
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I LT T e
5] 5]
O o
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Figure 2.6.: Motional energy contained within Fock states with large n. The relative
coupling strength ‘Qn’n+m/9070‘ of the carrier (m=0), 1st red sideband
(m=—1) and 2nd red sideband (m = —2) transitions for an ion in the
same thermal motional state as in (A=435nm,m=171u,Tp =
0.55 mK, wsee =27 x 250kHz, n~45.3,n~0.157) has several minima. The
shaded histogram shows the remaining energy E(m>n) in all states m larger
than n relative to the total enerqy Eior. This shows that around 16 % of the
motional energy lie beyond the first zero crossing of the 1st red sideband.
When cooling the ion on this transition, the kinetic energy will not be removed
efficiently for a superposition of states around n=149. If all energy contained
within states with n <149 is cooled to n=0 and all energy in n>149 is
cooled to n=149, a bimodal distribution with an average occupation number
n~24.3 is realized, even though the excitation probability of the red sideband
transition is stgnificantly reduced. Interleaved cooling on the 2nd and 1st
order sideband resolves this issue, such that only a small amount of motion
cannot be cooled.

Rabi spectroscopy |Equation (2.43) assumes that the clock transition is excited
on resonance, which means that the clock laser frequency vy, is equal to the atomic
center frequency 1. In general, this is not true, there is some frequency detuning
Aw/(2m)=Av=vy — 1, of the laser from the atomic resonance. This changes P,(t)
on the carrier transition to [Sha+18|
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11 = Aw)?
P.(t, Aw, Q) = 5T 1-— an(ﬁ) cos 1+ (Q_w) Qnt ,
1+ (&> n=0 0

(2.47)

if the laser detuning is far away from the sideband transition at detuning wgec
compared to the Rabi frequency Qg (|Aw — wee|/20>>1). A few special cases can
be more easily compared, if the ion is in its motional ground state (n=0). In that

case, [Eq. (2.47)[reduces to

11 Aw\? 2
1+ (4

A 2
1 — cos 1+ (Q_w) Qot | |, n <K 1(2.49)
0

0

where the approximation in the last step is generally valid in the Lamb-Dicke
regime. Two special cases are of interest in this thesis:

1. t=7/Q, Aw=0= P.(t, Aw, Q) =1: A Rabi m-pulse on resonance, that
transfers the complete population of the ground state |g) into the excited
state |e). It is useful to determine the maximum excitation probability which
may be limited due to e.g. motional decoherence, insufficient ground state
initialization or the natural lifetime of the excited state.

2. t=7/Q, Aw ~ £0.76Q = P.(t, Aw, Q) ~ 0.54, &Pe(t, Aw, Q) is at an
extremum: A pulse for which the laser is detuned from the resonance by the
detuning Aw where P.(t, Aw, )y) is maximally sensitive to variations of the
laser frequency. At these points, the frequency information can be obtained
most precisely with each clock pulse, which make them the optimal points
to operate an optical clock. Conventionally, Aw~+0.8(), is chosen as the
interrogation detuning instead, which corresponds to P,(t, Aw, ) ~0.50.
The fractional reduction of &Pe(t, Aw, Q) is approximately 0.3 % if this

detuning is chosen compared to the optimum.

Finally, the natural lifetime of the excited state 7, is related to the optimum
interrogation time of an optical clock transition. Incorporating it into
changes the excited state population of a Rabi interrogation on resonance to
(le/re) [LLO6]
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It

1 > r\?*
Pe(t, O, QO) = 5% 1 — cos 1-— (4—(20) Qot (250)
1 (a5)

in the limit where Q¢ >1"/4. A general formula for P, is derived in [LL0O6] without
this assumption. The interrogation time that results in the smallest frequency
instability of an optical clock is approximately equal to 1.887, [PSTO05], at which
point the reduced linewidth and contrast loss balance with each other.

2.4. Properties of clock transitions of "'Yb™ and
88Q,. T+
Sr

The discussion of ion-light interaction in is generally applicable to
a variety of transitions with narrow linewidths. Three specific clock transitions
are employed in this work, the 25)/2 —2Dj5/» transition in %¥Sr™ as well as
the 25 o(F=0)—2D3/o(F=2) [E2 and 25, jo(F'=0) —*Fy o (F =3) [E3] transition
in ' Yb", which are depicted . All ground and excited states apart
from 2F /2 feature a closed inner electronic shell and a single outer electron. The
2Fy /5 state on the other hand is well described by the configuration [Xe] 4 ' 6%,
a hole in the f-shell surrounded by a closed outer s-shell. All of these transitions
have been employed as references for optical clocks in the past and are listed as
secondary representations of the second |BIP19]. All states split into 2.J + 1 or
2F + 1 substates in a weak magnetic field due to the Zeeman effect [Zee97]. Since
a magnetic field is necessary to define a quantization axis for coherent ion-light
interaction, the interrogated transitions are between a Zeeman substate in the
ground and excited state, respectively.

Since the energy offset of each Zeeman state from the mean value is proportional
to my or mp, the transition frequency also varies proportional to the magnetic
field if the magnetic quantum number of either the ground or excited state is
not equal to zero or the Zeeman shift for both states is equal. So, the hyperfine
structure resulting in mp =0 Zeeman states in the ground and excited state in
"Ybh* produces a transition frequency first-order insensitive to magnetic field
variations. This reduces the amount of magnetic shielding necessary for long
coherent interrogation heavily and is a large advantage of '™Yb™ over ®Sr™ as a
clock. For the ®Sr™ clock transition, every individual transition between Zeeman
states is linearly sensitive to magnetic field variations. On the other hand, efficient
cooling of '™YDb™ requires a large magnetic field as discussed in , which
is inconvenient for high-precision clock operation. For this reason, the field needs
to be switched between small and large amplitudes, resulting in a higher frequency
instability due to the additional waiting time until the magnetic field magnitude
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has reduced to a sufficiently small value. This is not necessary for ®Sr*, where a
constant small magnetic field is sufficient for efficient cooling and spectroscopy.

171 + 88 +
Yb 1[3/2]3/2. Fol Sr

—F =1

760.1 nm
2D3/2 e

29H
i 466.9 nm g L €—Clock
3.2 nHz m 12 412 &= Repumping
<--Decay channel
2
S1/2
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Figure 2.7.: Level structure of 1" Yb" and 58Sr* relevant for clock operation. The
simplified level structure of 1" Yb* and 88Sr* relevant for clock operation.
Other states relevant for Doppler cooling or additional hyperfine levels are
depicted in a faint grey. All electronic states are labeled as > Ly, where L
is the electronic angular momentum, S is the electronic spin and J the total
electronic angular momentum. Exceptions are the bracket states 3[3/2]1/2
and 3[3/2]3/5, which are a result of JK pair coupling [Cow81, p. 128]. Since
the T1Yb* nucleus possesses a nuclear spin of I=1/2, each electronic state
splits into two hyperfine levels with angular momentum F=J +1/2. For
each optical transition (except for the D3/2—>3[% l1/2 transition described in
the center wavelength and natural linewidth are given, if known.
The main decay channels from the excited states are shown, too. In a weak
magnetic field the states split into a fized number of sub-states due to the
Zeeman effect with a shift from the mean value proportional to their magnetic
quantum number my or mp.

The magnetic field vector also determines the coupling strength of laser radiation
with a given polarization to the different transitions between Zeeman substates.
Given a magnetic field direction €g, laser propagation direction éj and linear laser
polarization direction €,, two angles can be defined, which parametrize the coupling
strength. One is the angle 6 between €j, and €p. The other is the is ¢,, which
is the angle between €, and €p in the plane spanned by €, and €p, if €; and €p
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are not collinear. If they are collinear, the polarization has no influence on the
coupling strength. The algebraic expressions for these angles are

cos b)), = 53 : €k7 sin Pp = (53 X gk) : 6_;,. (251)

The relative coupling strength c(@k, gop) =) (Hk, gop) /max <QO (Hk, gop)> for an

and transition depends on the difference in the magnetic quantum number
between the ground and excited state. For an [E2| transition |Am|<2 and for an
transition |Am|<3 are possible, all higher |Am| have a coupling strength that
is identically zero. For an @ transition c(@k, app) is [Tay96|, p. 96]

4 sin? 0, cos? O cos® p, if |[Am|=0
¢(Ok, ¢p) = < (cos? Oy, — sin® Hk)2 cos? @, + cos? O sin? p,, if |[Am|=1 (2.52)

sin® 0 (cos? Oy cos? , + sin® ) if |Am|=2
and is depicted in [Fig. 2.8] For an E transition c(&k, gop) is [Tay96, p. 132]

)

+ sin? 0, cos? ¢, (1 — 5 cos? Gk)2 if [Am|=0
2 2\ .

(0, 0) — %(cos2 01, cos? gy, (11 — 15 (30252 01)" + sin® ¢, (1 — 5 cos? Oy ) if |[Am|=1

sin® 0 cos? @, (1 — 3 cos? O;)” + 4 sin® O, cos? O sin” @, if [Am|=2

sin' 0 (cos? Oy, cos? g, + sin’ ) if [Am|=3,
(2.53)

where the normalization constant N = | 3 4+ 5 cos (4 arctan (\/ 13/2 — \/165/ 2)) +

sin? (2 arctan (\/13/2 — \/165/2> ~7.585 is determined with Wolfram Mathe-

matica and c(6y, ¢,) is depicted in .
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Figure 2.8.: Coupling strength for an E2 transition. The relative coupling strength

c(&k,cpp) = (Hk,app)/max<Qo (Hk,gpp)> of an transition depends on
the angles 0y (angle between the magnetic field €g and laser propagation
direction €)) and ¢, (angle between € and the polarization direction €p in
the plane spanned by €p and €. C(Hk, gop) :c(:|:0k, :l:gpp) and depends on the
difference in the magnetic quantum number between the ground and excited

state Am. The three figures show c(@k, gop) for linear laser polarization and
|Am|<2, higher differences cannot be coupled on an transition.
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Figure 2.9.: Coupling strength for an E3 transition. The relative coupling strength
c(@k,cpp) = (Hk,app)/max<Qo (Hk,gpp)> of an transition depends on
the angles 0y (angle between the magnetic field €g and laser propagation
direction €),) and ¢, (angle between €g and the polarization direction €p in
the plane spanned by €p and €y;). C(Hk, gpp) :c(:lz@k, :l:gpp) and depends on the
difference in the magnetic quantum number between the ground and excited

state Am. The four figures show C(Gk, gpp) for linear laser polarization and
|Am|<3, higher differences cannot be coupled on an transition.
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State detection For the clock transitions discussed here, when the ion is in the
excited state |e), it leaves the Doppler cooling cycle, since it does not couple to
the relevant lasers anymore. This fact can be exploited to measure the excitation
probability P, with fluorescence detection. If the ion is in the ground state |g), it
couples to the Doppler cooling lasers and will fluoresce in the same way as during
Doppler cooling. This is called a bright state and corresponds to the case that
the clock transition was not excited. On the other hand, if the ion was excited,
it is in |e), there will be no fluorescence and a dark state will be detected. This
directly corresponds to a projective measurement in |g) or |e), respectively. P,
can be approximately determined by interrogating the transition with the same
parameters N times and detecting k dark states. Then P,~k/N, with a statistical
uncertainty limited by V.

Repump transitions While the ion returns to |g) through direct decay after
approximately the excited state lifetime, this introduces a comparatively long
time the clock is not in operation and increases its frequency instability. In
principle it is possible to drive the clock transition in reverse |e) —|g), but often
an additional transition is used that couples |e) to another state with short lifetime
that preferably decays back into |g). The Rabi frequency on the repump, clear-out
or quench transition is significantly larger than the Rabi frequency of the clock
transition. This way, the ion can be returned to the Doppler cooling cycle quickly
and consistently with a laser that does not need to fulfill the same strict frequency
stability criteria as the clock laser.

For the 2Dj/y state in ®*Sr*, the 2Dsjo — 2Py)o transition at 1033nm is
used for this purpose. For the Ds/(F=2) state in YbHT, resonant with the
2Dy (F=2)—?[3/2]1/2(F =1) transition, the situation is more complicated, since
the Doppler cooling repumper already couples to the 2Ds /2(F'=1) state. The fre-
quency difference between the cooling repumping transition and clock repumping
transition is only approximately 3.1 GHz, which means that the Doppler cooling
process necessary for state detection can clear out the Dj/o(F =2) state, caus-
ing bright detections, even though the clock transition was succesfully excited.
This limits the 935 nm intensity during the detection process and maximum de-
tectable excitation probability. The repump transition for the transition is
2Fyo(F=3)—=13/2]32(F=1) at 760 nm and is itself an [E2] transition due to the
angular momentum difference and parity conservation between the states. This
means that a comparatively high laser intensity is necessary to drive the transition
quickly enough and the laser needs to be frequency stabilized sufficiently well.
Another clear-out scheme only employing an transition at 638 nm also exists
[Fiir+20], but requires also a repumper from the 2Ds o state at 1650 nm.

State initialization One requirement for a high clock excitation probability
is that the ion is initially in a single ground state |g). If the ground state of the
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Doppler cooling cycle possesses multiple sublevels, the population is spread over a
subset of these levels, instead. Population in the excited states 2P, /2 and 2Dy /2
after cooling is stopped can be disregarded, since their lifetime is short either
naturally or due to the repump lasers. Generally, the Doppler cooling lasers have to
be turned off before driving the clock transition and by slightly (/100 ps) delaying
the shut-off of the repump laser compared to the cooling lasers, it can be ensured
that the ion is in one of the sub-states of the 25; /2 manifold.

In the case of '"'Yb™, the ion should be initialized in the 25 /5(F=0) hyperfine
state, which does not possess any Zeeman sub-states apart from the single myr=0
state. For this reason, it is sufficient to implement a process that transfers popula-
tion from the 25 o(F =1) states into the 25 o(F =0) state. This is achieved by
driving the 25 o(F'=1) = 2P o(F =1) transition at a frequency offset of 2.1 GHz
from the main Doppler cooling transition, since the 2P, o(F' =1) state preferably
decays into the 25;5(F =0) state. After 1 ms, more than 90 % of the population
are pumped into 251/2(F:O), finishing state initilization for the "'Yb™ and
[E3] transition.

Due to the missing hyperfine structure, the process is more complicated for ®8Sr™,
since the ground state 25, /2 is split in two Zeeman substates with m;==21/2. At
the magnetic field strength used in this thesis, the frequency splitting between
the two states is less than 20 MHz, the natural linewidth of the Doppler cooling
transition. For this reason, the states are approximately equally populated and
it is not possible to address only one m; state using frequency offsets as for the
hyperfine states in '™YbT. One popular option for state initialization is to use a
circularly polarized Doppler cooling laser and align the magnetic field with the
propagation direction of this laser [HAP72]. This initialization procedure works
well, if the magnetic field can be set to coincide well with the laser propagation
vector and only one of the m; states is needed for the experimental sequence. If
both m; states are required, either the laser polarization needs to be switched on
the fly, e.g. with a Pockels cell, or the magnetic field direction needs to be changed,
introducing magnetic field transients.

Another option not requiring additional optical devices or boundary conditions
on the magnetic field is to use the 25’1/2—>2D5/2 clock and 2D5/2—>2P3/2 repump
transition already in use for clock operation. This method is employed in some ion
trap quantum processors as well to achieve initial states with high purity [Pog+21;
Pji22]. The procedure is shown in and works as follows after Doppler
cooling:
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Clock pumping for *3Sr*. The figures illustrate the state initialization
process for $8Sr* in either 251/2 (mJ=+1/2) on the left hand side or
25’1/2(mJ:—1/2) on the right hand side. After Doppler cooling, both
states are roughly equally populated. The clock laser addresses the outermost
possible transition 251/2 (mJ::tl/Z) —>2D5/2 (mJ:$3/2) and completes
a 7 pulse, such that the mazimum amount of population is transferred into
the corresponding excited state. Then it is repumped into the 2P3/2 state
where it decays back into the ground state within ns. The repump laser is
polarization modulated to excite both the Am=0 and Am==+1 transitions.
Due to Clebsch-Gordan coefficients for the 2D5/2 —>2P3/2 transition and
the selection rules of the decay into 251/2, most of the population decays
into the opposite Zeeman ground state compared to where the initial clock
pulse started. The squared Clebsh-Gordon coefficients of the decay channels
are shown next to the corresponding arrows. By repeating this procedure
multiple times, the population in this state grows and the population in the
other state shrinks, both indicated by arrows next to the corresponding state.

a 7-pulse on the 25y (my==%1/2) = 2Ds/5(m;=F3/2) transition,

which transfers the maximum amout of population into the excited state.
This is the maximum possible Am transition from the state which is to be
depleted.

Turn on the 1033 nm repump laser for 10 ps to quench the excited state.

While this laser does not seletively drive transitions between Zeeman sub-
states due to the broad linewidth, it is an |[E1| transition nonetheless. This
means that it can only change the magnetic quantum number m; between
the D5/ and 2p, /2 states by a magnitude of 0 or 1. For this reason, only the

states

2Py s (mJ:$3/2) and 2P s (mJ:$1/2) are reached, respectively.

After a few ns the 2P /2 state decays into the 25, /2 state on an ﬂ transition.

While this decay can reach both Zeeman sub-states, it preferably decays
into the 25, /2 (m J=F1/ 2) state, which does not couple to the initial clock

pulse.

Consequently, there is now a population imbalance between the

251/2(my=+1/2) and 25 2(m;=—1/2) state.

Repeat this process until the desired state initialization purity is reached.

This process is limited by off-resonant excitations of other transitions by
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2. Optical clocks based on trapped ions

the initial clock laser pulse, depending on the Rabi frequency, magnetic
field and secular frequencies of the ion. Purities of 95 % are reached within
1ms, limited by the Rabi frequency of the clock laser and separation of
the adjacent transitions in a magnetic field of approximately 4 nT, and are
sufficient for clock spectroscopy.

Since this process is largely independent of the magnetic field direction, as long
as the |Am =2| transition has a sufficiently large Rabi frequency, and can easily
switch between initialization in either ground state by changing the clock laser
frequency, it is suitable for the experiments in this thesis. Usually, 1-5ms are
spent on state initialization, similiar to the time for Doppler cooling. The process
described here is the pulsed variant, but it is also possible to continously pump
with both the 674 nm clock laser and 1033 nm repump laser. The only care that
has to be taken is that the 1033 nm laser can cause a significant Stark shift of the
clock transition, changing the frequency where pumping is most effective. This
can be mitigated by setting the frequency of the 1033 nm on resonance, where the
Stark shift is zero. In practice, scanning the repump laser frequency and measuring
the initialization purity is a quick and reliable way to determine the optimum
setting.

2.5. Resolved sideband cooling of the 3*Sr™ and
1I'Yb™* ions and heating rate measurements

Both the '™Yb™ [E2/and %¥Sr" [E2| transition are good options to implement resolved
sideband cooling on, but it is easier on the ®Sr™ transition. The differences between
yh* and ®8Srt come from how the decay into the ground state limits the number
of cooling pulses before the ion needs to be reinitialized. While this is in principle
possible on the '™Yb™" transition as well, the small coupling strength would
necessitate very large laser intensities without a significant advantage over the
ypt transition. The general idea is to excite the red motional sidebands
at detuning ws.. from their respective carrier transitions and decay back to the
ground state on a carrier transition due to the Lamb-Dicke regime as described in
Section 2.3

For %8Sr™, the sideband cooling sequence is as follows:

1. The ion is pumped into the m;=—1/2 ground state with the procedure
described in

2. The red sideband of the 25 (mJ = —1/2) —2Ds 9 (mJ = —5/2) transition is
excited with a m-pulse.

3. The 1033 nm repump transition is driven for ~ 10 ps, causing the population
to reach the 2P /2 (m =-3/ 2) state. Other states cannot be reached since
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this is an [E]] transition.

4. From the branching ratios in the 2P; state [Zha-+16], 94.1% of all de-
cays reach the 25, /2 (m j=—1/ 2) state, the initial state before the sideband
cooling pulse. Because of this, the 25 (mJ = —1/2) —2Ds )5 (mJ = —5/2) —
Py o (mJ = —3/2) —251 (mJ = —1/2) set is called a cycling transition, since
no reinitialization of the state is necessary after sideband cooling most of the
time. On average, 12 such cycles can be performed, before it is more likely
that at least one decay did not immediately reach the 25 5 state, which can,
but does not have to, interrupt the cooling cycle.

5. The next most likely decay 5.3 % of the time is back into the ?Ds /2 state. By
using Clebsch-Gordon coefficients it is possible to determine the branching
ratio of the decay into ?Dj o (mJ:5/2, —3/2, —1/2). 2/3 of all decays reach
the state 2Dj /2 (m Jj=-5b/ 2), so they do not leave the cycling transition by
being excited into the ?Ps/5 state again. The other states on the other hand
now enable decays into the 25, /2 (m J=+1/ 2) state, leaving the cooling cycle.
This limits the amount of cooling cycles to approximately 25 before the ion
state has to be reinitialized. This is done without heating up the ion using
the standard procedure described in So the sequence 2-3-4 is
interrupted by step 1 every 25 cooling pulses.

The last possible decay from the 2Ps 5 state is into the 2Ds 5 state with a probability
of 0.6 %. If the 1092 nm laser is turned off, the ion is trapped there for the lifetime
of 430 ms [Sah-+06]. This happens after approximately 120 cycles, so is only an
issue if a lot of cooling is necessary. By turning on the 1092 nm repump laser, the
ion can be returned to the 25; /2 state and reinitialized for further cooling. The
natural decay from the 2Dy, state does not significantly influence the cooling
performance, since usually the cycling time is much shorter than the excited state
lifetime.

Due to the cycling nature of the resolved sideband cooling of ®*Sr™, the clock and
1033 nm laser can also be turned on simultaneously for a cooling time ¢, interleaved
with reinitialization of the 25/, state. The same caveat regarding the light shift of
the 1033 nm laser on the clock transition as for the state initialization in
applies here as well.

For ' Yb™" the sideband cooling sequence is different due to the different method
of state initialization:
1. Initialize the ion in the 2S; 5(F =0) state with the 370 nm cooling transition.

2. Excite the red sideband of the 25)5(F=0,mp=0)—2Ds/o(F=2,mp=0)
transition with a 7-pulse.

3. Turn on the 935 nm repump laser to drive the 2Ds o (F'=2) —3[3/2]12(F =1)
transition, which decays primarily into the 25 /,(F'=0) state. This also
forms a cycling transition and allows for many cooling pulses before the ion
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has to be reinitialized.

4. A decay into the 25, /2(F'=1) state is also possible with smaller probability,
which requires reinitialization with the 370 nm laser. This needs to be done
as shortly as possible, since the broad linewidth of the cooling transition
causes heating of the ion up to the Doppler limit. A reinitialization time of
10 ps after each cooling pulse proves effective and allows for cooling below
n=1.

5. Repeat step 2-3-4 as long as necessary.

Due to the heating of the 370 nm laser, continous cooling is more challenging on
Yh* and not employed in this thesis.

Heating rate measurements Resolved sideband cooling is used to determine
the heating rate of the axial motional mode of the trapped ion. Specifically, a single
8Sr™ ion is confined with an angular axial secular frequency of wa, =27 x 374 kHz
and continously sideband-cooled on the red sideband of the ‘S, mg=—1/ 2> —
‘D, mp=-—5/ 2> carrier transition for 20 ms. Then, the excitation probability of
the red and blue motional sidebands of the same carrier transition is determined
at the same laser intensity and probe time. This allows for a measurement of n
according to Which is converted into a temperature with Tyxia = hwaxn/kp.
This "classical” temperature disregards the zero-point energy and corresponding
modified relationship between temperature and the average population of the
quantum harmonic oscillator. For the minimum observed average occupation
number is 7. = 0.220(6), which corresponds to a population of the motional
ground state with 82 % probability [Die+89|, the classical temperature equals
Toxian=3.9(1) pK. After ground state cooling, a variable amount of time tg(1e passes
without sideband or Doppler cooling before the temperature of the ion is determined.
This allows for measurement of the axial heating rate Afi,ya/At=40(2)/s or
AT a1/ At=0.72(3) mK/s, which is an important parameter for determining the
thermal motional shift of ion clocks.

A similiar measurement is performed to measure the heating rate of the radial
motional modes. Due to the higher temperature of the radial modes after sideband
cooling, the excitation probability ratio between the red sidebands and carrier
transition is employed to measure n instead. Since 7 is a parameter in this
measurement, both the secular frequency and projection of the motion onto the
clock laser need to be accounted for. The projection of the radial modes on the
interrogating beam is determined by measuring the excitation strength of each
sideband with two beams orthogonal to each other. As a result, the direction of
radial motion of the mode with a higher secular frequency encloses an angle of 57(8)°
with the plane in which the Doppler cooling lasers propagate and the other mode
encloses an angle of 33(8)° at w, =27 x 1347 kHz and w, =27 x 1324 kHz. By varying
teettle and using to determine the radial temperature along the x-axis and
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y-axis T} ,, a heating rate of An,/At=190(23)/s or AT, /At=12.3(1.5) mK/s and
An, /At=195(19)/s or AT,/At=12.4(1.2) mK/s is found. Later measurements
show a significantly larger value of 18.1(2.2) mK/s for the average radial heating
rate at a similiar trap depth, which is used for the correction of the thermal
frequency shift in [Section 6.2 It is assumed that the large radial heating rate is
the result of electric field gradients connected to uncompensable axial micromotion
[Kal+21], but. Both the measurements of the axial and radial heating rates are

shown in [Fig. 2.11}
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Figure 2.11.: Heating rate measurement for axial and radial motion. The temperature of
the axial and radial directions of motion is determined via resolved-sideband
spectroscopy on the 3Sr* clock transition. The azial mode is cooled close
to the motional ground state, while the radial modes are cooled below the
Doppler limit of the[ET] cooling transition, but do not reach below n=1. The
ion is not cooled for the time tseye and then the average population n of
the motional mode is measured. A heating rate of 0.72(3) mK/s is observed
for the azial motion as well as 12.3(1.5) mK/s and 12.4(1.2) mK/s for the
radial motion along the z-axis and y-axis, respectively.
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3. Experimental setup for the
multi-species, multi-ion clock

YbSrl

This chapter describes the experimental apparatus employed for the measurements
reported in this thesis. Specifically, the multi-segment, multi-ion linear trap
in which the ions are stored for the measurements is discussed. The optical
setup around the trap including cooling lasers, repumping lasers, clock lasers and
the imaging system is described along with the cooling laser stabilization and
distribution setups. The [DC| and [AC| magnetic fields are measured using the
clock transitions directly to correct for any systematic effects in the measurements
presented. The background pressure in the|Ultra High Vacuum (UHV)|environment
is determined from reordering of an ion crystal to estimate the pressure frequency
shift for the optical clock. Finally, the %8Sr™ clock laser setup consisting of an
I[External Cavity Diode Laser (ECDL)|that is [Pound-Drever-Hall (PDH)Hocked to
a filter cavity, amplification of the cavity transmission with an injection diode and
|Tapered Amplifier (TA)|as well as stabilization of the laser to the [E3| clock laser
via a frequency comb is presented.

3.1. Chip-based multi-ion trap for YbSrl

The ion trap used for YbSrl is based on a design from and built by the re-
search group Quantum clocks and Complex Systems headed by Prof. Dr. Tanja
Mehlstaubler in the research institute [Centre for Quantum Engineering and Spacej
[[ime Research (QUESTY located on campus |[Kel+19; Hau+25; |Jor+25|.
In particular, Malte Brinkmann published a Master thesis partially on building
the specific trap in operation in YbSrl [Bri20} ch. 3]. For this reason, I will only
summarize the key points of the design and focus on the specifics relevant for
the measurements discussed in the thesis. Photographs of the trap are shown in
o 3.1
The body of the trap consists of four [Printed Circuit Board (PCB)| chips stacked
on top of each other with a gap in the middle. The chip material is Rogers

4350B |Cor22] and all conducting paths on them are coated with gold. The
whole trap is situated in with a pressure below 1 x 107! mbar=10nPa for

49

https://doi.org/10.7795/110.20260204



3. Experimental setup for the multi-species, multi-ion clock YbSrl

experiments carried out between June 2020 and June 2023 and a pressure below
1 x 107 mbar=100nPa since then. The ions are confined in the middle of the gap
with [RF] and [DC] voltages delivered to individual electrode segments etched into
the trap chips. Eight such segments in addition to two so-called endcap electrodes
on the outer edges of the gap exist on each of the four boards. The voltage
providing the radial confinement, is common to all segments and delivered to the
trap via copper strips. These connect directly to a carrier board on which the trap
is glued with metal posts and mounted to the vacuum flange.

Figure 3.1.: Photographs of the ion trap used in YbSri. The image on the left shows
the front side facing the imaging system, the image on the right shows the
back side facing the samples of Yb and Sr. The trap consists of a stack of
four[PCB, boards hand-assembled to form a linear trap for ions in the gap
in the middle. Several resistors and capacitors are soldered on the chips to
filter voltage noise with frequencies above 135 Hz on the trap electrodes. The

[DQ signals are carried via a flexible [PCH ribbon shown on the left, the [RE|

voltage is delivered via copper strips.

The [DC| voltages on the other hand are individually supplied to each of the 40
electrodes via tracks on the chips, with intermediate electric low-pass filters with a
cut-off frequency of 135 Hz. These are necessary to minimize the electric field noise
the ions experience at their secular frequency >100 kHz, which leads to heating
of the ion. When building the trap into the vacuum system, some of the filter
capacitors fell off the trap body, exposing the electrodes to all external noise. To
mitigate this problem, external filters are added to the [DC| supply, which will be
discussed later in this section. Axial confinement of the ions is provided by applying
a positive voltage on electrodes on either side of the trap segment, approximating
a harmonic potential in its center. Additionally, voltage gradients can be applied
to both the electrodes on the inner chips as well as the outer chips to move the
ion position relative to the trapping geometry. This is necessary to compensate
stray electric fields, thereby minimizing micromotion in the radial direction. A
sketch of the electrodes and their positioning is shown in [Fig. 3.2l The [DC]| voltages
as well as the connections to two Pt100 temperature sensors are delivered to the
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chips from the carrier board via a flexible cable printed with conducting tracks.
Due to the low thermal conductivity of Rogers 4350B, the temperature readings
deviate from the temperature of electrodes in the close vicinity of the ion. Both
the and [DC] signals are supplied to the carrier board by vacuum-feedthroughs,
connected to the resonator and [DC| supply, respectively.

|

1 mm

10.8 mm

Figure 3.2.: Sketch of the trap electrodes and their function. This sketch shows the
region in the center of the trap chips where the ions are confined. It is
divided along the z-azis into 10 segments, for which the applied [D{ voltage
can be controlled individually. All segments apart from segment 7 have
the same length, width and height of 1 mm. Segment 7 is twice as long to
reduce edge effects for long ion strings, but was not used for spectroscopy
in this thesis. The ions are interrogated in segment 2 and can be stored for
further use in any other segment (such as segment 6 depicted here). Azial
confinement (represented as blue arcs) is provided with an applied@ voltage
on neighbouring segments and radial confinement (represented as red arcs)
with a[RF| voltage common to all segments. The inset shows the view along
the trap axis of one segment, revealing the individual electrodes to which[D{]
(blue) and voltages are applied. Voltage gradients between Uzt , U, Ue
and U._ allow positioning the ion radially in the center, minimizing excess
micromotion.

The voltage is supplied by a [Direct Digital Synthesis (DDS)| controlled with
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an |[Advanced Real-Time Infrastructure for Quantum physics (ARTIQ)| system,
producing up to 10dBm =10 mW of output power at 13-14 MHz. This is amplified
by 25dB with a broadband external amplifier and fed into a tunable resonator.
Radial secular frequencies of up to 870 kHz have been observed on "'Yb™ with
this setup. The resonator is connected to the ion trap with a vacuum feed-through.
While connected to the ion trap, the resonance frequency of the resonator can
be adjusted from 12.8 MHz to 13.7 MHz with a variable capacitance connected
between the [RF] coil and the grounded housing. The quality factor of the resonator
and trap together is Q =/AQ =425 filtering out a large amount of electric field
noise at the secular frequencies of the ion. A pick-off of the voltage allows to
monitor the trap depth with a power detector that converts the [RF] signal into
a[DC] voltage. Under normal operating conditions the power varies by less than
0.02dB, which corresponds to an instability of the radial secular frequencies of

2%.

The supply of the [DC| voltage has varied over the lifetime of the experimental
setup. The trap electrodes are connected to two 40-pin [D Subminiature (DSUB)|
vacuum feed-throughs, exposing the pins to the outside of the vacuum chamber.
Initially, a cable was directly connected to a [Digital-to-Analog Convertei]
controlled via [ARTIQ)] allowing to apply voltages from —10V to 10V to
the electrodes. Since some of the U, electrodes are missing the capacitors of their
intravacuum electric lowpass filters, these were replaced with external lowpass
filters with a cutoff frequency of 160 Hz. While this setup allows for the trapping
and cooling of ions, coherent spectroscopy is limited after Doppler cooling due to
the comparatively low axial secular frequency of 270 kHz for '"'Yb™.

For this reason, two different kinds of voltage amplifiers were added over time.
Their inputs are still controlled by the same [DAC] but translate the input voltages
to larger voltages while retaining the ability to apply gradients with sufficient
accuracy. The first amplifier consisted of four operational amplifiers manually
connected to the electrodes Uy, and U,_ in segment 1 and 3. They are supplied
with 32V and —3V and amplify the input voltage to allow for output voltages
in the range —1.7-29 V, sufficient for micromotion compensation and allowing for
secular frequencies up to 460 kHz for '"'Yb™.

This amplifier was eventually replaced by a device designed and built by an
electronic workshop at [PTB| with operational amplifiers supplied by voltages of
90V and —15V. This amplifier connects to all electrodes and provides different
gain for the U; and U, electrodes, allowing for gradients sufficient for micromotion
compensation as well as voltages above 50 V, the rating limit of the filter capacitors
on the ion trap. The relation between the input and output voltages is determined
semi-automatically by setting voltages with the [DAC| and measuring the output
with a digital multimeter, finally fitting a linear model including cross-talk between
the voltages applied to the electrodes of a segment. This allows for straight-forward
and precise control of large confinement voltages as well as voltage gradients created
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via the electrodes of all trap segments.

Due to individual control over all segments, ions can also be transferred between
the trapping regions. This is useful to store ions in other segments while loading
or during certain parts of spectroscopic sequences involving multiple ions. The
sequence to split an ion crystal and transfer it to another segment is depicted in
Fig. 3.3| and consists of the following steps:

1. Add an additional confinement voltage on one side of the trapping region.

2. Lower the confinement voltage of the trapping region towards the next
segment to produce a potential well that stretches over two segments.

3. Increase the confinement voltage of the middle segment to split the ion
crystal into two separate trapping regions, sharing a common endcap.

4. Repeat this sequence once more to completely separate the ions from each
other.

Merging two ions with an adjacent endcap voltage works the same way, but in
reverse. All of these sequences (split, transfer, merge) are reliable with no failure
after 100 repetitions and are combined for automatic loading of ions and in certain
spectroscopic sequences.
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Figure 3.3.: Sketch of the ion transfer sequence. The sequence to separate ions in a
crystal and split them to two independent segments is depicted in this figure.
It starts with an ion crystal aligned along the trap axis (Start). Then, a new
confinement voltage is added and the previous confinement removed (1, 2).
This produces a very shallow potential spread over multiple segments (2). By
increasing the confinement voltage in the middle of the crystal, they are split
and share a common endcap electrode (3). By repeating this sequence, they
can be separated completely (4).
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3.2. Doppler cooling lasers
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Figure 3.4.: Sketch of the Doppler cooling laser stabilization setup. The lasers to Doppler
cool 1P Yb* and 38Sr* are stabilized to the clock laser via an optical
resonator. All lasers are delivered to the setup with|Polarization Maintaining
[PM]) fibers. The resonator length L is continously scanned with the piezo-
electric actuator mounted on one side of the outcoupling mirror such that
all lasers are transmitted at some point during the scan. Lasers at different
wavelengths are overlayed with each other at dichroic mirrors. Lasers at
the same wavelength, but originating from different setups, such as the ones
shown in gray, are overlayed via their polarization with [Polarizing Beam)
Splitter (PBS). The polarization is adjusted with a|Half Waveplate (HWP)
to have mazimum transmission or reflection at the [PBS. The collimated
laser beams are matched to the incoupling mode of the resonator with a lens
with a focal length of 150 mm. The overlayed lasers are separated after the
resonator with dichroic mirrors and [PBS, their intensity is measured with
photodiodes. The photodiode signal of the[E3 laser is used to reference the
offset of the resonator length scan to the clock laser. The photodiode signals
of the other lasers are used to adjust their current such that their frequency
offset from the @ laser is constant.

Various laser systems are needed for Doppler cooling and clear-out of the excited
states of the clock transitions. These each consist of a commercial or home-built

95

https://doi.org/10.7795/110.20260204



3. Experimental setup for the multi-species, multi-ion clock YbSrl

laser and optics for distributing light, as well as changing its polarization and
frequency. Two important characteristics of the lasers are their linewidth and
long-term frequency drift, which should be below the natural linewidth of the
transitions they address, if possible. For the transitions relevant in this section,
their natural linewidth is above 1 MHz with the exception of the repump laser
at 760 nm. While the and |Distributed Feedback (DFB)|lasers themselves
already have linewidths below 1 MHz, their center frequency drifts significantly
over time due to temperature variations and stress changes of the laser resonator.
To keep the center frequency stable and controllable, all Doppler cooling and
repump lasers are stabilized to the length of a scannable optical resonator with a
IFree Spectral Range (FSR)| of ~500 MHz and finesse of F>1000. The resonators
are placed within a vacuum housing that has been flooded with air. The valve
connecting the inside and outside of the vacuum housing is closed to minimize the
influence of pressure differentials between these two points. Sketches of the setups

are shown in for the blue lasers with a wavelength A <500 nm and
for the red lasers with a wavelength A > 700 nm.

The resonator length can be changed with an piezoelectric actuator and is con-
tinously scanned over the [FSR] of the shortest wavelength laser stabilized to the
resonator. When the laser is on resonance with the cavity, light is transmitted
through it and detected on a photodiode. The laser frequency is actively stabilized
by adjusting the laser current or piezo voltage such that the resonator length where
the transmission is at a maximum stays fixed. The length scan and
[ntegral (PI) stabilization are implemented with a digital controller developed and
manufactured at that can control up to 8 lasers. To fix the reference point
of the resonator scan, a clock laser with small frequency drift is also sent to the
resonator. The controller changes the length scan range such that the position
of the clock laser within the scan also does not change. In this way, the Doppler
cooling laser center frequency is stabilized to the clock laser, which only exhibits
small frequency variations compared to the transition linewidths.

With the lasers stabilized sufficiently for Doppler cooling and repumping, they are
distributed to the ion trap. The sketches of the distribution setup for the 370 nm
and 422 nm laser are shown in [Fig. 3.6/ and [Fig. 3.7] respectively. Generally, the
laser itself is an from Toptica coupled directly into a fiber. Various
allow for flexible distribution of laser power to the wavemeter for monitoring the
laser wavelength, the transfer cavity for active stabilization as discussed previously
and three different ports at the ion trap. The path to the trap is mechanically
blocked with a shutter during clock interrogation. An is added to each path
to modify the laser frequency along that path by a few MHz and to act as a fast
switch independent of the shutter. Each is supplied by the
amplified by 30dB. A combination of a and a [Quarter Waveplate (QWP)|
in front of the fiber couplers allows to match the laser polarization with the fast or
slow axis of the fiber, minimizing polarization fluctuations of the light while
travelling in the fiber. At one port, the Doppler cooling laser is overlayed with the

26

https://doi.org/10.7795/110.20260204



3.2. Doppler cooling lasers

ionization lasers with dichroic mirrors. The ionization lasers can be mechanically
blocked separately from the cooling laser. Specific to the 370 nm laser are two
IElectrooptic Modulator (EOM )k that phase-modulate the cooling laser light at a
frequency of 14.748 GHz and 2.105 GHz. These are necessary for bridging the gap
between the hyperfine states of '"Yb™ for Doppler cooling and state initialization,
respectively. They are supplied with amplified synthesizers which are switched on
and off during the experimental sequence.

The corresponding setups for the repump and ionization lasers are not shown,
since they are significantly less complicated. The lasers are either Toptica
(399 nm, 405 nm, 461 nm), home-built (399 nm, 1033 nm, 1092 nm) or home-
built (760 nm, 935 nm) systems. They are distributed to a wavemeter, all
but the ionization lasers are distributed to a transfer cavity setup as well as
the ion trap setup. The ionization lasers are not frequency stabilized with the
transfer cavities and are combined with the Doppler cooling beams as shown in
IFig. 3.6/ and [Fig. 3.7 For some measurements, the ®3Sr™ ionization lasers were
stabilized to the wavemeter. The 1033 nm and 1092 nm laser are overlapped with
a dichroic mirror before being sent to the ion trap setup. The 760 nm and 935 nm
lasers are phase modulated with [EOME at frequencies of 5.3 GHz and 3.07 GHz,
respectively, to address the hyperfine structure of '™ Yb™ discussed in
and [Section 2.4
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Figure 3.5.: Sketch of the repump laser stabilization setup. The lasers to repump 71 Yb*
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and 88" are stabilized to the infrared fundamental of the clock laser
via an optical resonator. All lasers are delivered to the setup with
fibers. The resonator length L is continously scanned with the piezoelectric
actuators mounted on one side of the outcoupling mirror such that all
lasers are transmitted at some point during the scan. Lasers at different
wavelengths are overlayed with each other at dichroic mirrors. Lasers too
close in wavelength to separate them with a dichroic mirror are overlayed
with each other using[PBS. The polarization is adjusted with o [HWH to have
mazimum transmission or reflection at the[PBS. The collimated laser beams
are matched to the incoupling mode of the resonator with a lens with a focal
length of 125 mm. The overlayed lasers are separated after the resonator with
dichroic mirrors and and their intensity measured with photodiodes.
The photodiode signal of the [E3 laser is used to reference the offset of the
resonator length scan to the clock laser. The photodiode signals of the other
lasers are used to adjust their current such that their frequency offset from
the[E3 laser is constant.
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Figure 3.6.: Sketch of the 370 nm laser board. The light is split into various paths with
and polarization matched to fibers using a [QWH and [HWH. A
mechanical shutter blocks the light in the path towards the trap during clock
interrogation. The laser is phase modulated with two to address the
hyperfine structure of 171 Yb™. allow for separate frequency detunings
and optical switching of the three individual paths towards the trap. The
ionization laser is overlayed with the cooling laser using a dichroic mirror
and sent to port C of the ion trap setup.
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Figure 3.7.: Sketch of the 422nm laser board. The light is split into various paths with
and polarization matched to [PM| fibers using a [QWH and [HWH. A

mechanical shutter can block the light in the path towards the trap during
clock interrogation. [AOMs allow for separate frequency detunings and optical
switching of the three individual paths towards the trap. The ionization lasers
are overlayed with the cooling laser using a dichroic mirror and sent to port
A of the ion trap setup.
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3.3. Optical setup around the ion trap
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Figure 3.8.: Optical setup around the ion trap. The figure shows the top view of the
optical setup surrounding the vacuum chamber in which the ion trap is
situated. Within the vacuum chamber, two ablation targets are placed next to
the trap, one for Yb and one for Sr atoms. The ablation laser path is chosen
by adjusting the laser polarization. All laser beams apart from the ablation
beam are focused onto the ions with convex 17 lenses. The cooling lasers
shown here enclose an angle of 30° with the trap axis and approximately 45°
with either radial direction of motion. Additionally, cooling and ionization
lasers enter the vacuum chamber from the top, indicated by the arrow in the
center. The T'Yb" and %8Sr™ cooling and repump beams are overlayed with
each other using dichroic mirrors. The 760 nm beam is expanded before being
focused on the ions. The 88Sr* repump beams are polarization modulated
at a frequency of 10 MHz with an[EOM,. The clock laser beams are built up
on the opposite sides of the cooling beams. All three are frequency shifted
with an[AOM| to match the laser frequency with the atomic resonance. The
undiffracted beam is reflected back into the optical fiber to stabilize the optical
path length. An additional laser beam for 83Sr* state initialization enters
the ion trap vertically, indicated by the arrow in the center. The [MIR] lasers
for polarizability measurements enclose an angle of 15° with the trap axis
and can enter the ion chamber from either side. They also enter the figure
plane vertically. The fluorescence emitted by the two ion species is collected
with a common aspheric lens, split with a dichroic mirror and focused on
separate |Photon Multiplier Tube (PMT)s or cameras.
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The optics surrounding the vacuum chamber of the ion trap are depicted in [Fig. 3.8
There are in total three sets of Doppler cooling lasers, one orthogonal to the trap
axis entering from the top and two with an angle of 30° relative to the trap axis.
The latter two paths enclose an angle of 120° and all three beams are at an angle of
approximately 45° with respect to the radial directions of motion of the ion. This
setup enables cooling of all ion motion with either of the latter cooling ports and
determination of ion micromotion in [Three Dimensions (3D). Port B is focused
on the ions more strongly to minimize scattered light during state detection, the
other two cooling ports are focused with cylindric lenses only orthogonal to the
trap axis. While this necessitates higher laser power for laser cooling, the intensity
gradient along a linear crystal is heavily reduced.

The repump lasers are all aligned with the trap axis and overlayed with each
other using dichroic mirrors. The 760 nm laser is enlarged to a beam diameter of
approximately 10 mm at the focussing lens for a sufficiently high intensity at the ion
position to repump the excited state of the clock transition. The ®Sr* repump
beams are polarization modulated with a frequency of 10 MHz using an to
couple to all Zeeman states for efficient state clear-out and Doppler cooling.

The fluorescence emitted by the ions during Doppler cooling is collected with an
asphere with aNumerical Aperture (NA)|of 0.38 after being transmitted through a
re-entrant viewport. To magnify the image, the collimated fluorescence is focused
with a lens with f=300mm and then split with a dichroic mirror into the "'Yb™*
or ¥8rT detection path. In each of these paths, an aperture is placed at the focal
point of the 300 mm lens and then captured with a 150 mm 1:1 telescope to refocus
the light at a spot further along the imaging system. The focus of the image is
placed on either a camera sensor or [PMT] resulting in a total magnification of
the ion image of approximately 10, where the of the whole imaging system
is approximately 0.3 as determined from the spot size of a single trapped ion
of 5.9 um. The camera pixel size is 2.4 pm x 2.4 pm, allowing for two ions to be
distinguished, if they are a distance of approximately 1 pm apart from each other.
The first two lenses of the imaging system can be moved independently from the
rest with micrometer screws to capture the image of different segments. The area
visible on the camera sensor encloses around 2 full trap segments.

l[onization lasers follow the same path as the vertical beams, which results in largely
Doppler free interaction with the evaporated atoms during loading. Two targets
are placed in the vacuum chamber next to the ion trap, one with Yb atoms and
one with Sr atoms. An ablation laser is focused via two separate paths on both
targets, allowing to choose which element should be loaded.

Two ports are used for the clock lasers, both enclose an angle of 30° with the
trap axis. The and Sr clock lasers share a port and are overlapped with a
dichroic mirror. All clock lasers are enlarged to a beam diameter of 5-20 mm
at the focussing lens to reach light intensities sufficient for Rabi frequencies of
0.02-10kHz. The small Rabi frequency corresponds to the transition, which
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requires a significantly higher intensity for the same €2 than the [E2] transition due
to its small coupling strength. The frequency offsets of the clock lasers are adjusted
with supplied by AD9914 to interrogate different transitions
and stabilize the laser to the atomic resonance. The undiffracted beam of each
clock laser is reflected back into the fiber to stabilize the path length of the laser.

Additionally, a higher-intensity ®®Sr™ clock laser beam is transmitted vertically,
orthogonal to the trap axis. With that beam, Rabi frequencies up to 100 kHz
are reached, but it is not path length stabilized. Its primary function is to state
initialize ®*Sr* quickly before clock interrogation and sub-Doppler cool the radial
sidebands.

For the polarizability measurements in [Chapter 4] and [Chapter 5| [MIR] lasers are
focused onto the ions at an angle of 15° with respect to the trap axis. Due to their
wavelength of > 8 ym and the low of the viewport, the minimum achievable
beam diameter is limited to approximately 400 pm. A transmitting |[Anti-Reflection|
[AR}-coated window is placed between the focusing lens and viewport to displace
the beam for the measurements in [Section 4.3l The lasers itself are situated further
away from the trap and are sent via free space to above the experiment. They
enter the optical setup around the ion trap by being reflected downward into the
plane shown in [Fig. 3.8

3.4. Ion loading procedure

The Yb atoms are emitted from their metallic sample of natural isotopic composition
with two different methods. The sample can be heated up resistively with an oven
by passing a current of approximately 800 mA at a voltage of approximately 4 V
through it. After roughly 45s the sample is at a sufficiently high temperature to
emit a stream of atoms that intersects with the cooling and ionization lasers at
the trap center.

Alternatively, it is also possible to generate an atomic cloud by irradiating the
sample with a high intensity laser pulse. This heats up a local spot on the target
significantly and evaporates the metal into an expanding atomic cloud. A small
solid angle of this cloud travels towards the ion trap. This method is called ablation
loading and is employed in variety of ion trap experiments for a large number of
elements [Lei+07; Whi+22; Li+24]. The ablation laser in use for the experiment
has a wavelength of 532 nm, maximum average power of 1.5 W and pulse length
of 2ns at a maximum repetition rate of 10 kHz. This results in a maximum peak
intensity of 0.8 GW/mm? after the ablation laser is focused to a beam diameter
of approximately 151m on the target. Laser ablation is possible for both Yb
and Sr metal targets, for the latter species this is the only option for loading in
the setup presented here. Before the polarizability measurements were started,
50 - 100 subsequent pulses were sufficient to reliably load ions of both elements
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into the trap. After the automatic reloading measurements in [Chapter 5, where
several thousand loading cycles were executed on the Sr target within a couple
of hours, ablation loading became much less reliable. Hundreds of attempts with
1000 ablation pulses were necessary to load a single ion in the time following these
measurements, which is mitigated by moving the laser to a different spot on the
ablation target. Still, the loading efficiency fluctuates much more over time than
before the automatic reloading measurements and readjustments of the ablation
laser every few months is necessary now.

For both species, a two-stage ionization procedure is employed for isotope selective
loading. Neutral Yb is excited to the intermediate ! P, state with a laser at a
wavelength of 399 nm. The atom is then ionized with the 370 nm Doppler cooling
light. For neutral Sr, two dedicated ionization lasers are in use. The 461 nm laser
excites the atom to the 'P; state and the 405 nm laser ionizes it. As discussed
in [section 3.3| the propagation vectors of all of these beams are orthogonal to
the velocity of the atomic beam to minimize the Doppler shift of the transition
frequencies with respect to the lasers.

Loading Sr ions is automated for the measurements in [Chapter 5 All ionization
lasers are unblocked, the cooling lasers are red-detuned by approximately 500 MHz,
the ablation laser is pulsed, the ionization lasers are blocked, the cooling lasers are
locked to their Doppler cooling frequency and the amount of ions is determined
from the signal. If a single ion is loaded, the procedure is finished, otherwise
it repeats. Ionization laser frequencies are stabilized to a wavemeter to compensate
for drifts over time. This allows for reliable loading of single ions over hundreds of
subsequent cycles after optimizing the ionization wavelengths and position of the
ablation laser on the target.

3.5. Magnetic field control and measurements

Since the energy difference between each Zeeman component of the %Sr™ clock
transition is linearly sensitive to magnetic fields, the trap has to be shielded from
magnetic field noise as much as possible. This is primarily achieved with two
layers of Mu-metal, a ferromagnetic alloy that blocks low-frequency magnetic field
fluctuations [Cor21]. The Mu-metal encloses most of the vacuum chamber with
holes cut out for optical access and electric connections, reducing the magnetic
field variation over 200ms to approximately 0.5nT. This is determined from
the maximum achievable coherence time of the ®¥Sr* clock transition limited by
magnetic field noise.

Four pairs of coils are installed to control the magnitude and direction of the
magnetic field during clock spectroscopy and Doppler cooling. They are mounted
on [3D}printed holders inside the Mu-metal shielding and supplied with current
from external sources.
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The large coil pair is turned on during Doppler cooling of *Yb™ to produce a
magnetic field of 180 uT along the direction of the imaging system. The current
is supplied by a laboratory power supply and switched with a solid state relay
controlled via that blocks the [DC| flow through the coils, but allows [AC]
components with a frequency above 500 kHz to pass through. When the relay is
open, no current flows through the coils and the magnetic field produced by the
large coils decays with a magnitude variation of 75 nT between waiting times of
30ms and 150 ms as is depicted in From a waiting time of 145 ms onwards,
the residual change of the magnetic field magnitude due to the decay is smaller
than the long-term observed instability of 0.5nT. After the clock pulse is applied
to the ion, the solid state relay is closed again to turn on the large field for state
detection.

Three small coil pairs are oriented along the trap axis, imaging system and vertical
direction to produce magnetic fields up to approximately 30 pT along any chosen
direction during clock spectroscopy. Their current is supplied with a driver built
by controlled with the [ARTIQ|[DAC] to change the direction and magnitude
of the field during spectroscopic sequences. The linear relationship between the
coil currents and magnetic field vector is calibrated with the *'Yb™ ion directly by
determining the center frequency the %S o(F=0,mp=0)—2Dss(F =2, mp=—1)
and 25 o(F =0,mp=0) —2D3/5(F =2, mp=—2) clock transitions at 13 different
magnetic field directions and magnitudes.

The total magnetic field B(t)= By 4+ AB(t) consists of the static offset By and the
time-varying component AB (t). Slow variations with respect to the probe time of
the clock transition are directly observed via the frequency offset of transitions
|S,ms)—|D, mp) where at least one of mg and mp is not equal to zero. This is
due to the linear Zeeman shift averaged over the probe time T'

Avy = %(‘ng(gDmD — gsms), (3.1)

with the Bohr magneton pp, Planck constant h and ground (excited) state Landé
factor gs (gp).
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Figure 3.9.: Measurement of the magnetic field decay. A magnetic field of 2.4pT is
set with the small coils along the trap axis, the imaging system and the
mutually orthogonal vertical direction. The center frequency of the 171 Vb
S1/2(F=0,mp=0)— Dy/o(F =2, mp=-2) transition is measured for var-
tous settle times after the current for the large magnetic field, supplying
180T, is switched off. The magnetic field offset from the setpoint AB(t) fol-
lows an exponential decay with a lifetime of 12(3) ms, 22(2) ms and 45(4) ms
for the trap axis, imaging and vertical direction, respectively.

AC magnetic field measurement If on the other hand the variation of AB(t)
is §igniﬁcantly faster than the probe time, so that a sinusoidal oscillation of
AB(t)

AB(t) = Asin(wt), (3.2)

with amplitude A and angular frequency w>> 27 /T, then AB (t) cannot be directly
observed in this way. A potentially large magnetic field with high frequency results
from induced currents in the generation of the trapping field as discussed in
[Gan+18; |Arn+20]. This lé_C| magnetic field causes a frequency shift in optical
clocks of up to several 107'7 [Gan+18|, which means that A needs to be determined
with sufficient accuracy to correct for the offset.

One method to measure the [AC| magnetic field relies on Autler-Townes-splitting in
a strongly coupled multi-level system [AT55; Gan+18|. For example, the ground
state Sy /9 of the 831t clock transition splits into two substates due to the Zeeman
effect with a frequency difference of
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B|. (3.3)

KB
AVS:[/Q = Tgs

The transition ’S, mg= —1/2> > ’S, mg= +1/2> is an transition and couples
to [RF] magnetic fields of the appropriate frequency. This means that the induced
magnetic field due to the trap drive with an angular frequency (lgp is resonant
with this transition when

—

B hQrr
gsip ’

(3.4)

which results in ‘é‘ =475pT for gg=2.002 and Qrp =27 x 13.3 MHz. At this

magnetic field strength, the two Zeeman states couple strongly to each other due
to the transverse magnetic field B, with respect to the direction of By

_12 B-B
B, = -1 =1 . (3.5)
By
that drives the transition with a Rabi frequency of [Gan+18; |Jos+24]
1
Q= 5MBgS\/J(J +1) —my(my£1)B, , (3.6)

where J is the total angular momentum and the sign in the bracket depends on
the direction of the spin-flip transition. Now, if one excites e.g. the ‘S, +1/ 2> —
|D, +5/ 2> transition, two resonances are observed instead of the usual one resonance
at the transition center frequency. The frequency difference, the Autler-Townes
splitting, between the left (L) and right (R) resonance is

1 . 2
|l/R — VL| = %\/Q(Q) —|— (%QS’B‘ — QRF) N (37)

which means that B, can be determined by measuring the splitting on resonance.
A schematic of the level structure and coupling strength resulting in Autler-Townes
splitting is shown in . The full magnitude A of the field is
determined by measuring the frequency splitting |vg — vy | for different orientations
of the offset field B%.

The result of an Autler-Townes measurement using the 3*Sr™ {S ,+1/2) — ’D, +5/2)
transition at different trap powers and along three different directions is shown
in [Fig. 3.11] The magnetic field is primarily generated with around 1.04 A of
current in the large coils oriented along the imaging direction, supplied by a 6-digit
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precision current source. A comparison of the observed splitting at three different
trap [RF] power settings shows the expected scaling between the RF] power and
B, up to a residual offset of 0.3 dB between the lowest and highest setting. The
small coils are used to tilt By by 5° towards the trap axis or vertical direction to
determine the full [AC] field. This results in the following [AC| magnetic field at the
+6 dB power setting (at which the average radial secular frequency of a **Sr™ ion
is approximately 1200 kHz)

0.839(38)
AB(t) = 1.047(48) nT | 0.106(26) | sin(Qppt) (3.8)
0.5336(60)

where the x-axis is oriented along the imaging direction, the y-axis is vertically
oriented and the z-axis coincides with the trap axis. This field magnitude results
in a fractional frequency shift of 53.7(4.9) x 107! and 3.84(35) x 1078 for the
yb* [E2| and [E3| transition, respectively [Gan+18]. The shift on the **Sr* clock
transition of 7.67(70) x 107! is significantly smaller, since it does not possess any
hyperfine structure, so the closest transition affected by the field is the
fine-structure transition |D5 /2> > ‘D3 /2> at a frequency of 8.4 THz.

2D5/2_ 2D5/2—
. —> Q,
'S, Qu Q2 'S, —

Figure 3.10.: Autler-Townes splitting schematic. The reduced level structure of the $4Sr*

clock transition relevant for the Autler-Townes measurement is depicted on
the left-hand side. The splitting of the Zeeman states in the ground state is
set equal to the trap [RF| drive angular frequency Qrp, which couples the
states with a Rabi frequency Qo. This is equivalent to an additional splitting
of each Zeeman state in the S manifold into two states spaced by Qo as
depicted on the right-hand side. When the clock laser frequency is scanned
over the corresponding frequency range, this produces two resonances which
are offset from each other by €.
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Figure 3.11.: Autler-Townes splitting measurement results. The figures show the frequency
difference between the two resonances of the three-level system at different
magnetic field strengths. The magnetic field is supplied by a coil oriented
along the imaging direction with around 1.04 A of current flowing through
it and a set of smaller coils that allow for the tilting of the magnetic field
vector. On the left hand side the minimum splitting shows the expected
linear dependence on the trap drive power up to a deviation of 0.3dB
between the smallest and highest [RF] power setting. On the right hand side
the magnetic field is tilted by 5° from the initial direction (Base) towards
the trap axis and the vertical direction. This allows for a determination of
the full@ magnetic field amplitude at the trap drive frequency.

3.6. Background pressure measurement

Collisions of background gas atoms with the trapped ions cause frequency shifts
and may melt the crystal if the collision energy is sufficiently high. The residual
pressure in the vacuum chamber cannot easily be determined from the ion pump
current, since it is below the pump resolution limit of 1 nA for pressures below
1 x 107 mbar. Additionally, the pressure at the ion position may be substantially
different from the pressure at the ion pump location. Instead, the trapped ions
themselves are employed as a pressure sensor, a method developed in [Han+19a].
To determine the uncertainty of the clocks due to background gas collisions, it is
important to determine the background gas pressure pgg more accurately than is
possible using the ion pump.

With a linear ion trap it is possible to determine pgg from the reordering of the ion
crystal after a collision with a background gas atom. The rate at which the ions
switch positions I' within the linear chain is proportional to the collision rate =,
which is proportional to ppg. Under the assumption that all collisions are Langevin
collisions the collision rate and pressure are related via [Fur+19, p. 84]
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27 Cy
= 2 e, 3.9
K ksT ,UBGpBG (3:9)

with the temperature T', reduced mass of the trapped ion and background gas
ppe and C4 parameter C); determined from the static polarizability g of the
background gas

62

Qo , (310)

4 & €0
which is Cy =91 x 1079 Jm?* for molecular hydrogen, the expected dominant
background gas component.

When all ions in the crystal are illuminated with Doppler cooling light, different
species or different isotopes need to be trapped in the same chain to detect
reorderings by changes of the position of bright and dark ions. Importantly, even
for a 2 ion crystal, half of the collision are missed, since no change is detected when
the ions return to their initial positions after the interaction with the background
gas. For a crystal with NV ions of which M are bright, the collision rate per ion
['jon corrected by this effect is

(3.11)

N!

- N(l _ M!(NfM)!> L,

derived from combinatorics involving the multiplication table of factorial numbers
read by antidiagonals (OEIS A098361). This correction is only valid, if all orderings
are equally likely to occur.

Another correction is from the potential barrier E,corqer the collision has to overcome
for a reordering to potentially occur. It is dependent on the ratio & between axial
(wax) and radial (wyaq) secular frequencies |[Han+19a] and is

= <°Jrad>2 + % (3.12)

2/3 1/3
3 [ V/mwaxe? 2(82+1/2) (€2 + p/2)
Ereorder - Zl <T€0> ( SQ(M T 1) T [ —1 ) (313)

with the single ion mass m and reduced mass of the ions in the crystal p. This
simplification of the relation in [Han+19a] is valid if the radial asymmetry of the
trap due to [DC]| confinement is small compared to the radial secular frequency
(v=0.5 in their notation). Under the assumption that collisions with energy below
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FEeorder do not cause a reordering of the crystal and that the energy distribution is
given by the Maxwell-Boltzmann distribution at temperature 7', the fraction A of
all collisions that surpass the the barrier is

2 0
A= — d - 3.14
\/7_1— /E;?ccEc%?r “ \/ae ’ ( )

where 7 quantifies the average fraction of the background gas kinetic energy
transferred to the ion upon a collision [Han+19a]

2p Mg
n = . p= ) 3.15
(1 + ,0)2 Mion ( )

Putting it all together, the background pressure pgg is then given by

_ kT [ppc ion
PBG 2 04 A '

(3.16)

A crystal consisting of 2 ''Yb" and 1 'Yb" is employed for the background
pressure measurement. ''Yb" is fluorescing and "™ Yb™ provides the dark partner.
The measurement lasts approximately 2 days in total. After 43 hours the '™Yb™
ion is lost, but the ''Yb™ ions spends some time in the 2[5 state, extending the
measurement time. The ion fluorescence is recorded with the camera and the ion
center position is automatically determined in post-processing to detect reorder
events. The mean time interval between the reorderings 7 is the inverse of the
mean reorder rate I'. The histogram of 7 is shown in together with
a fitted exponential decay that results in I'=0.115(6)/min. From it
follows that n=20.023, \a~0.627 and ppg=6.2(4) nPa=6.2(4) x 10" mbar. After
the exchange of a vacuum window in 2023 the pressure rose by about an order of
magnitude, determined in the same way with a few hours of measurement time.
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Figure 3.12.: Histogram of the crystal stability. The histogram of the lifetime T of the
crystal before a reordering is detected shows an exponential decay depicted in
red with a mean lifetime of 8.7(5) min. This is expected due to the random
occurence of collisions over time and corresponding exponential distribution
of the lifetime.

3.7. Clock laser setup, frequency measurement
and stabilization

Three different clock lasers are in use for this experiment. The laser at 435 nm
and laser at 467 nm for "'Yb™ spectroscopy use additional ports of existing
systems that are in use for the single ion clocks at [PTB| [Hun+16; Lan+21a].
The [E3] laser is stabilized to an [Ultra Low Expansion glass (ULE)| cavity in the
laboratory and a laser referenced to a cryogenic silicon resonator at
which features a fractional frequency drift of around 5 x 107'%/s with a flicker floor
of 4 x 10717 . This allows for coherent spectroscopy of optical transitions
with interrogation times exceeding 3s on the "Yb™ clock transition, if all other
contributions to laser-ion decoherence are sufficiently small. The laser is phase-
stabilized to the laser by fixing the optical frequency ratio between the clock
lasers at a frequency comb in the laboratory. The and laser stabilization
setups relevant for this thesis are shown in
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Figure 3.13.: Clock laser distribution and stabilization to traps and frequency combs. This

figure shows the different clock lasers, their distribution to the traps and
combs relevant to the work in this thesis and the control paths to stabilize
the clock laser frequency. The laser is short-term stabilized to a|NIR
laser referenced to the ultra-stable silicon cavity [Mat+17]. For times longer
than 100s, the clock laser frequency is stabilized to the corresponding optical
transition in 1"'YbT, produced by the optical clock Yb1. The laser is
stabilized to the laser at a frequency comb in the laboratory that also
receives the silicon laser to compensate for any phase errors between the
combs [Ben+19]. Both the and laser are frequency-doubled from their
[NIR| fundamental to reach the resonant frequency of the optical transition.
The laboratory comb is additionally referenced to a Cs fountain clock. The
Sr clock laser is locked to the [EJ laser at the same comb with an[AOM, for
fast feedback and by adjusting the length of the filter cavity to correct for
frequency drifts. All three lasers arrive at YbSrl, which produces a feedback
signal to an[AOM for each clock to determine the center frequency of the
optical transitions. Frequency comb image source (modified): [Har06]
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Figure 3.14.: Sketch of the optical setup and stabilization of the Sr master laser. This

figure shows the stabilization setup of the 3Sr* clock laser to the filter
cavity, producing approximately 20uW of optical power coupled into the
distribution fiber with a linewidth of approximately 5 Hz. The output of
an is phase-modulated with an[EOM at a frequency of 10 MHz and
coupled into a scannable optical resonator with finesse F = 34000. The laser
is stabilized using the technique [Dre+83] and steers the diode current
as well as piezo voltage of the maser laser. The transmission through the
cavity 1s frequency-offset with an and coupled into a fiber connected
to the distribution board in[Fig. 3.15. The cavity length and [AOM offset
frequency are adjusted such that the frequency ratio between the 5Sr* and
clock laser is fized to a defined number at the frequency comb. This way,
the 88Sr™ laser to inherits the frequency stability of the laser.

The clock laser for the 25, /2 —2Ds /2 transition of 831" is a separate device that
was built up specifically for the YbSr1 system and is used by the YbSr2 system now,
too. Since the laser already features a narrow linewidth and small frequency
drift, the ®Sr™ clock laser is designed to be referenced to it via a frequency
comb. As shown in the basis of the clock laser is a home-built
at 674nm. An optical isolator with 57 dB isolation protects the laser diode from
optical feedback. It is detuned with a double pass and coupled into a fiber
connected to a separate bread board on which an optical resonator with a finesse
F ~234000 is placed. The double pass is installed to actively stabilize the
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3.7. Clock laser setup, frequency measurement and stabilization

power sent to the cavity to minimize [Residual Amplitude Modulation (RAM)|
induced by the [PDH|[EOM] but is currently operated with a fixed [RF| amplitude
and frequency. The light is phase-modulated with an at a frequency of
approximately 10 MHz to implement a stabilization scheme |[Dre+83|. The
laser is matched to the input mode of the resonator with a lens and the reflection
of the light on the resonator is detected on a photo diode. The photodiode signal is
low-pass filtered to remove the component at twice the modulation frequency and
mixed with the modulation signal at a phase offset of 115° to the input signal
which produces a voltage proportional to the frequency offset of the laser from
the cavity resonance. The phase is not 45° due to phase delays, e.g. due to cable
length differences between the two signal paths. The full error signal is used as
the input for a [Proportional Integral Derivative (PID)| stabilization that modifies
the current of the laser diode with a locking bandwidth of 500 kHz. The output
signal of the controller is low-pass filtered and modifies the piezo voltage of
the with a [PI] control loop to follow drifts of the resonator length with the

laser.

Due to the quality factor of the cavity and locking bandwidth of the stabi-
lization, the output is spectrally filtered with a bandwidth smaller than 35kHz,
heavily reducing the noise at the secular frequencies of the ion. The filtered light is
monitored on a photo diode and frequency offset by an before being coupled
into a fiber connected to the distribution board. The length of the filter cavity
and frequency of the and in turn the laser source are controlled to generate
a fixed optical ratio with the clock laser that is already stabilized to the silicon
resonator. Both the Sr clock laser and [E3| clock laser fundamental (at 934 nm) are
measured at the same comb with repetition rate f, and feeo- If the laser
is at an optical frequency v,, it produces a beat at frequency f, according to the
comb formula

Vy = mxfrep + fceo + fm (317)

where m, € N is the number of the comb tooth closest to v,. By dividing both sides
of the equation by v,, the relation connecting m, and f, for two lasers measured
at the same frequency comb is

mE3frep + fceo + fE3 _ erfrep + fceo + fSr (3 18)

Vg3 Vsr

which is rearranged to

Vg3

(VSr mg3 — er) frep + (Z_Z;(fceo + fE3> - (fceo + fSr)) =0. (319)

To stabilize the Sr clock laser frequency to the clock laser, it is sufficient to
investigate the term in the second bracket. The first bracket only involves integer
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3. Experimental setup for the multi-species, multi-ion clock YbSrl

numbers, the optical frequency ratio and the common repetition rate, all of which
are fixed numbers and do not allow for control of fs,. At the correct lock point
mgsVs:/Ves —ms, =0 and can be disregarded. To realize a specific optical frequency
ratio v, /vgs, the term in the second bracket is set to zero, which results in the
following expression for the offset fg;:

Vg3 E3

fSr = <VSI‘ - 1) fceo + ZSI” fE3 (32())

Importantly, assumes that the beat signal with the correct comb tooth
is employed for both lasers, otherwise the frequency ratio vg,/vgrs will be different
from the target value. The calculation is performed with components
such as mixers, frequency dividers and which allows for the generation of
fsr with a bandwidth of several MHz and reduced noise compared to a direct
measurement at the comb. By mixing fs, with a fixed reference frequency provided
with a[DDS] an error signal is generated that controls the filter cavity length and
such that vs,/vgs is a fixed number. The control path of the 831t clock
laser in comparison to the existing clock lasers is shown in [Fig. 3.13

The transmission of the filter cavity is sent to a separate bread board shown in
which amplifies the laser power and distributes it to the frequency comb
and ion trap. The power of the frequency stable light on this board is around
10pW and coupled into a temperature stabilized laser diode. The free-running
emission of this diode is broad band and not suitable for coherent spectroscopy. By
seeding the diode with the frequency stable light for injection locking, it obtains
the spectral characteristics of the input laser and narrows its emission spectrum at
an output power of roughly 2mW. This is sufficient to seed a which amplifies
the laser to an output power of approximately 50 mW, enough to supply two ion
traps and the frequency comb with clock laser light.

Since the light is distributed to the comb and trap with optical fibers over several
meters, path length fluctuations are an issue that has to be addressed. Temperature,
pressure and humidity variations cause variations of the optical index of refraction
n or Doppler shifts due to changes of the fiber length L [Ben+19|. The largest
contributors are often the temperature induced variation of n and L, which typically
results in a fractional frequency change of [Ben+19]

Al/_nL 1 0n 10L aTN1.4><10m 107 05K

7‘7(58_T+58_T)EN 03m/us K . 10h

=7x107"%, (3.21)

which means that temperature variations of 0.5K/10h cause fractional frequency
fluctuations of the light transmitted through optical fibers on the 10717 scale.
To deliver frequency stable light to the comb and ion trap, active path length
stabilization is employed in the clock laser setup. Light sent to the frequency
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3.7. Clock laser setup, frequency measurement and stabilization

sensitive ports of the trap and comb is frequency adjusted with an before the
fiber and reflected back through the same fiber, accumulating approximately twice
the frequency error. On the distribution board, it is overlayed with clock laser
light that was not sent through the fiber and did not accumulate this frequency
error. By measuring the beat signal between the stable local oscillator and
light transmitted through the fiber, the phase offset between the two beams is
determined. A frequency offset to correct for the phase error is applied to the
via a |Voltage Controlled Oscillator (VCO)|or |[Optical Phase Stabilizer (OPS)|
with a locking bandwidth between 50 kHz and 200 kHz, often limited by the
of the interference signal. The latter device was developed and constructed at
and provides detection of the beat signal, correction of the frequency
and logging of various performance parameters of the path length stabilization
[Kuh21|. Observation of the fiber length stabilization beat signal with an
or frequency counter is critical, since frequency errors can occur that are not
adequately corrected. In this case, data points just before and after the error
occured are discarded.

One port on the distribution board is not path length stabilized, which is employed
for resolved sideband cooling and state initialization. Since both of these proce-
dures only require a frequency resolution of 10 Hz at most, due to the high Rabi
frequencies of more than 1 kHz employed, the mHz fluctuations due to temperature
variations are negligible. Instead, the light is frequency offset with a double pass
to enable frequency detunings of MHz without significant reduction of the
coupling efficiency into the trap port. This is particularly useful for sideband
cooling of radial modes at a secular frequency of more than 1 MHz.
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3. Experimental setup for the multi-species, multi-ion clock YbSrl
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Figure 3.15.: Sketch of the optical setup of the Sr clock laser distribution. The filtered
laser light from the master laser in[Fig. 3.1] is the seed for an injection
locked diode, providing approximately 2mW of output power with the same
spectral characteristics as the stable seed. It is further amplified with a[TA]
to approximately 50 mW and distributed to the optical clock, the cooling and
state initialization port as well as the frequency comb. The light coupled
into the clock port and comb port is reflected back to measure any phase
fluctuations with reference to the unperturbed light on the distribution board.
The frequency of the laser in these paths is modified with[AOMs to correct
for these phase errors. The cooling light is not stabilized, but diffracted
with a double-pass[AOM, to cover a larger detuning range than the other
ports without significant coupling loss in the fiber towards the ion trap.
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4. Frequency shifts due to electric
fields

A major improvement of "'Yb™ clocks would result from a more accurate de-
termination of the sensitivity of the reference transitions to room-temperature
black body radiation, which consists of electromagnetic fields peaking in the
wavelength region. For this reason, it is necessary to discuss the effect of electric
fields on the clock transitions in "'Yb™ and ®Sr™. Electric fields interact with
the electronic wavefunction of a state 1) of the trapped ion and change its energy
E, due to the Stark effect. States with defined parity do not possess a permanent
electric dipole moment, so the linear contribution of the Stark effect is zero [Dem16,
p. 349]. Even if no permanent dipole moment is present, the electric field induces
an electric dipole moment, which in turn interacts with E to change E,. This is
the quadratic Stark effect and causes an energy shift AE,, of

2

]_ —
AEw = —§Oéw E ) (41)

with the (induced) polarizability «,,. Higher order contributions exist, but are
significantly smaller and will be neglected in the following discussion. In an optical
clock, the energy difference between two states |¢g) and |e) is determined, and
both states are affected by E. This results in the differential quadratic Stark shift
AVStaer

2 2

. 1 .
E| =—30a|E| . (4.2)

1
hAVStark = _i(ae - ag)

with the differential polarizability Ac. Both a and consequently A« vary with the
angular frequency of the perturbing electric field as discussed in [Section 4.1|

For an electromagnetic wave with angular frequency w, the electric field magnitude

varies with time, so the Stark shift varies with time at the angular frequency w as

well. If the clock interrogation time ¢ is short with respect to 1/w, the variation of
12

’E ‘ can be followed and manifests as a time-varying offset of the clock frequency,

called the DC Stark shift. If on the other hand ¢ is long compared to 1/w, as is
usually the case for optical and fields, the clock frequency varies during the
interrogation and produces an offset from the unperturbed frequency proportional
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4. Frequency shifts due to electric fields
L2
to the time-average of ‘E(t)’

1
hAVStark, AC — h<AVStark> = —§AOC<

E(t))2> , (4.3)

called the AC Stark shift. If E (t) varies sinusoidally with amplitude Ej, the time
average can be rewritten to be

2

—

Ey

1
hAVStark, AC — —ZACY (44)

The magnetic component of the optical electromagnetic field causes a second-order
[AC| Zeeman shift, since the first-order Zeeman shift averages to zero over many
periods of the wave. The [AC| Zeeman shift is usually significantly smaller than the
quadratic Stark shift [Gan+-18], unless resonant enhancement plays a role.

So far, only an electric field interacts with the ion. In practice, one usually has to
define a quantization axis with a magnetic field B to separate the Zeeman sub-states
of the ground state and excited state as discussed in This causes the
electronic wavefunctions with orbital angular momentum (L >0, i.e. not S states
[AS68, p. 132]) to orient themselves with respect to B which has an influence on the
induced electric dipole moment causing the quadratic Stark shift. If the magnetic
field splitting is large with respect to the Stark shift, the basis |.J,m ) remains
good and the quadratic Stark shift is a small perturbation which can be split into
the scalar part independent of B as well as the vectorial and tensorial parts which
depend on the relationship between E and B and the magnetic quantum number
my |[LSR13|. The electromagnetic field propagation direction is given by k and
the polarization is described with the complex vector € [SSA16]

€= €"(cos(¢)Emaj + 7 8In(¢)Emin) , (4.5)

where ¢ corresponds to the angle of polarization, ¢ is an arbitrary global phase
and €aj/min are the directions of the major and minor axis of the polarization
ellipse. In that case, the quadratic Stark shift in a magnetic field B, which encloses
the angles 0y, On,; and Oy, with /;, €maj and €nin, respectively is [SSA16]

11 12
hAVsi = —§‘E‘ <(oze73 — 04975), Scalar (4.6)
+ sin(2¢) COS(@k);n—j (cwe,v — ag,v), Vectorial (4.7)
3cos?(60,) —1 3m2 — J(J+1 .
+ (2p) :}(QJ (_ 0 ) (Oéej"‘ — ozg;p)), Tensorial , (4.8)
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where cos?(6,) = cos?(¢) cos? (Onaj) + sin*(@) cos? (Omin). With the differential po-

larizabilities Aa; =0 ; — g j, [Eq. (4.8)| can be rewritten as

2
hAVs arc= —%‘E‘ (Aas + sin(2¢) cos(&k) 57 ! Ay (4.9)
3cos?(0,) — 1 3m? — J(J + 1)
+ ; oy AaT>. (4.10)

If the laser polarization is linear, ¢ =0 and €y,; is the polarization direction. In

this case, reduces to

3cos?(0,) — 1 3m? — J(J + 1)

A -
hstack 2 J(2J = 1)

’ (Aag + AaT>. (4.11)

A further simplification results from the fact that the ground states of the clock
transition investigated in this work possess no orbital angular momentum L =0.
This means that their tensorial shift is equal to 0 and consequently Aar = 7.

The tensorial shift can be completely disregarded at the magic angle 0,, where

2 -1 1
% = 0= 0,, = arccos (%) ~ 54.7°, (4.12)

and also when the field is isotropic, like inside a black body. The fine-structure
angular momentum J and its projection m; are replaced with the hyperfine-
structure angular momentum F and its projection mp in [Eq. (4.8)| to describe
the Stark shift between two hyperfine states. For |[Eq. (4.11)| to remain correct
in the case of nonzero nuclear spin, the polarizabilities of hyperfine-states with
total angular momentum F', electronic angular momentum J, and nuclear angular
momentum [ are written as [AS68| p. 131]

as(F) = as(J) (4.13)
FQF -1)2J+3)2J+)(J+1)|F J I
F) = (1)
ar(F) = (1) (2F +3)(F +1)(2J — 1)J 7 F oo(ert)
(4.14)
where the term in angular brackets is a Wigner 65 symbol.
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4. Frequency shifts due to electric fields
4.1. The dynamical polarizability model

In the previous section it is assumed that the polarizability « is constant for a
given electric field with amplitude Eo oscillating at an angular frequency w. While
this description covers simple cases like static electric fields (where « is the
polarizability) or monochromatic laser radiation (where « is the polarizability at
the angular frequency w of the radiation), other sources exist with a broad emission
spectrum, such as m For this reason, constructing a model a(w) is required over
the frequency range relevant for room-temperature [BBR] Additionally, a model of
a(w) is useful to predict the polarizability for sources at various frequencies from
a set of measured values.

A common model for the dynamical polarizability a(w) of an electronic state |v)
with total angular momentum Jj is derived from perturbation theory and based on
transitions from [¢) to a set of other states {|¢;)} at energy differences AEq;
from [¢), with transition matrix elements My; and total angular momentum J;
[PDO06; [SSC16|. In that case, the scalar polarizability ag(w) for an electric field
oscillating at the frequency w is [SSC16; Hua+24]

2
)

2 AEOJ'
= My 4.15

J

the vector polarizability ay (w) is [Hua+24]

24,
av(w) :\/(Jo T 12D+ 1) (4.16)

_ 1yJo+Ji+1 JO 1 Jg AEOJ' ‘ 2
;( 1) { 1 Jj 1 }h2w2 —AE&‘MOJ{ ) (4'17>

and the tensor polarizability ar(w) is [SSC16; [Hua+24]

- 40.0(2Jy — 1)
ar(w) _\/3(J0 F1)(2J0 +3)(2J0 + 1) (4.18)

o+ ) o 2 Jo AEy, E
21 {1 Jj 1}h2w—2_AEgj‘MOJ|’ (4.19)

J
under the assumption that the perturbing field is detuned from resonance of any

transition by at least several linewidths [SSC16].
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4.1. The dynamical polarizability model

This disregards higher-order transitions such as and [E2] since they are signifi-
cantly weaker than the transitions considered. Additionally, only transitions
of the valence electron are considered, but the core consisting of all non-valence
electrons and feedback of the valence electron to the core also need to be taken
into account [SSC16]. Usually they are estimated as fixed polarizabilites acore
and ay., respectively. Since g is the same for all states that only differ by
the electronic state of the valence electron, it does not have any effect on the
differential polarizability Aa(w).

The free parameters in this model are the energy differences AEj; and matrix
elements M, for each transition considered. The energy differences are usually
sufficiently well known from spectroscopic data (e.g. the atomic spectra
database [Kra+24|) but the matrix elements are often not available experimentally.
They are computed numerically [SSC16; LSR13; SSA16] and supplanted by specific
measurements, if they are available. These can be direct determinations of matrix
elements [Het+15], excited state lifetimes [Sha+23], branching ratios [Zha+16| or
differential polarizabilites at specific frequencies [Hua+24]. Matrix elements for
many alkaline and alkaline earth atoms and ions as well as a few highly charged
ions are found in [Bar+22].

An additional method developed in [BA25] is based on the extrapolation of direct
polarizability measurements to other wavelengths. This is useful for the
transition, because measurements over the wavelength range of both the scalar
and tensorial polarizability are available in [Hun14; [Hun+16]. Additionally, a zero
crossing of Aak? is observed in [Lan21| and is also used as input data. Aag(\)
and Aar()) are shown in [Fig. 4.1} [Fig. 4.2/ and [Fig. 4.3| for the '™Yb* and
8Srt clock transitions respectively.

The polarizability aq. for static or low-frequency fields, where w is significantly
smaller than the resonance frequency of the transition with smallest frequency in
the model, is the special case aq. =ag(0). It is particularly important for optical
clocks, since ayq, is used in the determination of the [BBR]shift at room temperature
[PDO06]. A black body with temperature 7" emits electromagnetic radiation with a

spectral energy density du,(w,T)/0w according to Planck’s law [Pla01]

3
Oy (w, T) _ w (4.20)

2.3 _hw_ )
Oow ’H'CekBT_l

which is related to the time-averaged squared spectral electric field density it
generates by

O(E?) 1 Ouy,(w,T)
—(w,T) = ——= 4.21
5y W T) o 0w (4.21)
for  BBR] at temperature T in vacuum.
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4. Frequency shifts due to electric fields

The Stark shift for a transition perturbed by an electric field with a spectral
distribution (E?)(w) is calculated as [PD06]

> dAVStark
A = _— 4.22
Vstark /0 dw dw ( )
1 [ O{E?)(w)
= —— A —_— 4.2
o J, dw Aa(w) N (4.23)

By combining [Eq. (4.21) and [Eq. (4.23), the quadratic Stark shift Avggg(T") of the
clock transition frequency due to [BBR]at temperature 7' is calculated numerically
to be

1 > w3
A T)=——FF— dw A — 4.24
(1) = e | dwhas(e) (129

Only the scalar polarizability is relevant for [BBR] due to its isotropy. Since the
spectral overlap of with the lowest-frequency [E1] resonance is usually small,
the static polarizability Aag. = Aag(0) and dynamic correction n are used to
parametrize Avggg(7') at room temperature for different optical clocks [Jia+09]

2 15 % (A 3 h
Avppr(T) = — 2 T4Aadc<1 + / du( asw) _ 1) eu“ ) u=
0

hege Tt Aage -1 - kgT
(4.25)

E2(T*
= —Mmdc(l +n) (4.26)

2h
T 4 AOde

A~ —52.227 75 mH 1 4.27
n z<3OOK) e ERR (4.27)

with the Stefan-Boltzmann constant o. n corrects for the dynamic behaviour of
A« over the spectrum at a temperature of approximately 300 K.

If the differential polarizability at a different frequency wy is known with small
uncertainty, it is useful to parametrize Avgggr(T) as

20

Avison(T) = — 22T Ao () (1 +E(wn. 7). (4.28)
EoC
where &(wp, T) is
15 [ A 3 I
(wo, T) = F/0 du (Ao‘j‘;{% - 1) eu“_ - u= kB—“’T (4.29)
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4.1. The dynamical polarizability model

Since [BBR] at a temperature of 300 K has a maximum spectral energy density at a
wavelength A=9.7 pm, determining A« in this frequency range provides a
better approximation of Avggg using compared to Aag.. |[Figure 4.1}
[Fig. 4.2 and |[Fig. 4.3 show the spectral energy density at various temperatures

around 300 K and 5 and £(10.6 pm) for the '"'Yb* and ®Sr* clock transi-
tions, respectively.

100 | _
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= _
75 055 e ///
& 50 oo R
d 042 eoo08f
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) G S n
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5 0 035 é —— £(10.6 ym)
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—75 & 000
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Figure 4.1.: Polarizability model for "' Yb* E2. The figure on the left hand side shows
scalar and tensorial differential polarizability Acg,r for the @ transition

of 1Yb* at various wavelengths \ according to the resonance model

. The[BBR] energy density at around room-temperature is shown
as well. Due to the significant curvature of Aag in the region around

A~ 10um, the dynamic correction n shown on the right is around 10 % at
room temperature. £(10.6 um) on the other hand is close to zero and can be
determined with smaller uncertainty.
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Figure 4.2.: Polarizability model for "' Yb* E3. The figure on the left hand side shows

Aas,+(10740V"2m?)

scalar and tensorial differential polarizability Aag,r for the @ clock transi-
tion of T"'Yb* at various wavelengths X according to the extrapolation model
supplied with measurements from [Hunl; Hun+16; Lan21], which
results in a dynamic polarizability consistent with all data points within
their uncertainty. Mind that the scale of the vertical axis is reduced by a
factor 10 compared to|Frg. 4.1 and [Fig. 4.5 The energy density at
around room-temperature is shown as well. Since the resonances do not
have significant overlap with the [BBR)| spectral energy density, the dynamic
correction n shown on the right in the same temperature range is less than
1% at room temperature and stays small within the temperature range shown.
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Figure 4.3.: Polarizability model for 83Sr* E2. The figure on the left hand side shows
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scalar and tensorial differential polarizability Aa for the clock transition
of %8Sr* at wvarious wavelengths A according to the resonance model
. The energy density at around room-temperature is shown
as well. Since the resonances do not have significant overlap with the [BBR]
radiation density, the dynamic correction nn shown on the right in the same
temperature range is around 1% at room temperature and stays small within
the temperature range shown.
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4.1. The dynamical polarizability model

shows that Aag <0 for A— oo for the ®Sr™ clock transition, which
causes a positive BBR] shift. This enables a measurement method to determine
Aag(107um) &~ Aag. based on excess micromotion [Ber+98]. As discussed in
[Section 2.1], displacement of the trapped ion from the center by electric fields
causes driven motion at the angular frequency of the trap €. If the clock transition
of the ion is interrogated by a laser, two frequency shifts have to be taken into
account due to micromotion. The velocity v of the ion causes a 2nd-order Doppler

shift Avp

A 2
b Y (4.30)

120} 2¢2 ’

and the electric field F of the trap causes a quadratic Stark shift Avg equal to

(4.31)

where c is the speed of light, h is the Planck constant and 1 is the optical transition
frequency. Since both shifts vary in time with the trap drive at a frequency of
approximately 5-50 MHz and the interrogation time of ms averages over many
periods of this oscillation, only the time-averaged frequency shifts are observable.
From the equations of motion in the sum of the time averaged squared
Doppler and Stark Shift are approximately

A A 0\ ? A 0\?
(Bvp) + (Avs) (o807 (,  Bas (me , (4.32)
40 2c hvg e
with the micromotion amplitude 7y, ion mass m, speed of light ¢ and ion charge e.
If Aag <0, there exists a trap drive angular frequency g where (Avp)+ (Avg) =0,
which means that no frequency shift is observed even though the ion experiences

micromotion [Ber+98; Dub+14]. The differential polarizability is then given by
[Ber+98; IDub+-14]

2
e
Ace = — 4.
g hyO(chO) , (4.33)

so it only depends on the magic trap drive frequency

e hvg
Q= %\/ Aas (4.34)

at which no micromotion shift is observed. This can be measured with an uncer-
tainty below 1 %, at which point higher order effects have to be considered [Dub+-14;
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4. Frequency shifts due to electric fields

Lin+25b]. For the clock transition of ®*Sr™ Aag(Q) =—4.7938(71) x 10740 Jm? /V?
[Dub+14] as measured by [NRC| which corresponds to y=2m x 14.404(10) MHz.
A more recent measurement by of the same quantity found Aag(€y) =
—4.8314(20) x 1074 Jm?/V? [Lin+25b], reducing the fractional uncertainty to
0.04 %. But the two measurements show a fractional offset of 0.78(15) %, cor-
responding to a discrepancy of 5. As mentioned in |Lin+25b], it is currently
unclear what the source of this disagreement is, but the authors suspect an unrec-

ognized frequency offset between the two clocks involved in the NRC| measurement
[Dub+14].

4.2. Magic wavelength measurement for ®Sr*

Another feature of Aag(®*Sr™) visible in is its zero crossing at a wavelength
of approximately 1550 nm. A laser with time-averaged intensity (/) and the magic
wavelength Ay where Aag(Ag) =0 does not cause any scalar frequency shift. The
vectorial Aoy and tensorial Aag polarizability are not necessarily equal to 0 at
this wavelength, so individual transitions between Zeeman states may still be
frequency shifted. Since the light shift is equal to zero for any intensity I, Ay can
be measured with small uncertainty compared to values of Aag that depend on
accurate knowledge of I.

The knowledge of Aag over the room-temperature spectrum and consequently
the dynamic correction uncertainty can be deduced from the theoretical estimate
by measuring the magic wavelength for the %¥Sr™ clock transition around 1550 nm.
The theoretical prediction of )¢ is 1532(15) nm using the atomic structure data
from [Bar+22| as well as measured transition rates from [Zha+16].

To measure \g, a single ®*Sr™ ion is trapped and irradiated with laser radiation
via the view port of the vacuum enclosure depicted in that ordinarily is
employed for the clock laser. The laser light is produced by an with an
output power of approximately 5mW and amplified with a broadband
Doped Fiber Amplifier (EDFA) to 40 mW in front of the vacuum window. Its
approximate beam diameter at the ion position is 70 pm. The laser is polarization-
filtered with a and the transmitted power is monitored continously with a
photodiode. The laser wavelength is changed by adjusting the laser grating angle
and spans 1520-1570nm. The center wavelength is measured with a calibrated
wavemeter that has an uncertainty of 30 MHz, provided to me by department 4.3 at
Both the wavemeter uncertainty and laser linewidth of less than 1 MHz are
significantly smaller than the minimum distance between two measurement points
of approximately 1nm. Changes in the laser power at different wavelengths are
compensated with the to always measure at approximately equal power.

To separate the scalar and tensorial light shift, four individual transitions between
Zeeman states of the ground and excited state are interrogated. These are the
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4.2. Magic wavelength measurement for Sr*

|S,mg==%1/2) = |D,mp=+3/2) and |S,ms=%1/2) —|D,mp==+5/2) transi-
tions at frequencies I/If//; and ’/If//; ,
as ratios with respect to the ''Yb", E3 clock Ybl which features a systematic
uncertainty of 2.7 x 107!® [San+19]. A reference measurement without the
radiation shifting the ®*Sr™ frequency is performed seperately and reaches an un-
certainty of 4 x 107!, an order of magnitude smaller than the smallest uncertainty
of the ratios determined with the laser radiation. The frequencies of transition

pairs with opposite magnetic quantum number are averaged to

respectively. All frequencies are measured

+3/2  —3/2 ¥5/2 —5/2
/2 Viip T Vo 5 Vi TVoap

= 7 = e T T2 4.35
which are free of the first-order Zeeman shift. Additionally, any vector light shifts
are also canceled, since they are proportional to the quantum number m; as seen
in [Eq. (4.10), The scalar Avg and tensorial shift Avp remain and are extracted

with the following weighted averages [Dub+13]

_ () 1 5,5 3

Avg(\) = Aas()\)thoc =57 + i (4.36)
B (1) 300820p—1_5 5/2 3/2

Avp(X) = AaT()\)thOC 5 =5 (1/ v ) (4.37)

The measured scalar sensitivity Avg(A)/P and scalar to tensor polarizability ratio
Aag(N)/Aar(N) are shown in [Fig. 4.4]

A quadratic polynomial Avg(\)/P=a(X — Xg) — b(A — X¢)” is a sufficient model
for Aag(A) in the measured wavelength range to extract Ao with a fractional error
of less than 10~7. The magic wavelength \g=1538.75(10) nm is consistent with the
theoretical prediction and reduces the uncertainty by a factor 150. This provides
confidence in the differential polarizability model itself as well as the dynamic
correction n and allows for a more precise determination of matrix elements in the
model to match Ay between theory and experiment.
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Figure 4.4.: Magic wavelength measurement. The figure on the left shows the measured
scalar sensitivity of the $8Sr* clock transition to laser radiation at various
wavelengths X. At A=MXo=1538.75(10) nm, the sensitivity is equal to zero,
corresponding to the magic wavelength. The solid line is a fit to the data us-
ing a quadratic polynomial Avg(\)/P=47.55(87) mHz/(mW nm)(A — A\g) —
0.385(75) mHz/(mW nm?2)(\ — \)?, which approzimates of the differen-
tial polarizability in this wavelength range sufficiently well to extract the
magic wavelength from the data. The figure on the right shows the ra-
tio between the tensor and scalar polarizability using the same data as
well as the corresponding fit using a linear polynomial Aag/Aar(\) =
0.868(31) x 1073 /nm(\ — A\g). The theoretical predictions are shown as
shaded red areas for both figures. The measured magic wavelength and
scalar-tensor ratio agree well with the theoretical prediction.

To extract Aar(A) from Avp(N), it is necessary to know the angle 6, between
the quantization axis b and polarization direction € as evident in . The
magnetic field direction is set with the three small pairs of Helmholtz coils to
maximize the tensor shift, which is done with a fractional uncertainty of 10 %.
While the laser radiation is linearly polarized parallel to the optical table with
a with an extinction ratio greater than 1000:1, it also passes a vacuum
window before irradiating the ion. The mechanical stresses on the window induce a
birefringence, which rotates the polarization and introduces a circular component.
The latter is not problematic, since this only leads to a vector light shift, which is
canceled by interrogating pairs of transitions between opposite Zeeman states. The
maximum rotation of the polarization is assumed to be 6°, the amount observed
in [Ste+13] for a standard vacuum viewport, and taken as the full uncertainty.
This results in cos f,=1.007002 for the cosine of the angle between b and € and is

0.05
already included in the uncertainty of the data shown in [Fig. 4.4

To summarize, a magic wavelength of the %¥Sr™ S, /2= Ds )5 clock transition is
determined to be A\g=1538.75(10) nm, consistent with the theoretical prediction
of the polarizability model based on matrix elements in [Bar+22| and measure-
ments in |[Zha+16]. The ratio between the scalar and tensorial polarizability also
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4.3. Polarizability measurements with infrared laser radiation

matches expectation. This supports the expected curvature of Aag(A) in the
wavelength range and allows for an accurate interpolation of polarizability values
between Acage and Aag(Ng).

4.3. Polarizability measurements with infrared
laser radiation

The differential polarizability Aag of the Sr™ clock transition had not been
investigated using radiation so far. Measurements of Aag(\) for clock
transitions of other ion species in the [MIR] and [NTR] wavelength region have been
performed, but these do not possess a magic frequency €2y which allows for an
accurate determination of Aag. [Ros+06; Hun+16; Arn+18; Bay+20]. To check
the consistency between the two measurement approaches, I measure Aag(10.6 pm)
and Aag (8.5 um) with laser radiation and compare the result with Aag. and
the expected ratio Aag(10.6 pm)/Aag. or Aag(8.5 pm)/Awge, which is known
with small uncertainty from the theoretical model and the magic wavelength

measurement in

The quadratic Stark shift Avgi.c due to a laser beam is proportional to the
differential polarizability A« and local time-averaged laser intensity (I)(z,y)

1

A T ) = -
(Avstarc) (2, y) heoe

Aa x (I)(z,y). (4.38)

Since the total power P of the beam is equal to the integrated intensity, the
integrated quadratic Stark shift is proportional to the differential polarizability
[Hun+16; Bay+20]

oo o0 1 oo o
/ dx/ dy (Avsark) (T, y) = — thocAa/ dx/ dy (I)(z,y)  (4.39)
1
= grechax P (4.40)

This means that by measuring the power P of the laser at the ion position
and integrating the light shift over the complete beam profile, the differential
polarizability can be determined as

Aa = —Zhlioc/ dx/ dy (Avsgark) (7, Y). (4.41)

Importantly, the power has to be measured with a calibrated photo detector and
any optical losses between the location of the power measurement and the ion have
to be characterized to determine P.
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4. Frequency shifts due to electric fields

In principle, ion movement during the interrogation (e.g. due to secular motion
or micromotion) causes the observed Stark shift to be modified, because the ion
samples different parts of the intensity profile over time. If the center position of
the ion is (o, ¥o) and it oscillates around the center position with a amplitude
(O'x, ay) at a frequency significantly higher than the inverse interrogation time, the
Stark shift is

1
2hegc

<AVStark>t,Uz,oy (J:Oa y()) = - Ao x <]>0—z,o'y (x()ayO)' (442)

For an elliptical gaussian beam in the focus with beam radii (w,,w) at an angle
0 with respect to the coordinate system (x,y) and a beam center (zg,¥o), the
time-averaged intensity (I)(x,y) is

(D(z,y) = mipwb eXp<_2(gaa + b — gab)) (4.43)

2 2
Jaa = ((x_l’0> +(y_y0> )COS26 (444)
W, Wy
7= 2 o 2
oy = (( °> + (y y“) )sin20 (4.45)
Wy Wq

gab = 2(z — x0)(y — yo) (1/w? — 1/w}) cosfsin, (4.46)

which reduces to the standard circular gaussian intensity profile for a centered
beam (x0=0,yo=0) and w, =w,=wy as well as §=0

(D(z,y) = Q—PQ exp (—29&2 - y2> : (4.47)

2
TW; wg

The largest spatial gradient of this intensity distribution occurs at r=+/22 4+ y?>=

+wy/2. Oscillatory ion motion with an amplitude o causes the largest
deviation dvsia from the fixed point approximation of the Stark shift at these
points. It is equal to

5VStark _ i i 2
<AVStark>(7“ = iw0/2) N 2w0 + O(<w0) ) (4.48)

The integral in can be approximated experimentally by determining the
light shift at various equidistant points of the beam profile and numeric integration.
If the beam profile is sufficiently well approximated by a gaussian distribution,

Eq. (4.46)| in combination with [Eq. (4.38)| also allows for determination of A«
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4.3. Polarizability measurements with infrared laser radiation

without sampling the whole beam profile. In that case, the gaussian profile is fit to
the observed light shift at various points not necessarily sampled in an equidistant
manner. Deviations from the gaussian profile cause an error, but can be estimated
by the residuals of the observed intensity pattern from the gaussian ideal.

Experimental setup Two laser sources are used for this measurement, a
10.60(3) pm CO4 laser with up to 10 W of output power and a 8.568(1) pm
fum Cascade Laser (QCL) with up to 400 mW of output power. While the CO, laser
is comparatively spectrally narrow with a linewidth of significantly less than the

specified center wavelength uncertainty of 0.03 pm, the has a specified broader
linewidth of 0.21 pm. Since the fractional slope agi‘s /Aag(®SrT, 8.568 pm) of the

scalar polarizability is 3.65(11) x 1073 /pm, the fractional uncertainty due to the
laser wavelength is 0.77 x 1072, A more careful investigation of the effect of the
spectral intensity distribution of this laser on the measured differential polarizabil-
ity is found in [Section 5.1] but is not required here due to the significantly larger

uncertainty from optical losses. The fractional slope at 10.6 pm is even smaller with
9593 [ Nag (888r+, 10.6 pm) =1.889(57) x 1073 /m, causing a negligible maximum
fractional error of 0.057 x 10~2 due to the uncertainty of the laser wavelength.

The lasers are set up next to the ion trap and supplied with electrical power as
well as temperature stabilized cooling water. The electrical supply for the CO,
laser is a [DC| voltage source while the is supplied with a laser diode current
controller. A maximum fractional power drift of 1.5%/h is observed with the
COg laser and less than 0.05 % /h with the after stabilizing the cooling water
temperature to better than 0.1 K.

The laser power is determined with a thermopile power meter capable of measuring
up to 30 W of power, which is calibrated by at a wavelength of 10.6 pm with
a fractional uncertainty of 0.5%. The optical power of the beam is measured
just before the last lens focussing the beam onto the ion as depicted in
Losses due to the lens, displacement window and vacuum windows are determined
by comparing the transmitted power to the incoming power when the beam is
centered on the ion. The transmission of a single ZnSe vacuum window [AR] coated
from 8 pum to 12 pm is 94.6(3.4) %, which is determined from the total transmission
through both windows of 90.3(5) % and direct measurements with two separate
windows not used in the experimental setup. The reflectivity of the windows not
installed in the setup is 1.1 %, so the rest of the optical power is dissipated as losses
in the window material. The uncertainty of the vacuum window transmission does
not allow for a determination of Aag with a fractional uncertainty below 3.4 %.

Since the laser beams have to be significantly expanded before focussing
to reach a sufficiently small beam waist at the ion position, diffraction effects
due to the lens aperture radius a=12.7 mm have to be taken into account. Pure
broadening of the beam while retaining its gaussian intensity distribution does not
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4. Frequency shifts due to electric fields

cause a systematic shift of the inferred polarizability, but ringing of the intensity
distribution similar to an Airy disk reduces the optical power Pe.eyia1 enclosed in
the central spot compared to the total power P. This causes a systematic shift of
the inferred polarizability when it is related to the optical power measurement,
which determines P and not the relevant Prepira1. For the maximum beam radius
w=9.4(1.9) mm of the CO, beam at the beam expander telescope lens before
directing the laser beam towards the optical setup around the ion chamber in
Fig. 3.8 Prentral/ P =0.974(16) [Li07]. The polarizability values for ®Sr™ and the
[E2] transition are determined with this correction applied to the data.

After the last focussing lens with a focal length of 300 mm, where the diameter of
the collimated laser beam is approximately 7 mm, the beam is transmitted through
a 5.0(3) mm thick ZnSe (refractive index n=2.403) window mounted on a mirror
mount with micrometer screws that displaces the beam laterally upon inducing a
tilt. The relationship between the beam displacement Az and the tilt angle Ay is
derived from geometric optics as

, 1 —sin®(pg + A
Ax =d [sm(@o +Ap)|1-— \/n2 — sinQ(Ej;)O - A"‘;)) (4.49)
, 1 — sin®(¢p)
— 11—y —————= 1 |. 4.
sin(po) 02— sin®(g0) (4.50)

The angle Ay is measured by reflecting a visible laser on the surface of the window
and observing the displacement of the reflected beam after it travels a distance
of 2005 mm. This allows for a determination of A« with negligible uncertainty
compared to the power calibration uncertainty. The initial angle ¢, of the window
with respect to the beam propagation is measured with a triangle ruler.

|[Equation (4.50)|is derived from geometric optics for a single beam with a tilt angle
Ay, which does not capture the full behaviour of the gaussian beam. Since it
is focused with a lens before the window, each part of the beam has a different
angle with respect to the window due to the beam curvature. This modifies the
displacement Ax by a constant fractional offset x with respect to the approximation
. k is determined by individually calculating the displacement for 200
sampled rings at different radii from the center and comparing the displacement
between this beam and the displacement from [Eq. (4.50)}  varies between 1%
and 2% in this setup, dependent on the wavelength A\ and beam waist wy of each
beam. The following data are corrected for k.

The Stark shift due to the perturbing laser field is measured at several
displacements Axz. The laser power is measured with the calibrated power meter
after each individual determination. Since the displacement is done by hand and
the whole beam area cannot be covered due to the limited displacement range,
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4.3. Polarizability measurements with infrared laser radiation

a direct integration of the light shift is not easily possible. Instead, an elliptical
Gaussian beam is fitted to the observed intensity profile to determine
the beam waist and peak light shift.

Since the quantity of interest is the scalar polarizability Aag and I did not operate
at the magic angle for this measurement, the scalar and tensorial Stark shift have
to be separated. The vectorial light shift is averaged out by interrogating pairs of
|SI/2, :|:1/2> — ‘D5/2, j:mD> transitions, similar to the averaging of linear Zeeman
shifts. The dependence of the tensorial Stark shift Avy on the magnetic quantum
number mp of the excited state allows for the following averaging to extract the
scalar shift Avg from the light shift Av]2 of the transition |Sl/2, m5> — |D5/2, mD>
in the same way as in [Eq. (4.36)| [Dub+13].

1600 100
200 200 80
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60 g
150 1200 =3 150 40 z
= Q.
— 1000 N 20 =
y —~
g 100 = E 100 2
Y 800 = 5 P gém
50 I 50 -
A 0 g,
400 Y
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Figure 4.5.: Beam profile of the QCL laser at the ion position. The scalar light shift
sensitivity Avg'® /P is determined at various displacements of the
laser beam with respect to the 3Sr* ion. The measurement points in the
figure on the left are indicated by black dots, which are interpolated to produce
the contour plot. An elliptical gaussian profile Augauss /P is fit to the data to
extract the beam waist and peak light shift sensitivity. The residuum between
the data and gaussian profile is shown on the right. No pattern indicating
significant non-gaussian contributions to the light intensity is visible.

Results The beam radii of the CO, laser are (w,, wy) = (286(11) pm, 225.4(6.8) pm)
and of the they are (w,, wy) = (227.0(7.8) pm, 208.5(6.9) pm). This means
that the maximum fractional light shift error introduced by ion motion with an
RMS| amplitude of 0.2 pm as a worst-case approximation is less than 0.2 %, sig-
nificantly smaller than the other uncertainty contributions. Neither profile has a
significant tilt of its major and minor axis with respect to the coordinate system in
which they are measured (6=0). The differential polarizability of the **Sr* clock
transition extracted from these measurements is
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AaZ(10.6 pm) = —4.05(26) x 107 Jm? /V? (4.51)
Aad(8.51m) = —4.03(25) x 1070 Jm?/ V2. (4.52)

In addition, I repeat the measurement of Aa% (8.5 m) with the beam entering
from the opposite side of the vacuum chamber to estimate the asymmetry of the
vacuum window absorption and find

AcF(8.5um) = —3.92(18) x 10740 Jm?/ V2. (4.53)

The beam profile of this measurement with (wq, w;) = (198.5(5.3) pm, 199.8(4.1) pm)
is shown as an example in [Fig. 4.5] No pattern indicating significant non-gaussian
contributions to the light intensity are visible in the residuum between the model
and the data.

All of the values are consistent with each other when taking into account the
polarizability ratio Aa%(10.6 tm) /A% (8.5 pm) =1.005 38(23), but significantly
different from the value determined from the magic frequency measurement Ao’ =
—4.7938(71) x 1074 Jm?/V? [Dub+14] extrapolated to 10.6 pm with the ratio
Aa%(10.6 pm) /At =0.990 21(42). Similiar results are obtained when comparing
to the result Ao =—4.8314(20) x 107%° Jm?/V? from |Lin+25b], instead.

With the polarizability ratio measurement between the ®Sr™ clock transition and

the [E2| and [E3| transition of "Yb" discussed in [Chapter 5| values for Aa%? and

Aak? can be converted into Aa?" without adding significantly to the uncertainty.
These are available at a wavelength of 7.17 pm for the and transition
[Bay+20] and in the range for the transition [Hun+16]. In the latter
work these measurements are used to extrapolate Aa%?, which is almost equal
to Aak?(10.6 pm) due to the small dynamic correction of the [E3| transition. The
same holds true for the conversion between Aa?(7.17pm) and Aak?(10.6 pm).
For the [E2| transition, the correction Aag?(10.6 um)/Aak?(7.17 1m)=0.895(4) is
significant, though. A measurement of Aaf?(10.6 pm) performed in this work
is consistent with the value obtained in |[Bay+20]. With the polarizability ratio
measurement discussed in , the Y YDb™ values for Aag can be converted
to Aa%. They are listed in together with the direct measurements
discussed previously.
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Transition A | Aa(10.6 pm) (10740Jm?/V?)
88Srt 10.6 pm —4.05(26)
88t 8.568 1m —4.05(25)
8Sr* (backward) 8.568 pm —3.96(18)
Typt E2 10.6 pm —4.16(19)
'ybt E2 (NPL) [Bay+20] 7.17um —4.17(11)
"lyb™ E3 (NPL)) [Bay+20] 7.17pm —4.072(87)
"Yb* E3 (PTB) [Hun+16] (from [NIR) —4.236(77)
Weighted average | —4.144(71)

Table 4.1.: Lightshift-based polarizability values for the 83Sr* clock transition at 10.6 ym
determined with radiation at different wavelengths and in different experi-
mental setups. All values not supplied with a citation are measured in the
scope of this thesis with the method discussed in this chapter. The values from
and [PTB| are measured in a similiar way with different photo-detectors
and beam-displacement setups. The polarizabilites of "' Yb* clock transitions
are converted into their corresponding St walue with the polarizability
ratio Aag’"/Aagﬂ’ from . All values are consistent with a single
weighted mean of —4.144(71) x 10749 Jm?/V?, where the uncertainty takes
correlations between measurements into account.

To determine Aa2(10.6 nm) using all light-shift based results, the weighted average
of all data in [Table 4.1]is computed, using inverse variance weighting. Care has to
be taken to include correlations between the measurements using the same optical
power meter and having common optical losses, which increases the uncertainty
of the mean value. The weighted mean of the measurements of Ao (10.6 pm) is
equal to

A (10.6m) = —4.144(71) x 10740 Jm?/ V2, (4.54)

with a reduced x? of 0.6 when disregarding correlations. The non-zero correlation
coefficients generally range from 0.3 to 0.6 and a single value of 0.8 for the correlation
between the polarizabilities. The values for Aa%(10.6 pm) are shown in
together with the magic [RFfmethod based value and the theoretical
prediction from the matrix elements and polarizability model. The mean lightshift-
based polarizability value is inconsistent by more than 50 with the magic-frequency
based reference value used for shift correction so far and shows that the
discrepancy persists across clock transitions, laboratories, experiments and laser
as well as detector sources. Also no undiscovered resonance appears to influence
the measurement, since the polarizabilities at different wavelengths are consistent
with each other according to the polarizability model.
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Figure 4.6.: Comparison of differential polarizability values for 58Sr*. The differential
polarizability Aozgr(l()ﬁ,um) is shown based on different measurements with

different methods from this chapter and [Chapter 5 Values that are not
determined at a perturbing wavelength of 10.6 um are adjusted based on the

polarizability model. The magic value from [Dub+14)] is used
for the |[BBR| shift so far and determined for extremely long wavelengths
A~ 10" um. An additional recent measurement by is offset from the
value by 0.78(15) %. The theoretical prediction is the value determined
from the polarizability model [Bar+22] and agrees well with the magic
values. All measurements based on light shifts caused by [NIR| and [MIR|
radiation on the other hand show a significant discrepancy of about 13 %
to the reference value. These include direct measurements on the 58Sr*
clock transition as well as 1"'Yb" polarizabilities transferred to the $8Sr*
value with the polarizability ratio measurement in [Chapter 5. The E3
measurement at is an extrapolation of measurements to @
(Hun+16]. The measurements were performed with a 7.17m laser
[Bay+20]. In this thesis, the polarizability is measured with 10.6 upm and
8.5um laser radiation. In addition, the beam path is also reversed to
estimate absorption asymmetries in the vacuum windows, shown as the
back measurement. All these measurements are consistent with a single
mean value of —4.144(71) x 1074° Jm?/V? shown as a red line with the
uncertainty shaded in red. This uncertainty considers correlations between
the measurements.

Conclusion The measurement of the differential polarizability of the ®Sr™

clock transition using [MIR] radiation directly reveals a disagreement between two
currently well-established methods to determine Aag. On the one hand, the
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current reference value for Aagy. determined from a magic-frequency measurement
using perturbing fields in the [RF] frequency range agrees between two independent
determinations up to a fractional offset of 0.78(15) % and also is supported by
the prediction from the polarizability model. On the other hand, measurements
of Aag with laser radiation relying on calibrated optical power detectors
and geometric optics cluster around a value that disagrees with this reference
value by 13.7(1.6) %. These include measurements using laser sources at different
wavelengths, separate setups of the optical path and also independent values of
Aag for the '™Yb* clock transitions. The latter measurements are converted
into polarizability values for ®Sr* with the polarizability ratio measurement in
Chapter 5, This discrepancy corresponds to a change of the fractional shift
at 300K of the %Sr™ clock transition frequency vy by

AIJBBR (MIR) — AVBBR (RF)

o

= —71.0(8.3) x 107** (4.55)

if the optical intensity measurements produce the correct polarizability. While this
does not significantly affect the absolute frequency value of the clock transition, it is
an important contribution to optical frequency ratio measurements. It is currently
unclear, which method of the two suffers from an unrecognized systematic error, so
other measurements are required. For example, by changing the temperature of the
trap environment, the change in [BBR]shift can be measured directly and compared
with the differential polarizability values discussed here. Such a measurement
has the potential to resolve the observed tension, unless it results in a separate
value for Aag. A measurement of this nature was performed between a room-
temperature and cryogenic Ca™ clock in [Hua+24|, which shows agreement between
the [RF}based polarizability value and the observed frequency difference between
the clocks.

Another consistency check could be performed by measuring the combined scalar
and tensorial magic frequency of the "'Yb™ [E2|clock transition. It does not possess
scalar polarizabilities Aa5(107pm) smaller than 0, so the Doppler and scalar
Stark shifts have the same sign. On the other hand, the tensorial polarizability
AozT(lO7pm) modifies the total shift due to excess micromotion to

(Avp) + (Avs) _(@)2 (1 L, Bos (mCQ)2 (4.56)

I 2¢ hvg e

[t s ). a5

2 _
which can feature a zero crossing, if 1 + 300522(9)71 3m§(2§§;ﬂ)AaT /Aag<0. Here,

0 is the angle between the quantization axis and the electric field direction, F' is
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the total angular momentum of the excited state of the clock transition and mpg
is its projection on the quantization axis. This is the case for the transition,
if mp=2 and =0, which results in the expected magic frequency y=2r x
8.886(18) MHz when using the measured polarizability values at 10.6 pm from
extrapolated to[DC| This is not possible for the[E3]transition, because the
magnitude of Aar (107pm) is too small compared to Aag (107pm). By determining
the combined tensorial and scalar magic frequency €, the scalar polarizability
Aa5(107pm) of the transition can be measured with fields with higher
accuracy than in [SPT05]. This method requires that the angle 6 between the
magnetic field direction and perturbing electric field due to micromotion is measured
with sufficiently high accuracy and that all other tensorial shifts, e.g. due to electric
field gradients, are known with lower uncertainty than the micromotion shift as
well.
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measurements between 8881‘"‘
and 1"1ybT

"IYb* clocks operating at room temperature are currently limited in their system-
atic uncertainty by the shift Avggpr. Specifically, Aayge., discussed in detail
in is known with a fractional uncertainty of 2-3 % from measurements
relying on calibrated laser intensities [Hun+16; [Bay+20]. This limits the overall
fractional systematic uncertainty of "'Yb™ clocks to 28 x 107 and of
clocks to 1.5 x 1078 at a temperature of 300 K.

For %Sr™", on the other hand, Acay. is known with a fractional uncertainty of 0.04 %
[Lin+25b]. The reduced uncertainty is due to a different measurement principle
based on the magic frequency that is independent of optical power calibrations.
It is discussed in more detail in [Section 4.11

It follows that the uncertainty of Aaggs and Aag s can be reduced by determining
the scalar differential polarizability ratio pgps/sr(A) =Aagps(A)/Aass(A) (and
the corresponding ratio for the [E2| transition) at a wavelength A by measuring the
light shift ratio for these clock transitions when perturbed by a laser operating
at the wavelength \. This method was first proposed in [BAS19|, and has been
employed for a polarizability transfer measurement from “°Ca™ to *Al™ at a
perturbing wavelength of 1068 nm [Wei+-24]. The fractional uncertainty for Acage
in [Wei+24] is 2.9% due to the extrapolation of the *°Ca™ polarizability from
1068 nm to long (A>>100 pm) wavelengths.

In contrast, in this thesis, the measurement was performed with perturbing radi-
ation in the wavelength range and the extrapolation of Aaft to 10.6 pm is
possible with small uncertainty from the polarizability model and magic wavelength

measurement in [Chapter 4] From such a measurement Aagps(A) is given by

Aagrz(N) = psrs/s(N)Aass (A) = psrss(A) (1+(N) Aades: (5.1)

where £()\) is the correction factor to extrapolate the ®*Sr™ polarizability from the
value to the wavelength A. By measuring the magic wavelength of the ®%Sr™
clock transition to be 1538.75(10) nm as presented in [Section 4.2} £(10.6 pm) and
£(8.568 pm) are determined to be —0.009 79(42) and —0.01508(64), respectively.
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5. Polarizability ratio measurements between %Sr* and '™ Yb"

This allows for a reduction of the fractional "'Yb* shift uncertainty
below 1071, if sufficiently precise measurements of the temperature 1" are
available |[Dol+15; [Nor+-20] and the ratio is measured to that level.

5.1. Common experimental setup for
polarizability ratio measurements

In the following measurements, a single ion, either "'Yb™ or ®¥Sr™ is trapped and
the respective clock transitions are interrogated to determine the frequency offset
of the atomic transitions from their corresponding clock lasers stabilized to an
independent optical clock Yb1 [San+19]. The setup of the clock laser stabilization
is shown in [Fig. 3.13] The center frequency is shifted by a CO, laser with a
wavelength of 10.60(3) pm, a power of 10 W and an approximate beam diameter
of 400 pm at the position of the ion. The linewidth of the CO, laser is assumed
to be significantly smaller than 0.03 pm. The laser power can also be attenuated
with neutral density filters, if necessary. The CO, laser is aligned at an angle of
15° with respect to the trap axis as shown in [Fig. 3.8

In addition, some of the measurements are also repeated with a operating at
a wavelength of 8.568 pm and entering the vacuum chamber along the same path.
The center frequency of the laser is determined from the supplied datasheet shown
in |[Fig. 5.1l with a sum of 5 gaussian peaks that follows the spectral distribution.
The antireflection coating of the ZnSe window through which the [MIR] beams are
transmitted spans wavelengths from 8.0 pm to 12.0 pm, so no significant effect on
the spectral distribution is expected. Due to the change of the clock transition
polarizabilities with the wavelength, the non-symmetric distribution of the spectral
intensity causes a modification of the Stark shift when measured with the
compared to a monochromatic laser with a center wavelength of 8.568 pm. The
linear variations of the polarizability of the clock transitions are summarized in
and corresponding correction factors ¢y of the measured polarizabilities
Aameas

Aa(X) = Aa™™* /(1 + cy) (5.2)

are shown in [Table 5.2, The results in this chapter already take this correction
into account.

The laser power is not actively stabilized and correspondingly changes over time in
addition to its short-term noise with a fractional magnitude of approximately
1%. A maximum fractional power drift of 1.5 % /h is observed with the CO5 laser
and less than 0.05 %/h with the [QCL]

To directly determine the quadratic Stark shift induced by the CO, laser, a
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5.1. Common experimental setup for polarizability ratio measurements

measurement of the center frequency of each interrogated transition without the
additional perturbation by the radiation is interleaved with cycles when the
perturbed frequency is measured. During the non-perturbed measurements, the
COq laser is redirected into a beam dump with an electrically controlled flip mirror
before entering the ion trap to keep the power stable and completely extinguish
the light shift. The is blocked by a mechanical shutter instead, due to its
reduced intensity and corresponding heat load on the absorbing element. This
interleaved measurement makes the determined light shift insensitive to variations
of the reference frequency, such as Stark shifts due to the clock laser intensity on
the [E3] transition.

M1 polarizability The lasers produce an electromagnetic field consisting of the
electric field E(t) and the magnetic field B(t). The mean squared magnetic field is
connected to the mean squared electric field via the speed of light ¢

()
(B) =5 (5.3)
B(t) couples to transitions and causes a quadratic Zeeman shift Avyz, in the
same manner as E(f) causes a quadratic Stark shift [LSR13; Gan+18]. If one
defines the magnetic differential polarizability AaM!(w) as

AcM (w) = w, (5.4)

where ASM!(w) is the sensitivity coefficient for the quadratic Zeeman shift according
to

1 M1 oy _ 1 M1 2
Avzy =~ AP (W)(B7) = —gp Aa (w)(E7) (5:5)

then the standard differential polarizability Aa(w) and AaM!(w) can be compared
on equal footing to determine the ratio of the quadratic Zeeman and quadratic
Stark shift due to electromagnetic radiation with an angular frequency w

Avza(w)  AaM(w)

em(w) = = . 5.6
£ (@) AVstark (w) Aa(w) (5.6)
AoM(w) is determined from a single-pole model [Gan+18]
1 1 1
A M1 — ZA M1 )
o (w) 2= (O)(l—w/w0+1+w/w0)’ (57)
103

https://doi.org/10.7795/110.20260204



5. Polarizability ratio measurements between %Sr* and '™ Yb"

where wy is the resonance frequency of the lowest-frequency transition from
either the ground or excited state that has a frequency of at least 1 THz, and
AaM(0) is the quadratic Zeeman polarizability connected to that transition.
Transitions at a lower frequency, such as hyperfine transitions with GHz frequencies,
do not play a significant role, because their contributions are heavily suppressed
at the frequencies of the laser radiation. Aa™?!(0) is calculated from the
transition element of the transition, which is found in for many
optical clock transitions and ranges from 1.553 pp and 1.856 pp in this case. The
scalar values of eM! for the ®*Sr™, '™Yb* [E2| and "Yb" [E3| clock transitions
when perturbed at the center wavelengths of the CO, laser and the are listed
in . All have a magnitude smaller than 0.1 x 102 and are negligible
compared to the total measurement uncertainty. For this reason, the correction is
disregarded when analyzing the data. The tensorial values are expected to be of
similiar magnitude, since all resonances have the excited state as one part of
the corresponding transition pair. So they also produce a negligible offset for the
results in this chapter.

A (pm)
9 8.8 8.6 8.4 8.2 3.0
1.0 ' ' . . ,
Sum of gaussians
0.81 — Single gaussian
Py
5
£ 0.61
e
N
04
S
=
0.2
0 = o
1100 1125 1150 1175 1200 1225 1250

7 (1/cm)

Figure 5.1.: Spectrum of the QCL laser. The normalized spectral intensity of the
laser for different wavenumbers U is shown as supplied by the manufacturer
of the laser. It is approzimated visually by a sum of &5 gaussian peaks shown
with dashed lines to determine the center wavelength of the laser and to
calculate the effect of the spectral distribution on the measured Stark shifts. A
single gaussian with the same center wavelength \o= 8.568 um and standard
deviation o= 0.21 um as the sum of gaussians is shown as well for reference.
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5.1. Common experimental setup for polarizability ratio measurements

Clock transition A

| 0AGs/OA(1072/pm)  OAGy/OA(1073 /pm)

88Srt 10.6 pm 1.889(57) —1.479(14)
88t 8.568 1m 3.65(11) —2.817(27)
Typ* 10.6 pm —19.1(1.7) —9.53(27)
Typ* 8.568 1m —36.4(3.1) —18.64(52)
ypt 10.6 pm 0.2804(50) —0.513(27)
Typ* 8.568 um 0.5332(96) —0.973(52)

Table 5.1.:

Variation of the clock transition polarizabilities. The table lists the fractional
linear variation of the differential polarizabilities OAG/ON= (0Aa/ON) [ Ac
for all three clock transitions investigated in this thesis at the two wavelengths
for which A« is measured. They are calculated from the polarizability models

Clock transition Laser () | ea(Aag)(107%)  ex(Aar)(107%)
CO; (10.6 pm) 0.000(57) 0.000(44)
[QCL] (8.568 jum) —0.0642(28) 0.0494(75)
CO; (10.6 pm) 0.00(57) 0.00(29)
[QCL] (8.568 ) 0.661(54) 0.3384(76)
CO; (10.6 pm) 0.0000(84) 0.000(15)
QCLJ (8.568 um) —0.009(13) 0.017(59)

Table 5.2.:

Table 5.3.:

Fractional correction of the polarizability due to laser spectral intensity distri-
butions. The table lists the correction factors of the measured polarizability
values to determine the clock transition polarizability at the specified wave-
length as defined in . They are determined from the models in
and the spectral distribution of the laser radiation. The COg laser

is assumed to be monochromatic with the specified wavelength uncertainty of

0.03 pm. The[QCT] distribution is depicted in [Fig. 5.1

Clock transition Laser ()) ‘ edt(N) (1073)

CO; (10.6 pm) —0.0094
[QCL] (8.568 j1m) —0.0060
CO, (10.6 pm) 0.053
[QCL] (8.568 ) 0.096
CO4 (10.6 pm) 0.012
QCL] (8.568 um) 0.012

M1/E1 polarizability ratio values. The table lists the ratio between the and
polarizability for the different clock transitions and lasers employed
in this thesis. All of them have a magnitude below 1 x 1074, so the light shift
is completely determined by the quadratic Stark shift within the uncertainty
of the measurement.

105

https://doi.org/10.7795/110.20260204
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5.2. Tensorial polarizability of 3Sr™

As discussed in [Chapter 4] the quadratic Stark shift Avy, of a laser at wavelength A
with time-averaged intensity (I') and negligible linewidth on an electronic transition

with differential polarizability Aa/(\) is

Avp()) = _Aa<A)2]<; ZC , (5.8)

where A« consists of the scalar (Aag) and tensorial (Aag) polarizability

3cos?(6,) — 13m% — J(J + 1)

Aa(d) = Aas(h) + =2 T2 —1)

AO./T<)\) s (59)

with the excited state quantum number J, excited state magnetic quantum num-
ber m; and the angle 0, between the magnetic field B and laser polarization
direction €. Any vector light shifts due to residual circular laser polarisation
are proportional to my, the same as linear Zeeman shifts. This means that
the "™Yb™ clock transitions S /o(F=0,mpr=0)— Dy;n(F=2,mp=0) (E2) and
S12(F=0,mp=0) = F7/2(F=3,mp=0) do not show a vector light shift.
For the ®Sr* transition S; s2— Ds 5 on the other hand, all individual transitions
|S,mg) —|D, mp) are sensitive to circular polarisation. But the average transition
frequency

A +mD A —mp
Ay = ”*msg Yoms (5.10)

is linearly insensitive to Zeeman shifts, where Ayiﬁé’ is the frequency of the

|S, £mg) — |D,£mp) transition. Consequently, this average also shows no vector
light shift, so it can be disregarded.

Tensor shifts proportional to Aa remain for all transitions though and need to be
corrected for to extract Aag from any light shift measurement. This is achieved
with two techniques, magnetic field direction averaging [Ita00] and magnetic
quantum number averaging [Dub+13|. Using the first technique, it is required
to interrogate the clock transition and measure the light shift in three mutually
orthogonal magnetic field directions. The average frequency is free of tensorial
shifts with an uncertainty given by the orthogonality of the field directions. If
the non-orthogonality is small (‘qk‘ < 1), the magnetic field vectors defining the
coordinate system are

1 Eyz €2z
GB@ = 5:vy ,637y = 1 7€B,z = gzy s (511)
Exz Eyz 1
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5.2. Tensorial polarizability of 3Sr*

which are normalized up to quadratic terms €;,¢;,. Then the residual tensor shift
after averaging the frequency over all three magnetic field directions is equal to

AVT,I + AI/T’y + AVT,Z

<AVT> = 3

(5.12)

1
~ 5 (<<57§x + giz) cos” 7 + (é‘iy + 62) sin? g0p> sin 4, (5.13)

3m?4 — J(J+1)
2 2 2 7 4
+ <€m + &?yz) cos 19p> T 1) Aar+ O(e?), (5.14)

where ¥, and ¢, are the spherical angles of the polarization vector in the basis of
the orthogonal (£, =0) magnetic field direction. If all £;;, have the same magnitude
g, this reduces to

3m% — J(J+1)
T2 —1)

2
(Avp) = % Aar + O(h). (5.15)
The magnetic field directions are calibrated by measurements of the Zeeman shift
at various currents applied to the Helmholtz coil pairs discussed in [Section 3.5
assuming a linear relationship between the coil coordinate system and the orthogo-
nal basis aligned with the trap geometry. Approximately, the x-axis is the imaging
direction, the y-axis is the vertical direction and the z-axis is the trap axis direction.
Then, the relationship between the magnetic field vector B and the input voltage
U to the current source controlled by the analog output of the experimental control
hardware is given by

. B . Qg 0 0 . bx,O
B=AU+By=|ay ay 0 U+ |byo], (5.16)
Qzy  Qzy Az bz,O

which can be numerically inverted to find the vector U necessary to produce any
magnetic field B. The fractional error of the calibration can be estimated from
the offset of the measured Zeeman shift compared to the calibration target value
and is smaller than 10~* among the z, y and z directions. This means that the
fractional tensor shift after averaging is expected to be smaller than 1078, but
without frequent recalibration this error increases over time due to changes in the
magnetic background field. Consequently, I assume a maximum fractional offset of
less than 1075 on the tensor shift due to magnetic field calibration uncertainties
for the following measurements.

With magnetic quantum number averaging |[Dub+13], the tensor shift can be
averaged out at any magnetic field direction by interrogating the transitions
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|S,£1/2) = |D,+3/2) and |S,41/2) — | D, £5/2) of **Sr* in the same way as in

Section 4.2 allowing calculating the scalar light shift Avg and tensorial light shift
AI/T

a1 5

_ M) L se 23
Avg Aag Shece &V + i (5.17)
(I) 3cos’6,—1 5/ .
Avyp = —A = 2 (v - v2), 1
vr aTthoc 5 6 v v (5 8)

By measuring the average frequency of the ‘S, mg==+1/2) — ‘D,mD::I:S/2>
and ’S, mg==+1/2) — |D, mp=:=£5/2) transitions along 3 mutually orthogonal
magnetic field directions and comparing it to the scalar shift derived from the
weighted average , the agreement between these methods can be compared.
They agree with each other up to a fractional uncertainty of 0.4 x 1072, showing
the consistency between the two approaches of extracting the scalar light shift.

By measuring the tensor/scalar **Sr™ light shift ratio Avy/Avg at 4 different
magnetic field angles, the polarizability ratio Aaj* /A% can be determined. The
magnetic field directions are chosen such that two of them cause a tensor shift
with maximum magnitude while still being orthogonal vectors. This effectively
results in the approximate geometric factors A(Hp) = (3 cos? 0, — 1) /2

A(6)) = 1,A(6:) = —0.5, (5.19)

but the precise values of A(Gp) are not known. For this reason, also measurements
along two magic angles where the tensorial shift is approximately zero

A(By) = 0,A(6,) = 0 (5.20)

are performed. With this set it is possible to identify A(Op) from a fit of the
expected analytical relationship between 6, and the tensor shift magnitude with a
well-defined uncertainty.

For this measurement, the magnetic field is calibrated using the *"'Yb™ tran-
sition at an offset frequency for the Am =41 transition of 100 kHz with a total
settle time of 35ms after turning off the large magnetic field for '™ Yb* cooling.
Even though the large magnetic field is not necessary for cooling of ®Sr™, it is still
switched in the same manner as for '"'Yb™ to keep the magnetic field calibration
consistent. The light shift is provided by the full power of the 10.6 pm CO, laser.
Due to the laser intensity noise with an approximate fractional magnitude of
1% on timescales shorter than 10s and the scalar shift magnitude of approximately
9400 Hz, the **Sr* transitions |5, £1/2) —|D, +3/2) and |S, £1/2) —|D,+5/2)
are interrogated with 2.5 ms and 1.0 ms long pulses, respectively. The magnetic
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field magnitude varies by less than 0.3 x 1073 among any direction between the
interrogation times, inferred from the decay measurement in [Section 3.5 This
results in a maximum fractional error of the inferred tensor shift of 107, negligible
compared to the total measurement uncertainty.

The measurement data is consistent with the following values for the geometric
factors

A(6y) = 0.9862(31), A(6;) = —0.4953(42) (5.21)
A(fs) = 0.2044(24), A(6;) = 0.0585(33) , (5.22)

which are reasonably close to the target [Eq. (5.19) and [Eq. (5.20)l This measure-
ment results in the polarizability ratio

AcSH(10.6 pm) /Aa (10.6 pm) = 1.6702(41) (5.23)

with a fractional uncertainty of 2.5 x 1073, This value is consistent with a theo-
retical calculation of the same quantity using the polarizability model discussed
in which results in Aa$(10.6 pm)/Aa(10.6 1m) = 1.61(6). This
quantity allows determinations of the geometric factor )\(Qp) from the measured
tensor/scalar light shift ratio of the ®Sr™ clock transition at an arbitrary magnetic
field direction.

5.3. Polarizability ratio measurements for "'Yb™

To determine all polarizability ratios involving the and transition in *'Yb™T,
magnetic field directions need to be chosen at which both transitions have suffi-
cient coupling strengths to their respective clock lasers (see and a
sufficiently large difference in their tensor shift magnitude. The latter point is
necessary to determine the tensor polarizabilities of the '"'Yb™ clock transitions.
As an additional feature, the tensor shift magnitude is less sensitive to magnetic
field direction changes close to the maximum and minimum of A(#). With the
tensor/scalar polarizability ratio of the ®Sr™ clock transition from ,
the geometric factors A(Qp) along two angles ¢ 5 which fulfill these criteria are
determined to be

A(6;) = 0.7131(18), A(6;) = —0.4862(14). (5.24)

Since the intensity fluctuations of the COs laser are too large at maximum power
for coherent interrogation of the [E3| transition (because the minimum pulse length
is approximately 60 ms even at maximum coupling strength), for this measurement
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the laser power is reduced to approximately 7% of the maximum with a reflective
filter. This results in an approximate scalar shift of -1100 Hz on the transition
and -150 Hz on the transition. Tensor shift changes due to temporal variations
of the magnetic field contribute with a fractional magnitude of 1 x 107° at these
settings.

The total light shift AVEQQ/ B3 for the transition is measured in both mag-

netic field directions A /o :A(91 /2), which allows for the determination of the
corresponding scalar Avg and normalized tensorial AUy =—Aar(l)/(2heoc) light
shifts

A2AV1E2 — AlAVg’z

Avg? = o (5.25)
ANz % (5.26)
AVES = AQA”iS - ilAV?ES (5.27)

T 7495 Ay— A,

where the scalar and tensor polarizability of the 'Yb™ transitions are defined
as

3m% — F(F+1)
FF — 1)

{I)
Av = — Shece Aag + A(Qp)

KFAOZT> y (529)

with the hyperfine factors Ky=1, K3=25/28 calculated from the corresponding
Wigner 6j-symbol in . The polarizability ratios are calculated as the
time-resolved ratio between these light shifts. The light shifts caused by the
COs laser result in the polarizability ratios are listed in along with
the determinations of the same quantities by [Bay+20] and [SPTO5;
Hun+16; Hun14] at different perturbing wavelengths. The extrapolation of the
polarizability in [Hunl14; Hun+16] to the value is employed instead of the
measured values in the to determine the polarizability ratios at approximately
10"pm. While the differential polarizability is also measured for the [E2| transition
in [Hunl4], an extrapolation in this manner is not possible due to the strong
resonances at a wavelength longer than 1545 nm.

The uncertainty of the polarizability ratios determined here is smaller by a factor
of 5 to 14 compared to [Bay+20] and 20 to 120 compared to [SPTO05; [Hunl14;
Hun+16]. To compare these ratios with existing data, the polarizability values
from [SPT05; [Hun14; Hun+16; Bay+20] for the and |E3| transition are adjusted
by the theoretically calculated polarizability ratios summarized in [Table 5.5 All
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values are consistent with each other within their combined uncertainty. The
fractional offsets between the data from [Bay+20; |[SPT05; Hun+16; [Hun14|] and
the data from this thesis are shown in [Fig. 5.2

Table 5.4.:

Table 5.5.:

Source [SPT05; Hunl4; Hun+16] CO,
A 10" pm 10.6 pm
Aap /Ao —1.97(51)  —1.6288(41)
Aal/Aak? 0.129(26)  0.12535(32)
Aap?® [ Aag® —0.0354(74)  —0.03370(11)
Aay®/Aag? —~15.3(2.5) —12.995(33)
Aap? [N —0.275(16) —0.268 84(81)
Aaf? [ Aol 55.7(9.5) 48.38(15)
Source QCL [Bay+20]
A 8.568 pm 7.17pm
Aay?/Aag? —1.5835(71)  —1.524(44)
Aag’ /Ao’ 0.118 98(54) 0.1095(17)
Aay? /Ao —0.03184(15)  —0.02970(85)
Aay?/Aag? —13.309(60) —13.92(46)
Aak? | Aag? —0.2676(15)  —0.2712(66)
Aak? | Aok 49.85(23) 51.3(2.1)

Polarizability ratios of the "'Yb* clock transitions. The table lists the
measured (bold) and inferred scalar and tensorial polarizability ratios for the
Myt and clock transitions at different wavelengths A. The values at
A~ 107 um are a combination of the cmd polarizabilities determined in
[SPT05; |Hun+16; \Hunl4), the values at A\=7.17um are taken from [Bay+20)].
The other two columns are measured in this work with a COs laser and a

[QCL, These quantities can be used to constrain the polarizability model for

the 1'Yb* clock transitions in the range relevant for room-temperature
BBR. The fractional differences between these values are shown in |Fig. 5.2

A 10"pm 8.568 pm 7.17 pm
Aak? 1.106(10)  0.9475(42)  0.8861(86)
Ack? | 1.0503(10) 0.97313(52)  0.9398(11)
Ack? | 0.99852(13) 1.00079(11) 1.00177(10)
A3 | 1.0027(25)  0.9986(27)  0.9968(27)

Polarizability scale factors for "' Yb* in the MIR range. The table lists the
polarizability ratios Aa(10.6um)/Ac(X) for the [E and[E] clock transitions

of 1"'Yb*. They are determined with the polarizability models in|Section 4.1
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Figure 5.2.: Fractional offsets of the 1”2 Yb" polarizability ratios. The scalar (S) and
tensorial (T) polarizability ratios p%(\) of the "1Yb" and clock
transitions are measured with the COy (Y =COz2) laser at a wavelength A=
10.6 um and compared with the values from (Y =NPL,A\="7.17um),
[SPTO05; |Hun+16; |Hun1{)] (Y = PTB,A~10"um) and those determined with
the|QCL laser (Y = QCL, A= 8.568m). As shown in the left-hand figure,
the polarizability ratios involving the transition differ from each other,
primarily due to the dipole transition from the D3y state at 2.4 pm
. The only ratio not involving the transition pr ps/s,ps produces
the same value within the uncertainty of all three measurements. On the
right-hand side, the normalized polarizability ratio p(10.6 um) =e(X\)p(N)
is calculated for all data. The scale factors e(\) are determined from the
polarizability models discussed in for each transition and are
listed in[Table 5.5 All of these differences are consistent with zero within
their uncertainty. This shows that the data collected at different wavelengths
follow the curvature of the and [E3 polarizability and can potentially be
employed to improve the polarizability models.

The same values are also determined using the laser operating at a wavelength
of 8.568 pm. The ®*Sr* tensor/scalar polarizability ratio prs,/ss:(8.568 pm) =
1.009 58(24) x prsr/s,5r(10.6 pm) =1.6860(42) is determined from the measurement
at 10.6 pm in and the theoretical correction based on the polarizability
model discussed in [Section 4.1} This value also takes the spectral correction from
Table 5.2| into account. This allows for the determination of the geometric factors
with the light shifts on the ®¥Sr* transition as

A(61) = —0.4904(22), A(0) = 0.5157(14) (5.30)
and subsequently a measurement of the light shift of the ™Yb™ clock transitions
at these settings in the same way as for the CO5 laser. Tensor shift changes due to

temporal variations of the magnetic field contribute with a fractional magnitude of
2 x 1075, Due to the reduced power of the laser compared to the CO, laser,
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the approximate scalar shifts on the and transition are -490 Hz and -60 Hz,
respectively. The polarizability ratios at the wavelength of 8.568 pm are listed in
[Table 5.4] the increased fractional uncertainty compared to the CO, data is due
to the higher fractional uncertainty in the geometric factors. If the polarizability
variations of the and transition between 10.6 pm and 8.568 pm listed in
Table 5.5/ are taken into account, the polarizability ratios are also consistent
with the COy polarizability ratios as shown in [Fig. 5.2

These data in combination with the polarizability measurements in [Hun+16] and
[Bay+20] can be used to improve the knowledge of the dynamic correction for the
and clock transitions. The current polarizability model described in
is consistent with the data within the uncertainty, but now measurements with
significantly smaller uncertainty are available in the [MIR] region relevant for BBR]
shifts at room temperature.

5.4. Polarizability ratio of 3Sr* and "'Yb™ clock
transitions

The measurements in [Section 5.2/ and [Section 5.3/do not allow for a determination of
the absolute polarizability Aag?(10.6 pm) and Aaf?(10.6 pm) with an uncertainty
smaller than quoted in [Hun-+16; Bay-+20] on their own. For this, a measurement
of the polarizability ratio psgz/ss:(10.6 pm) = Aaf?(10.6 pm)/Acd(10.6 pm) is
necessary. All other absolute polarizabilities can then be calculated from this
quantity and the polarizability ratios discussed in q Finally, this allows
for a reduction of the shift uncertainty on the 'Yb* [E2/and [E3| clock transi-
tion due to the ®Sr* reference polarizability AaSt =—4.8314(20) x 107 Jm?/V?
[Lin+25b].

Since the CO, laser intensity (I)(10.6 pm) is calibrated with **Sr™, but employed
for ''Yb™, the potential spatial intensity variation between the respective positions
of the ions has to be taken into account. The variation might occur due to the
ion location in a linear crystal, if they are co-trapped in the same potential, or
due to position offsets between two single trapped ions, because of their differing
mass. In the linear confinement regime where the coupled radial secular frequencies
Wy j,wy,; are larger than the coupled axial secular frequencies w, j, the radial
equilibrium positions between the ions differ by 0.29nm/(V/m) x E. for a given
radial displacement field E. at normal operating conditions, calculated from
Eq. (2.22)l This field can be determined from micromotion measurements and is
kept below 200 V/m. This means that the equilibrium positions differ by 57 nm
at most, a factor of approximately 4000 below the smaller CO, beam waist of
225.4(6.8) pm (determined in [Section 4.3)). This means that even if the ions would
be positioned close to the beam waist, where the intensity gradient is the largest,
the intensity between the ions would differ by 0.5 x 1072 in the worst case. Since
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the ions are positioned close to the maximum of the gaussian intensity profile, the
effect is even further suppressed and expected to cause a negligibly small correction.
As a test of the radial displacement effect, a total light shift of —3150Hz is
applied on the transition a single trapped "'Yb" and compared between the
normal operating setting and a reduced power by 10dB. The light shift
is measured for each setting for approximately 10s and then the power is
changed. Any radial displacement due to external fields is magnified by a factor of
3.2 using this technique. Between the two settings a fractional light shift offset
of 1.14(64) x 1073 is observed, consistent with zero at 20. The difference might
be due to radial magnetic field gradients and consequently different tensor shift
magnitudes and position shifts of the ions with respect to the laser beam due to
the temperature difference of the trap between the two settings. This means that
at normal operating conditions, a fractional light shift offset between the two ions
of 0.36(20) x 1072 due to radial displacement between them is expected, smaller
than the overall measurement uncertainty.

However, the position of the ions in a crystal along the trap axis differs by several
pm, dependent on the axial confinement quantified by the secular frequency w,. To
estimate the magnitude of the light shift difference along the trap axis, I measure it
on the '™Yb* [E2| transition in a *¥SrT-'"'Yb™ crystal with w, reduced by a factor
of 1.8 compared to the single-ion operating conditions. Due to collisions with the
background gas, the ions switch positions every couple of minutes, which causes
them to be perturbed by different intensities of the CO5 beam. The difference in the
light shift between these two configurations is a measure for the axial inhomogeneity
of the intensity distribution. Any axial fields are compensated with an opposing
field generated through a voltage imbalance on the axial confinement electrodes
such that there is no movement of the ion visible on the camera when increasing
the confinement voltage by a factor of 50. An average total light shift of —3120 Hz
is observed on the transition, which a fractional difference between the two
crystal configurations of 24.1(1.8) x 1073. This is a factor of 1.6 larger than the
expected maximum variation of 15 x 1072 of the gaussian beam intensity with a
waist of 225.4(6.8) um, the distance 11.5 pm of the two equilibrium positions along
the trap axis calculated from the "'Yb™ mass and w, =27 x 330kHz as well as
the projection sin(15°) of the gaussian beam minor axis on the trap axis direction.
This difference might be due to variations of the tensor shift along the trap axis
due to magnetic field gradients. At high confinement, this variation is expected to
be reduced to 14.6(1.0) x 1073. This would limit the fractional uncertainty of the
polarizability ratio measurement to approximately 10 x 10™3 without more careful
investigation of this discrepancy.

Instead, to determine the polarizability ratio without being limited by the variation
of the light shift along the ion chain, only a single ion is trapped in the potential at
any point during the measurement. Since the axial position is solely determined by
the electric charge and independent of the mass, both ®Sr™ and '™Yb™ are trapped
at the same location along z. This is also supported by camera observations of
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the center-of-mass position of a ®Sr*-'"'Yb™ crystal, which coincides with the
position of both a single trapped ®¥Sr* and '™Yb™, respectively. The intensity
variations due to radial displacement are still relevant with a fractional magnitude
of 0.36(20) x 1073,

The experimental sequence is as follows with the CO, laser is operated at full
intensity, causing a scalar light shift of approximately —15600 Hz and 9300 Hz on
the and %8Sr™ clock transition, respectively:

1. Manually load a ''Yb" ion in segment 2 using the oven source.

2. Determine the center frequency at three different mutually orthogonal
magnetic field directions with geometric factors Ay, Ao, A3 with and without
the COs laser induced light shift. This allows for the determination of the
scalar light shift of the [E2| transition Avg?,

3. After approximately 5 minutes, stop the interrogation and move the trapped
IYb* to segment 6, where it stays uncooled for the following steps.

4. Automatically load a ®*Sr* using the ablation laser in segment 2 and detect
the ion number using the fluorescence collected with thePMT] At the settings
in this measurement, a single ion is loaded within at most 5 attempts.

5. Determine the ®Sr™ clock transition frequency among the same magnetic
field directions with geometric factors A;, Ay, A3 with and without the COq
laser induced light shift. This allows for the determination of the scalar Avgt
light shift of the ®*Sr™ transition.

6. After approximately 5 minutes, stop the interrogation, throw out *Sr™ by
removing the axial confinement voltage of segment 1 and raise this voltage
again. Move the stored "'Yb™ back to segment 2 and continue with step 2
of the experimental sequence.

This sequence can operate without manual intervention for several hours. The three
magnetic field directions are oriented to maximize the magnitude of the tensorial
shifts and be minimally sensitive to temporal variations of the magnetic field
direction. They are determined from the tensorial shifts on the ®**Sr™ transition in
combination with the polarizability ratio prgs./ss: to be

Ay = 0.9729(30), Ay = —0.4865(12), A5 = —0.4836(35) , (5.31)

which are mutually orthogonal with a residual fractional tensor shift of
0.9(1.6) x 1073, limited by the statistical uncertainty of the measurement. The
remaining fractional tensor shift is expected to be smaller than 1 x 107°. The
interrogation times of the **Sr* | S, £1/2) —|D,£3/2) and | S, £1/2) —|D, £5/2)
transitions are 2.5 ms and 1.0 ms, respectively. The transition is interrogated
for 2.8 ms at the setting A\; and for 31 ms along the settings Ay and A3 due to the
large variation in the total light shift from the addition and subtraction of the
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scalar and tensorial component. This results in a maximum fractional contribution
of the residual tensorial shift of approximately 3 x 107, significantly smaller than
the total measurement uncertainty.

Each light shift measurement except for the first one is interleaved between
two ®Sr™ light shift measurements, which calibrate the laser intensity at their
respective points in time. The laser intensity is then linearly interpolated to the
measurement time of the light shift and used to determine the differential
polarizability ratio

Aak?(10.6 pm)
Aa?(10.6 pm)

ps.E2/s,s:(10.6 pm) = = —1.6725(21), (5.32)

where the fractional uncertainty of 1.3 x 1073 is largely limited by the statistical
uncertainty of the measurement, but also includes the observed fractional light
shift offset along the radial direction of 0.36(20) x 1073. The statistical uncertainty
is calculated as the standard error of the mean 6=0/v/N, where o is the standard
deviation of the measurement and NN is the number of measurement points. The

time-resolved value of pgg2/5s:(10.6 1m) is shown in [Fig. 5.3, No significant
deviation of the data from white noise is observed.

The measured polarizability ratio pgma/ssr(10.6 pm) together with the reference
85t polarizability AaSt =—4.8314(20) x 1074 Jm*/V? [Lin+25b| and the extrap-
olation Aa%(10.6 pm)/Aair =0.99021(42) from Aa10"pm to A=10.6 pm allows
for the calculation of the scalar '"'Yb* [E2| polarizability Aa£?(10.61m). To de-
termine the other polarizabilities for the and transition, the appropriate
ratios in are multiplied with Aaf?(10.6 pm). The absolute polarizability
values at a wavelength of 8.568 pm are calculated from the same data under the
assumption that the [E3|scalar polarizability ratio Aa?(10.6 pm)/Aak?(8.568 pm)
is equal to the value derived from the polarizability model. They are summarized
together with the corresponding values from [SPT05; Hun+16; Hunl14; Bay+20] in
Table 5.6{ and their offsets are depicted in [Fig. 5.4!
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Figure 5.3.: Polarizability ratio of the "' Yb" E2 and ®3Sr* clock transitions. The
Jigure shows the time-resolved polarizability ratio ps gg)s s, at the COgz laser
wavelength of 10.6um. The standard deviation o =0.011 of the data is
shaded blue and the uncertainty of the mean value p57E2/57S,n:—1.6725(21)
is shaded red. The uncertainty is calculated as the standard error of the
mean &:U/W with the number of measurements N =31. It also includes
the systematic uncertainty due to the observed fractional light shift offset
along the radial direction of 0.36(20) x 10=2.
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Source | PTB [SPT05; Hun+16; Hunl14] CO., RF CO,, LS
A 10" pm 10.6 pm 10.6 pm
Aal? 6.9(1.4) [SPTO3| 8.001(11) 6.93(12)
Aak? —13.6(2.2) [SPT05]  —13.033(38) ~11.29(20)
Aak? 0.888(16) [Hunt16]  1.0030(29) 0.869(15)
Aak? 0.244(13) [Hunld] —0.26964(93)  —0.2336(41)
Source , RF QCL, LS NPL |Bay+20]
A 8.568 pm 8.568 pm 7.17 pm
Aak? 8.423(45) 7.30(13) 7.79(20)
Aak? 113.337(79)  —11.55(21)  —11.88(46)
Aak? 1.0022(29) 0.868(15) 0.854(18)
Aok _0.2706(19)  —0.2344(43)  —0.2315(75)

Table 5.6.: Absolute polarizabilities of the "' Yb* clock transitions. The table lists the
measured scalar and tensorial differential polarizabilities Ao for the 171 Yb*
[EF and [EF clock transitions at different wavelengths A given in units of
10=49Jm? /V?. The values at A\~=107um are a combination of the and
polarizabilities measured in [SPT0; | Hun+16; |Hunl14] (column PTB), the
values at A=T7.17um are taken from [Bay+20] (column NPL). The polarizabil-
ities at 10.6 ym in the column COq, RF are determined in this work with a
COy laser using the 58Sr™ polarizability Aagg [Lin+25b] as a reference value
in combination with the polarizability ratios in|Table 5.4 The values in the
column CQOaq, LS use the light-shift-based polarziability measurement of Aag”
instead. The values at 8.568 um are calculated from the polar-
izabilities at 10.6 pm under the assumption that the[EJ scalar polarizability
ratio Aaf?(10.6 pm) /Aaf?(8.568 um) is equal to the value derived from the
polarizability model. All in all, there is a consistent discrepancy of approxi-
mately 14 % between the values from [SPT05; |Hun+16; Hunl4; |Bay+20] and
the ones determined in this thesis based on the rf-based measurement of Aagg.
This is consistent with the discrepancy in the absolute 83Sr* polarizability

discussed in . The offset between these values is shown in[Fig. 5.4,

The fractional shift at a temperature of 300 K can be determined with
significantly reduced uncertainty for both the [E2| and [E3] transition

E2
Avggg
B2

A E3
— —606.11(84) x 10715, % = —81.59(24) x 10718, (5.33)

where the correction £¥2(10.6 pm)=—1.61(12) x 1072 and £¥3(10.6 um)=0.12(8) x
1073 defined as in is applied. Due to the significant discrepancy in
Aak? and Aak? between the value based on induced frequency shifts and
light-induced frequency shifts discussed in [section 4.3 the [BBR] shift changes
significantly when compared to the determination by in [Bay-+20]

118

https://doi.org/10.7795/110.20260204



5.4. Polarizability ratio of Sr* and '™ Yb™ clock transitions
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Figure 5.4.: Fractional offsets of the 1" Yb" polarizability values. The scalar (S) and
tensorial (T) polarizabilites Aa’(\) of the 1 Yb* and clock tran-
sittons are measured with the C'Og laser at a wavelength A=10.6 ym using
the rf-based determination of Aa’. in [Lin+25b] as a reference (shown
as RF) and compared with the values from [Bay+20] (NPL,A="7.17um),
[SPTO05; |Hun14; |Hun+16] (PTB,A~107um). AaX(8.568 um) is calculated
from Aa§(]0.6um) under the assumption that the scalar polarizability
ratio Aat?(10.6 pm) /Aak?(8.568 um) is equal to the value derived from the
polarizability model. Additionally, the same polarizabilities are determined

using the light-shift based measurement of Aagr Eq. (4.54) (shown as LS).
AGY (10.6 pm) = e(N)Aak is calculated from the polarizability models dis-

cussed in |[Section 4.1 The RF determinations show a consistent discrepancy
from the LS values of approzimately 14 %, consistent with the offset discussed

Conclusion The measurements presented in this chapter allow for determination
of both polarizability ratios and absolute polarizabilities with significantly reduced
uncertainty compared to other measurements of the same quantities for *"'Yb*
clock transitions [SPTO05; [Hun+16; Hunl4; Bay+20|, relying on the accuracy of
the polarizability of the ®*Sr™ clock transition [Dub+14; [Lin+25b]. Since the
light shifts are induced with [MIR] lasers, the measurements also result in a smaller
fractional uncertainty for the differential polarizability around 10.6 pm compared to
the polarizability ratio measurement presented in [Wei+24]. All of this results in a
reduction of the 'Yb™ |[E2|and |E3|fractional shift uncertainty to 0.84 x 1071®
and 0.24 x 10718, allowing for operation of an and [E3[clock with below 1 x 10718
total uncertainty. These uncertainties can be further reduced by gathering more
data and by performing the measurement at the magic angle where the tensor
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shift is zero. In this setting, magnetic field variations have a significantly larger
effect and have to be characterized more carefully, though.

However, due to the difference in the polarizability determined with laser radiation
and fields presented in [Section 4.3] the [BBR] shift magnitude changes by a
significant amount. Whether Aad determined from magic frequency measurements
[Dub+14; [Lin+25b] is correct has to be investigated further to decide whether to
use the results presented here for correction of the shift.
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The system described in this thesis is also operated as a single ion ®¥Sr™ clock
to realize the unperturbed frequency vg+ of the 2S5 — 2Ds /o [E2| transition. It
is a recognized secondary representation of the second and various in the
world operate ®*Sr" clocks |[Bar+14; Mar+25a; [Lin+25b|. Past determinations
show a disagreement between the values of v+ when measured against Cs clocks
[Bar+14; Jia+22]. Determining the optical frequency ratio between the **Sr* and
the '™Yb* clock transitions allows for determination of vg+ with reference
to the absolute frequency of the [E3| transition [Lan+21a]. This may resolve the
disagreement and provides input data for a redefinition of the second based on
Srt |Dim+24]. The content of this chapter is published in [Ste+23] to a large
extent.

6.1. Clock transition interrogation sequence

Due to the lack of m=0 states in both the ground state and excited state, each
individual v])}2 =S5, mg) —|D, mp) transition frequency ;> is linearly dependent
on the magnetic field B at the ion position. In addition, tensorial effects such
as the electric quadrupole shift induced by electric field gradients, perturb the
transition frequency proportional to m% [Dub+13]. To realize the unperturbed
frequency, these effects can be canceled by choosing appropriate interrogation
sequences of the individual 10 transitions and computing the weighted average v

of their center frequencies ;> [Dub+13]

p= 3 wrsunr. (6.1)

ms,mp

Zeeman shift Cancelling the linear Zeeman shift is achieved by interrogating
pairs of transitions with linear magnetic sensitivities of equal magnitude but
opposite sign as the Zeeman shift is given by
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avye (B) = £2|B|(gomp — gsms) (6:2)
L1

(M2 BD (g +1)° 63)
h VpD

+O(‘§)3), (6.4)

where gp, gs are the Landé factors of the excited and ground state respectively,
a41/2=6/25,a13/9= 4/25, a+5/2 =0 is an mp-dependent prefactor, g. is the electron-
spin Landé factor and vpp=28.404 382 THz is the energy separation of the 2D3/2
and 2D5/2 electronic states [Dub+13].

The quadratic Zeeman shift remains for the mean frequency v == < v /2 ;72 ) /2

and needs to be corrected seperately. The field B is approximated from the mea-
sured linear shift

+mp —mp
<V+1/2 - V—1/2)

2us(gpmp — gs/2)

B(t) = (6.5)

and then used to correct v;? dynamically to compensate magnetic field changes
over time. For magnetic fields below 100 nT the fractional error on the unperturbed
transition frequency introduced by disregarding the third order shift is smaller
than 1072° and thus negligible. The second-order Zeeman shift does not introduce
any error for the inferred magnetic field, since it is common to the positive and
negative Zeeman shift transition.

Tensorial shifts There are a variety of effects that cause a shift that is tensorial
in nature. This means that the magnitude of the shift is proportional to tensorial
properties of the energy levels such as their quadrupole moment © or the tensorial
part of the polarizability Aar [Dub+13|. Since the wavefunction of the S;/, ground
state is spherically symmetric, it is immune to these effects |[AS68, p. 132]. The
excited state D5,y on the other hand is sensitive to tensorial shift effects, with each
mp substate having a different sensitivity to the perturbation. The tensorial shift
Avr due to an electric field or its gradient is given by [Ita00]

_Bcos*(0) —1(3m} — J(J+1)
Avr = A= ( J(2J —1) ) ’ (66)

where A is a factor proportional to the perturbation, ¥ is the angle between the
magnetic field at the ion position B, and the electric field or its gradient and J is
the total angular momentum of the excited state.
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There are two significant tensor shift contributions for the system considered
here:

1. The electric quadrupole shift Avy with A=—2VEO/h [[ta00] with the

electric field gradient VE and the angle 9 between B and each component
of the field gradient. In linear ion traps the gradient is usually dominated by
the axial trapping potential [Kel+19).

2. The tensorial Stark shift Avgyr with A= —1/(2h)AaT<EQ> [SSA16],

where ¢ is the angle between B and E. The electric field is usually caused
by electromagnetic radiation or the trapping field.

Especially Avg can reach a magnitude of 1-300 Hz for field gradients of 1-100 V/mm?

typically found in ion traps [Lan420; [Ftir+20]. While the shift magnitude can
be calculated, it is difficult to reach low uncertainties and drifts in the shift need
to be accounted for. Alternatively, the tensorial shifts can be zeroed using three

different methods which can all be derived from [Eq. (6.6

1. If 3cos?(¥) — 1=0,9~54.7°, Avy is equal to zero, so by choosing the
appropriate direction of E, one tensorial shift can be heavily suppressed.
Since VE and the electric fields responsible for the Stark shift are not collinear
in general, not all tensorial shifts can be zeroed simultaneously using this
method. In addition, there may be other constraints on the magnetic field
direction from the experimental design and fluctuations in the background
magnetic field need to be corrected for.

2. If the transition susceptible to tensor shifts is probed three times where the
magnetic field directions for each interrogation are mutually orthogonal, the
mean frequency of all three interrogations is free of tensor shifts [[ta00|. This
method has successfully been used in a variety of optical clocks [Hun+16;
Lan+21a], but requires careful calibration of the applied magnetic field. Also
it is sensitive to changes in the magnetic background field unless recalibration
sequences are applied when necessary.

3. The third option is to interrogate multiple transitions with different |mp|=
1/2,3/2,5/2. If all |mp| are interrogated, their mean frequency is intrinsi-
cally free of tensor shifts, since the corresponding Hamiltonian is trace-free
[Dub+13]. By only interrogating two of three options and calculating a
weighted average such that the tensor shift is removed, higher cycle rates
and subsequent lower instabilities can be achieved, but only the first order
of the tensor shift is canceled [Dub+13]. In that case, third-order and higher
contributions remain, since the second order of the tensor shift expansion
is zero [Dub+13]. This method requires interrogating linearly magnetically
sensitive transitions, so it is a good option for ions such as %¥Sr* and “°Ca™
where no transition |S,mg=0) — |D, mp=0) exists.

I choose the third option for the ®¥Sr™ clock since it is the most easily applicable for
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the described experimental apparatus. To reach the smallest instability possible, I
optimize the number of interrogations on each transition VD given their respective
maximum coherent interrogation times. These differ because the coherence time
is limited by magnetic field noise, so more magnetically sensitive transitions are

. . . . +1/2 »
more susceptible to this noise compared to the innermost v //2 transitions.

Specifically, if the coherent interrogation time of the clock transition is limited
by magnetic field noise, the minimum linewidths dv of the transitions between
individual Zeeman states are related in the following way:

£3/2 e £1/2 o £5/2 oo £1/2
51/i1/2 = 25”11/2’ 5l/ﬂ/2 = 5(51/ﬂ/2 (6.7)

The weighted average frequency of each transition needs to be chosen in such a
way that the result is free of all tensorial shifts

Vgt = wi? + w4+ ws /2 (6.8)

where ¥ = (Vﬁ/? + V:f/2> /2 and w; + w3 + ws =1. The instability of vg.+ is

proportional to the uncertainty Avg,+

Avg+ = \/(wlAV1/2)2 + (ngy3/2)2 + (w5AV5/2)2, (6.9)

where the uncertainty of each individual transition is related to the linewidth and
number of interrogations during each clock cycle n;

2 2 2
Spl/2 S13/2 Su/5/2
Avg+ = wy + | wy3—— | + | ws , 6.10
which in combination with allows for a numerical optimization of the
number of interrogations of each transition to reach the smallest instability

2 2 2
Avgr = | A 4 45 4 o5Y5 512, (6.11)
ny ns ns

The optimum occurs for w; =0, w3 =5/6,ws=1/6 and n3=2,n5=1 and is approx-
imately

Avg+ ~ 1.4460Y7 (6.12)

which is a factor of 1.26 smaller than the simple average over all transitions with
the same interrogation time.
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Experimental sequence The clock cycles through the same experimental
sequence continously until it is manually stopped or the ion is lost. A sketch of the
primary steps is shown in [Fig. 6.1} along with the lasers in use for each step. Every
clock cycle starts with 5ms of Doppler cooling with the 422 nm as well as 1033 nm
and 1092 nm radiation. By comparing the accumulated fluorescence during cooling
to a threshold value, it is determined whether the ion is still bright and has not
left the trap or gained significant amounts of kinetic energy. If the ion is dark, all
422 nm lasers are red-detuned by approximately 500 MHz and turned to full power
to re-cool the ion in the trap. This procedure continues until the ion is cooled
close to the Doppler limit again.

Sequence |CycleiDoppler State  Clock  StateiCycle
for cycle n| n-1 Ecooling prep. interr. detec.i n+1
Duration [5msi 5ms 1ms 10 ms + T, 5 msi5 ms
422 nm I i I I E I
1092 nm I E I I E I
1033 nm I I I
674 nm E i
pump E E

674 nm ' i
clock i :

Figure 6.1.: Experimental pulse sequence for the 83Sr* clock. The active periods of all
lasers involved in the interrogation cycle of the 83Sr* clock transition are
tllustrated along with the duration of each period. Doppler cooling and state
detection requires the 422nm and 1092nm lasers, while the 1033 nm laser
clears out the excited state of the clock. State preparation is implemented
with the clock and clear out laser. During spectroscopy, all lasers other than
the clock laser are mechanically blocked with shutters. Their opening and
closing takes 5ms, each. To varies between 35ms and 87.5ms, depending
on the magnetic field sensitivity of the interrogated transition.

After Doppler cooling, the cooling lasers are turned off and the Sr clock laser
entering the ion trap along the vertical axis in |Fig. 3.8 is pulsed at full power
for 1ms at the detuning of the |S,mg==41/2)—|D, mp=F3/2) transition. This
prepares the ion in the ’S, mS::F1/2> state with more than 95 % fidelity, see
for more details. Afterwards, all beams other than the path-length
stabilized Sr clock laser are blocked with mechanical shutters, which takes 5 ms.
Then, the clock laser drives the clock transition to perform a m-pulse at either the
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positive or negative half-maximum detuning with respect to the resonance frequency
from the last completed cycle. The |S, +1/2) — !D, +3/ 2> transitions have an
interrogation time T =87.5ms and for the |[S, :|:1/2> — |D, :|:5/2> transitions,
Te=35ms. The shutters are opened again, taking 5ms, and the 422nm and
1092 nm lasers illuminate the ion for an additional 5 ms to determine whether it
remained in the ground state or was excited. The fidelity of this state detection
is greater than 99 % as determined from a histogram of photon counts with and
without the repump laser active. The Doppler cooling section of the subsequent
cycle measures if the ion is still cool in the trap and marks the previous interrogation
cycle as invalid, if this is not the case. Invalid cycles are repeated immediately
before resuming the interrogation sequence.

Once 4 valid clock excitation attempts are recorded, the number of excitations
at positive n, and negative n_ detunings corrects the center frequency of the
interrogated transition by 0.15(n,. — n_)Apwnwm, where Agwpy is the half-width-
half-maximum detuning of the transition. The number of successful excitations is
also recorded and used in conjunction with fluorescence data and phase-slips of
the clock laser fiber-length stabilizations to exclude invalid data from the recorded
frequency.

6.2. Systematic frequency shifts and their
uncertainty

The measured frequency of an interrogated clock transition is affected by a variety of
physical effects. These effects can only be quantified with a finite uncertainty, which
are listed in the so-called uncertainty budget. The systematic uncertainty to which
the unperturbed transition frequency 14 can be realized is the combined uncertainty
of all frequency shifts listed in the uncertainty budget. The uncertainty budget for
the lowest systematic uncertainty achieved in YbSr1 is shown in [Table 6.1}
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Shift effect Av/ve(107%) | w(Av)/ve(1071%)
Blackbody radiation 537.9 7.6
Excess micromotion -15.1 6.6
Collisions 0 1.1

Servo error 0 0.70
Thermal motion -3.01 0.31
AOM]| chirp 0 0.10
Clock laser |A_C| Stark 0.126 0.065
Quadratic Zeeman 0.1928 0.0008
Total 520 10

Table 6.1.: Systematic uncertainty budget. A summary of all systematic frequency shifts
from the unperturbed reference value and their uncertainties with the trap
operated at the smallest employed [RF] power. The overall uncertainty is
dominated by the [BBR| shift due to the limited knowledge of trap heating and
the excess micromotion shift due to uncompensable micromotion.

Stark effect As discussed in [Chapter 4] the Stark effect causes a shift of the
atomic transition frequency due to a perturbing electric field. Several sources of
electric fields in an optical clock based on trapped ions exist and their shifts have
to be corrected for.

Blackbody radiation At room temperature, the shift usually has one of
the largest magnitudes and contributes significantly to the systematic uncertainty
[San+19; [Lan+21a]. While there exist ion species that feature insensitive
clock transitions, such as ?Al" [Mar+25b] and In™ [Hau4-25], they tend to not
possess Doppler cooling transitions in the visible range, necessitating sophisticated
cooling and detection techniques. One notable exception is Lu™, which possesses a
BBR] shift-insensitive clock transition while still allowing for classic cooling and
detection methods [Arn+18]. An accurate determination of the [BBR]shift requires
a precise measurement of the dynamic polarizability Aa()) in the infrared as

well as an inference of the effective [BBR] temperature T,g the ion experiences.
For methods to determine Aa(\) with low uncertainty, refer to [Chapter 4] and

Chapter 5|

Tog=To+ 0T for ion traps consists of two components: the background temperature
Tp of the laboratory the ion trap is situated in and the effective heating 07T of
the ion trap due to [RF] currents induced by the trap drive. T is measured with
sufficiently high accuracy using multiple Pt100 sensors around the vacuum chamber
and is not the limiting factor for ion trap shifts in this setup. 67 on the
other hand, is more difficult to determine, since the generated heat in the trap can
be distributed very inhomogenously, if the trap is not specifically designed using
materials with high thermal conductivity |[Dol+15; Nor+-20]. In addition, the ion
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does not have a line of sight with all heated elements, which leads to a reduction
of the effective temperature depending on the trap geometry [Dol+15; |[Nor+-20].
All in all, the accurate determination of §7" usually necessitates special ion traps
and extensive [Finite Element Modelling (FEM)| to reach a sub-Kelvin effective
temperature uncertainty. A comprehensive study of effective temperature increase
determinations and subsequent shift uncertainty calculations is found in
[Dol+15]. The ion trap design used in this work is specifically studied in [Nor-20],
but relies on the high thermal conductivity £=175W/(m K) of the AIN carrier
material [Nor+20]. The system in use here uses Rogers 4350B with a thermal
conductivity of k=0.7W/(mK) [Nor+20|, significantly altering the temperature
distribution when the trap is operating. This makes the shift estimate
based on [Nor+20| unreliable for the system discussed here.

In contrast, I employ a different method to estimate the effective heating 07T
for traps that are not specially designed for low and homogeneous heating. The
dominant heating source is the ohmic resistance of the trap material, which causes
Joule heating (); proportional to the power circulating in the trap Prp. The
effective temperature increase 07" is linearly related to (); under the assumption
that thermal radiation does not contribute significantly to the balance of all heating
and cooling sources of the system as a whole. This means that the effective heating
at two different power settings P, and P, =kP; leads to a difference in the

shift Avqy of

20
Avyg = vy — 1y = _@A%u +1n) ((T0 + k0T — (T + 5T)4) . (6.13)

which can be used to determine §7" and consequently extrapolate the measured
frequency to 07'=0 or the well-known background temperature Ty. The only
requirements for this method to produce the correct unperturbed frequency are
that the effective temperature increase is proportional to the power and that
all other potential frequency variations have been taken into account correctly.

Heat flow due to thermal radiation Pg is proportional to the surface area A of the
hot body and its temperature T" to the fourth power

Pr = ec AT*, (6.14)

where o is the Stefan-Boltzmann constant and ¢ is the emissivity of the body.
Let’s assume for now that this is the only heat conduction mechanism and the
power Pgrr is dissipated purely by radiation. Then it follows that the increased
temperature T'=Ty + AT above the reference temperature Ty without [RF]is given
by
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Par = Pr(T) — Pa(Ty) = 50A<(T0 +AT) - T(;*) (6.15)
= c AT} (4% +6(ATOT>2 +4(%)3+ (%)j (6.16)

Importantly, the first term in the expansion is still linear with respect to AT and
thus does not cause any error when relying on the linearity between the effective
temperature increase 67" and the applied [RF] power. For the ion trap in this thesis,
A~2x50mm x 50mm=>5x 1073 m?, T5=296 K, e=1 and Prr~0.5W as a worst
case scenario where about half of all RF] power is dissipated via radiation. This
is more than a factor of 10 higher than the typical radiative losses in ion traps
[Dol+15|. With these parameters AT =15.7K and the relative nonlinearity u is
equal to

6(AT/To)" +A(AT/Ty)” + (AT/Tp)"
n= AATT,

2 1

(6.17)

so any relative uncertainty w(d7")/d7T smaller than 10 % may have to take radiative
nonlinearities into account. However, most of the heat is dissipated due to thermal
conductance between the ion trap and the optical table at a lower temperature. So,
the nonlinearity does not need to be taken into account in this measurement.

This measurement allows for a small uncertainty, because the differential polariz-
ability of the ®Sr™ clock transition is known with comparatively high accuracy
Aage=—4.7938(71) x 107*° Jm? /V? [Dub+14]. More details on this quantity and a
disagreement between different methods to determine it are discussed in
Three different powers Prp=(4+0dB,+3dB, +6 dB)~ (F, 1.995F, 3.981F,) are in-
put into the ion trap and the frequency ratio R (To + P/Py x 5T) =vs/VEs (T 0o+ P/Py x 5T)
is measured against a separate unperturbed "'Yb' single-ion clock Ybl
[San+19]. Ty can be determined with an uncertainty of 0.2K using a Pt100
sensor and is 296.7(2) K. From these measurements and a nonlinear least-squared
regression of the data with [Eq. (6.13)|an effective temperature increase at Prp = F
of 6T'=0.6(1.0) K is determined. The data, their corresponding uncertainty and
the best-fit line are shown in [Figure 6.2] This results in a fractional shift of
537.9(7.6) x 1071 at this setting. Due to the linear increase in 6T, the uncertainty
increases correspondingly at higher [RF] powers.
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Figure 6.2.: BBR shift estimate due to trap heating. The frequency ratio Ry between the
88Srt clock and an unperturbed 1 Yb* clock [San+19] is measured for
three dz’ﬁerent power settings Prp=(+0dB,+3dB, +6 dB) relative to an
initial setting Py, shown in blue, purple and red, respectively. At this initial
setting, the frequency ratio Ry pes at the tempertature Trep=To + 6T (FPo)
is determined. The error bars only indicate statistical uncertainties. The
background temperature Ty varies slightly over the measurement period and
is determined with a Pt100 sensor in the laboratory. The black line shows the

best-fit curve of|Eq. (6.13)| as determined by nonlinear least-squares regression
and the gray shading corresponds to the uncertainty when all differences

in temperature are attributed to heating of the trap. With this data, it is
possible to determine 6T (Py)=0.6(1.0) K and corresponding higher values
for the other power settings.

AC Stark shifts The second relevant source of Stark shifts for an ion clock
is the intensity I(\) of radiation with wavelength A at the position of the ion,
so-called [A(] Stark shifts. These appear to residual laser radiation from the cooling
beams or the clock laser itself. As discussed in only the averaged Stark
shift over many oscillation periods is observable. Only the scalar shift proportional
to Aag(A) is relevant for the shift of the clock frequency, because the tensorial
shift is averaged with the same technique as the electric quadrupole shift. This
requires that the tensorial shift is equal for each cycle averaged, which may not be
the case, if e.g. the clock laser intensity is varied between each cycle.

During the interrogation of the clock transition all beams other than the clock
laser are blocked with mechanical shutters as described in This means
that the only laser-induced Stark shift is due to the 674nm laser itself with a
scalar differential polarizability Aag(\)=—28.1(7.0) x 107 Jm?/V? [Mad+04].
The maximum intensity of the clock laser at the ion position is 7.0(3.5) "W /mm?
which corresponds to a fractional Stark shift is 0.126(65) x 1078, negligible
compared to the overall systematic uncertainty.
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Motional Stark shifts The third source of Stark shifts in ion traps is due to ion
motion. In the center (7= (0,0,0)") of the ion trap, no electric fields Ezm/e%?
originating from the trapping potential perturb the particle (as can be seen in
Eq. (2.15))). This is in contrast to optical clocks with neutral atoms, which require
large laser intensities to confine atoms sufficiently well, which incurs substantial
Stark shifts, if they are not operated at a magic wavelength [TKO03|.

But the ion does not reside in the center of the trap during the whole interrogation
of the clock transition. As discussed in [Section 2.1], secular motion and micromotion
both cause the ion to leave the center and it experiences an electric field. This
causes a Stark shift, which has to be determined and corrected for. In general, for
an oscillatory motion caused purely by an electric field E(t) with amplitude
arms and angular frequency w results in the following averaged squared electric
field (E*(t))

(B2(1)) = adpsw’ = (6.19)

¢
where m is the ion mass and ¢ the ion charge. If the ion possesses a temperature
T along one axis of motion, (E?(t)) can be expressed as

m
—

(E*(t)) = kBTw2q (6.20)

with the Boltzmann constant kg, since afyq=kpT/(mw?) when the ion velocity
is well described by a Maxwell-Boltzmann distribution. If all three axes of motion

have the same temperature, (E%(t)) =3kgTw?m/q*. The Stark shift due to this
ion motion is then given by [Dub+13|

3 mw?
AVgtark = —§k’BTAoz(w) 7z

(6.21)

An important point is that Aa(w) is the combination of the scalar Aag, vectorial
Aay and tensorial Aar dynamic differential polarizability at the angular frequency
w, and thus depends on the direction of the magnetic field. The vectorial shifts
are averaged to zero by interrogating positive and negative Zeeman states (the
same way as linear Zeeman shifts) and the tensorial shifts are averaged to zero by
interrogating states with different m? as described in Consequently,
only Aag(w) remains and since the motion of the ion is determined by fields,
Aag(w) = Aage.

Doppler effect If the ion moves with the velocity ¢ with respect to a laser
beam propagating along the direction k, the frequency of the laser is shifted by
[HMS79]
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Avp 1—fBcos(f) 1
T Vi-8 cos(@)8 — 55" (6.22)
Foeos@OF - Sp10(),  (623)

with f=|0|/c and 0:<{(17, E) Since the ion is confined within the Lamb-Dicke

regime [Dichb3] and interrogated over many cycles of its motion [Fis97; |Cho+-10],
all terms of Avp proportional to cos() average to zero and the remaining Doppler
shift is

CRRTT R [ AN

Vo 2 2 8 * I

The terms proportional to 3* and higher are disregarded due to their small
magnitude. The motional sidebands of the ion can additionally lead to a line-
pulling effect that disturbs the center frequency, but this effect is usually small in
optical clocks with well- separated sidebands [LMEQ7].

If the motion is thermal at a temperature 7', the Doppler shift can be specified
more explicitly, since (v?)=kgT /m per motional degree of freedom. Then the
Doppler shift for motion in at a temperature T is

AVD> . 3kgT

Vo 2me?’

( (6.25)

If on the other hand the motion is due to an oscillation with amplitude arys
and angular frequency w, the Doppler shift is equal to

Avp a?  w?
B 6.26
” ) ¥ (6.26)

{

Total motional shift The Doppler and Stark shift due to ion motion are not
independent of each other, since they have the same source: the motion of the
ion itself. For this reason, it makes sense to combine them and potentially profit
from cancellation effects, e.g. the magic frequency discussed in [Section 4.1, For
oscillatory motion along one axis with amplitude arys and angular frequency
w, the combined Stark and Doppler shift is [Dub+-13]

AVM

{

- <AI/D + AVStark> _ Ghygw’ (1 m?c? wQAadc)‘ (6.27)

v Vo 2¢2 q? hvg
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If the motion is thermal with temperature 7', the combined motional shift is

2ty

Vo v 2mc?

( Avp + AVStark> _ kgT (1 m?c? wQAode)‘ (6.28)

7 huyg

These relations describe frequency shifts due to intrinsic micromotion (Avpyint),
excess micromotion (Avjgexe) and secular motion (Avygc) along the radial axes
of the ion trap. The axial motion, on the other hand, does not have an intrinsic
micromotion component in a linear trap, since the confinement is due to a static
potential. This results in the following total motional shift

I ) B N (S C RRC

14 14 14 14
0 m7y 0 x?y7z 0 0

which can be rewritten as

Avpr total kp
L - 2T, + T, T, 6.30
( ” ) 5 (T, +T,) + (6.30)
m2c? 2 Aay w? w? w?
‘AT, 1+2=2 T,[1+2-L T.-=2 31
i x( + QZ>+ y< +255 | + Tz | | (631)

+ Z<AVM’QX°> , (6.32)

Y,z VO

with the temperatures (TI,Ty,Tz) and angular secular frequencies (wx,wy,wz)
along the three axes of motion as well as the trap angular frequency €). Since
w/Q=0.1, the Stark shifts due to secular motion are suppressed by a factor of 100
compared to the Stark shifts due to micromotion and often ignored [Dub+13|. The
temperatures of the ion along the three axes including motional heating during
the clock pulse are (T, T, 1) = (0.5(1), 2.0(3), 2.5(4))mK, leading to a fractional
thermal motional shift of —3.01(31) x 1078,

A mean squared electric field (E£?) the ion experiences due to excess micromotion
can be related to [Eq. (6.27)| with a%y=¢*/m?/Q*(E?). This results in the total

excess micromotion shift

AV exc ¢ m2c? Q2 Aage
D) = s (1 + e | (B2 + (B) +(22)). (639

2
10} q

x7y7z

I[Equation (6.33)[implies that the excess micromotion has to be measured along all
three directions of motion to accurately correct for it. [Equation (6.27)| shows that
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all shifts due to an oscillation at angular frequency w are suppressed if [Ber+98;
Dub-+14]

2 h 140

2 4q
= m2c? Aage |
in which case €2 is called the magic frequency as discussed in [Section 4.1} Typically,
intrinsic and excess micromotion shifts are suppressed this way (if possible), since
Stark shifts due to secular motion are small anyway. FExcess micromotion is
determined with the photon-correlation method discussed in and
[Kel+15]. (E?) is minimized by applying electric fields to the ion to move it
to the trap center. In a linear trap, this allows for zeroing (E7) and (E?), but the
component along the trap axis (E?) cannot be influenced. In this trap, for the
lowest trap depth employed (+0dB) the axial El electric field due to excess
micromotion is /(F?2?)=320(70) V/m at an @ frequency of 13.28 MHz, leading
to a fractional shift of —15.1(6.6) x 1078, A different frequency of 12.8 MHz
was employed as well for some part of the data, leading to a different micromotion
shift. This is also the case for larger powers, since (E?)~ Pry, so all data are
corrected for their excess micromotion shift by different amounts.

(6.34)

Collisional shift Collisions of the background gas with the single trapped ion
cause frequency shifts in two ways [Han+19a]. On the one hand, a collision imparts
kinetic energy onto the ion without disturbing the coherence of the ion with respect
to the laser directly. This effectively increases the Doppler shift due to thermal
motion of the ion for a single cycle and is called the time-dilation component
[Han+19a]. On the other hand, a Langevin spiraling collision completely dephases
the ion with respect to the laser, causing a 7/2 phase shift in the worst case. Due
to the high mass of ®¥Sr™ compared to hydrogen, the dominant component of the
background gas, the Langevin collisions dominate the collisional shift estimate.
Since the presence of the ion in the trap after spectroscopy is checked before using
the frequency information for the servo, collisions that heat the ion so much that
it is in a high motional state are discarded. This further reduces the collisional
shift. With the background pressure of 6.2nPa determined in and
the shift coefficient Av.on =80kHz/Pa [Mad+04] the maximum fractional shift is
1.1 x 107'8, which I take as the full uncertainty.

Servo error Usually, the angular laser frequency wy, drifts during the interroga-
tion of the clock transition, leading to an offset between wy, and wy of

Awp(t) =wp(t) —wo = Awp(0) + a x t, (6.35)

where « is the drift rate of the laser. Since the clock transition has to be interrogated
multiple times (four times in this work) before an error signal is generated and the
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clock laser frequency corrected, the laser drift causes an offset of the frequency the
clock produces from its unperturbed reference value [PST05]. A review on drift
and noise induced servo errors is found in [Lin+23].

In the case of the Sr clock laser, it is directly phase-locked to the E3 clock laser
steered by the optical clock Yb1 as described in [Section 3.7] This clock utilizes a
second-order integrating servo to correct for the laser drift, producing a linearly
drift-free laser frequency (a«=0/(ss)). For this reason, the servo error due to laser
drift is equal to zero for sufficiently long averaging times. Magnetic field and tensor
shift drifts, on the other hand, affect the frequency of each individual interrogated
transition in a similiar way to a drifting clock laser. To limit the effect of these
drifts, the transitions 1,2 are interrogated in the following order

—5/2 —3/2 +3/2 +5/2 +3/2 —3/2
V iy =V 0m T Vijg = Vitpm Vi = V1) (6.36)
-3/2 +3/2 +5/2 +3/2 —3/2 —5/2
=V 1y D Vm Ve Vi TV s 2V g, (6.37)

which reduces the servo error due to cancellations of linear perturbations. The
residual servo error is determined with a Monte-Carlo simulation of the servo
algorithm with a magnetic field drift rate of 51 pT/h and tensor shift drift rate
of 28 mHz/h, which is the upper limit of the drift rates from available data. No
significant frequency offset is found with a fractional uncertainty of 0.70 x 1078,

Acousto-optic modulator chirp Within the clock interrogation sequence, the
clock laser beam intensity is changed by adjusting the power of an on
the ion trap table. losses within the cause a temperature increase of the
crystal, which lengthens it. This length change causes a first order Doppler shift
in the clock laser beam, changing its frequency with respect to the unperturbed
transition in the ion |[Kaz+16|. Phase differences A¢ due to the Doppler shift are
investigated directly in [Kaz+16] and A¢p=9mrad, 2 mrad are found for 1 W of
power and ty =2ms or ty =0.5 ms waiting time, respectively, with a minimum
cycle time of 30ms. Then, the expected phase error A¢ for a clock pulse with
time ¢ and a total cycle time to at an [RF] power P is

P 9mrad — 2mrad 30 ms

A pr—
¢ 1W 2ms—0.5ms i

x min(t,tg —t). (6.38)

The maximum effect in the clock sequence of this measurement occurs for P=
5mW,t=35ms, to=55ms and results in A¢=0.31 mrad. For the Sr clock laser
at a frequency of 445 THz, this corresponds to a fractional shift of Av/vy=
A¢/m x 1Hz/1p=0.22 x 107, Additionally, the undiffracted beam transmitted
through the is path-length-stabilized with a bandwidth of 10 kHz, primarily
to mitigate path-length fluctuations of the fiber connecting the clock laser setup

135

https://doi.org/10.7795/110.20260204



6. St /1™Yb" E3 frequency ratio measurement

with the ion trap. Since the temperature-change induced phase errors are common
mode to the diffrated and undiffracted beam to first order, a large suppression of
the chirp is expected, further reducing the effect on the clock laser frequency.
All in all, a fractional uncertainty of the clock of 0.10 x 10718 is assumed due to

chirps.

Second-order Zeeman shift The quadratic Zeeman shift due to the magnetic
field B is caused by magnetic field-induced mixing of the D, and ? Dy 5 states with
the transition frequency of the corresponding transition of vpp=28.404 382 THz
[Dub+13]. Independent of the averaging scheme employed, the center frequency
free of linear Zeeman and tensorial shifts is offset from its unperturbed value by
[Dub+13]

—

B )2M. (6.39)

A 2 (k=
VZeeman, Quadratic — =
VDD

15\ h

During this measurement a static field of 4.48 pT is applied to define a quantization
axis, which causes a fractional frequency shift of 0.1409(3) x 10718, Additionally,
the magnetic component of the field causes a fractional frequency shift of
0.0519(7) x 107'® |[Dub+13]. The fractional third order-shift is expected to be
on the order of 1072% from the relative scaling of the linear and quadratic shift
and negligible. The [AC| Zeeman shift due to currents induced by the trap drive
causes a fractional shift of 7.67(70) x 102! as discussed in , negligible
compared to other systematic shifts.

6.3. Frequency instability and multi-ion operation

The frequency offset between the Sr clock laser and the optical transition is adjusted
based on the weighted average of all interrogated transition frequencies. This allows
for the determination of the optical frequency ratio R(t) =vg+(t)/ves(t) between
the ®¥Sr™ clock and the *"'Yb™ [E3| clock Yb1 [San+19]. Due to the comparatively
small signal-to-noise ratio of single-ion clocks, R(t) is dominated by , SO
averaging of R(t) over time is necessary to reduce its statistical uncertainty g,
The Allan deviation o,(7) of R(t) discussed in after averaging time
7 determines g,y and follows the white noise scaling o, (7)~1/+/7 for 7>100s
as shown in [Fig. 6.3] For shorter times the instability is below the limit,
because the Sr clock laser is phase-locked to the clock laser with low instability
essentially given by the Si resonator [Mat+17].

If the noise sources are known, the expected instability can be estimated by a
Monte-Carlo estimation of the servo algorithm. This produces an instability of
0, (t)=4.8 x 1071/ /7 /s for the *Sr" frequency vs,, in agreement with the data.
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This confirms that the clock is limited by from the interrogation time of the
individual transitions, limited by magnetic field noise.

The system is also operated with three 58Sr™ ions simultaneously, which all produce
an error signal for the clock servo. This increases the signal-to-noise ratio and can
reduce the instability of the clock frequency by up to a factor v/3. Due to the
position along the trap axis and the presence of other ions, the electric field gradient
is different for each ion, causing variations in the quadrupole shift |[Kel+19]. Since
only a single beam interrogates all ions simultaneously, these frequency shifts need
to be minimized as much as possible to not observe broadening of the excitation
spectrum. This is achieved by setting the quantization axis at the magic angle of
54.7(4)° with respect to the trap axis, where any shift due to an axial field gradient
is minimized. Additionally, the cooling and detection time of the overall excitation
of the crystal are increased to 15ms to distinguish between all four excitation
states (0-3 ions dark) reliably with the spatially integrating [PMT]

Running the clock with these settings reduces the instability to o,(7)=3.3 X
10715/ \/7'_/8, consistent with a Monte-Carlo simulation of the servo algorithm,
taking the additional delay due to cooling and detection into account. This was
the first direct observation of instability reduction by interrogating multiple ions
in a linear trap to my knowledge. Additionally, the observed frequency ratio
with three ions is consistent with the single-ion ratio up to a fractional difference
of 27(33) x 107!, consistent with zero. This supports the assumption that no
unrecognized frequency shift changes the frequency of the multi-ion clock by a
significant amount.
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Figure 6.3.: Allan deviation of Sr/E3 frequency ratio. The Allan deviation of the
optical frequency ratio R(t)=vg+(t)/vEs(t) is dominated by the instability
of the %8Sr* clock, since oy(1s) =1 x 1071 for the reference clock
(Dor+21]. For averaging times below 100s, the instability is below the
limit, because the respective clock lasers are phase-locked to each other and
referenced to the Si resonator (Mat+17]. From an averaging time of 100 s
onwards, the instability follows the expected white-noise behaviour consistent
with at an instability of o,(t)=4.8 x 1071/\/7/s. This value is
determined independent from the data with a Monte-Carlo simulation of the
servo algorithm, shown as a dashed-dotted line. The instability reduces to
oy(t)=3.3 x 10_15/\/7% when interrogating three *°Sr* ions, consistent
with the servo algorithm simulation when the additional dead time during
cooling and state detection is taken into account.

6.4. Frequency ratio measurement and absolute
frequency determination

By operating the **Sr* S 5 — Ds» and ""'Yb T [E3|S) o(F =0) — Fy/o( F =3) single-
ion clock in between October 2021 and July 2022, the optical frequency ratio
R =vg,+/vEs is determined at three different power settings and is shown
in [Fig. 6.4 The systematic frequency offsets from the unperturbed reference
are determined separately for each measurement run and are corrected for. The
statistical uncertainty is determined from the Allan deviation extrapolated to the
total measurement time under the assumption of white frequency noise. All data
are consistent with a single mean value R =0.692671 163 215966 061(16) where
the fractional total uncertainty of 23 x 107!® consists of a statistical uncertainty
of 9.8 x 107 and a systematic uncertainty of 20.5 x 10718, The systematic un-
certainty is larger than the minimum in [Table 6.1} because the [BBR] shift and
micromotion shift uncertainties increase with the [RF] trap power. This is the
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6.4. Frequency ratio measurement and absolute frequency determination

first determination of this optical frequency ratio and it has a total uncertainty
about a factor of 5 smaller than the best systematic uncertainties of primary Cs
standards [Szy+16; (Wey+18; [Hot+23; Bea+25]. After publication of [Ste+23], an
international clock comparison campaign allowed for determination of the optical
frequency ratio Ryt between the 831 clock and Yb1 at [PTB| via a|Global
Navigation Satellite System (GNSS] link [Lin+25c]. The fractional difference in the
optical frequency ratio AR/R=1 — Ryrr/R=0.05(12) x 107! is consistent with
Zero , further supporting the performance of ®Sr™ as an optical frequency
standard. The increased uncertainty compared to the systematic uncertainty of
both ion clocks is due to the link uncertainty.

¢ +0dB
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Figure 6.4.: Frequency ratio measurement. The frequency ratio R=vg+ [VEs is shown
as a fractional deviation from its mean value R for various measurement
intervals between October 2021 and July 2022. The measurement is carried
out at three different[RF] trap settings to determine the effective temperature
increase of the ion trap above the laboratory temperature. All data are
consistent with a single mean value with the statistical uncertainty shown in
dark gray and a total uncertainty shown in light gray.

Since both ion traps are situated in Earth’s gravitational potential ® at different
positions, there exists a gravitational redshift between them, which affects R
[Ein16} |Tak+16; [Tak+20]. Since the clocks are set up in the same laboratory space,
the primary difference in ® is due to the height difference Ah between the ions.
This causes a gravitational redshift

A A
Veraw _ 95N (6.40)

Vo c2

where ¢ is the local gravitational acceleration. An absolute value of g is determined
by a measurement with a gravimeter on campus and geometric levelling
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from the measurement point to a reference position in the clock laboratory. The
result is that g =9.725(4) m/s? in the clock laboratory. A review of geodetic
methods to determine gravitational redshifts for clocks is found in [Den+18]. Ah
is measured via geometric levelling between the optical tables and an estimate of
the ion position relative to the optical table by a laser beam that is focussed onto
the respective ion. This results in Ah=hg+ — hgz3=0.121(3) m and a fractional
gravitational redshift of —13.16(33) x 1071%. The value of R already takes this
correction into account.
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Lindvall 2025 (CsF)1 ccrroos W
Marceau 2025 (TAI)1 "
Marceau 2025 (CsF)1 -
Lindvall /Pizzocaro 2025 -
Steinel 2023
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+
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Figure 6.5.: Absolute frequency of the 3Sr* clock transition. The determination of the
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absolute frequency of the 83Sr* clock transition by various research institu-
tions over time is shown. [Dub+05; | Mad+12;|\DBG17;|Jia+22; |Mar+25a
were performed at[NRQ| [Mar+04; [Bar+14)] at[NPL and [Lin+25d}; |Lin+25

at . Additionally, after publication of [Ste+23] an additional frequency
ratio measurement between the 3Sr* clock of |VT| and the same "' Yb*
clock of [PTB Yb1 was published via a [GNSY link in an international
clock comparison campaign . Both this value and the one presented
in this thesis are the absolute frequency derived from the optical
frequency ratio and the 11 Vb7 frequency . New measurements
from [NR( [Mar+25d] and [Lin+25d|] with reduced uncertainty against
both a local Cs clock and the [Temps Atomique International (TAT) ensemble
were also published recently. All data except for JBaN—M} are consistent
within 20, while the latter point shows a significant deviation. It heavily
influences the current recommended frequency of the 88Sr™ clock transition
as a secondary representation of the second (CCTF 2021) depicted as a red
line with the red shading being its uncertainty . A new evaluation
of the recommended frequency was presented recently (CCTF 2025) and
is shown as a blue line with its uncertainty shaded in blue . It
agrees with the recent determinations of the 8Sr* clock transition frequency
and has the same fractional uncertainty of 0.17 x 1071 as the other optical
standards limited by Cs clocks.
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6.4. Frequency ratio measurement and absolute frequency determination

To compare the result with values already measured in other works, R is
multiplied with the absolute frequency vgs = 642121496 772 645.10(8) Hz
[Lan+21a] to determine the absolute frequency of the ®Sr™ clock transition
Vg, + =444 779044 095 485.278(59) Hz. The uncertainty of vg.+ is limited by the
systematic uncertainty of the Cs fountain clock against which vg3 is measured
[Wey+18} [Lan+21a]. The value is shown in |[Fig. 6.5 together with determinations of
the same quantity by NPL} [NRC|and [VTT| [Mar+04; Dub+05; Mad+12; |Bar+-14;
DBG17} Jia+22; Lin+25¢; [Mar+25aj [Lin+25a].

vg,+ 1s consistent with all but one ([Bar+14]) previous measurements and has a
reduced uncertainty by a factor of 3 compared to the previous record [Jia+22]. A
new measurement from against a local Cs clock with further reduced uncer-
tainty was published recently [Mar+25a] and is offset from vg+ by 0.126(74) Hz,
a significance of 1.7¢. Similiarly, a recent measurement from [VTT] against the
TAI| ensemble results in an offset from vg+ of 0.095(74) Hz, a significance of 1.30.
These measurements produce the most accurate absolute frequencies to date. Since
these offsets are very similiar for the value of vg+ derived from the optical ratio in
[Lin+25¢c] using [Lan+21a] as a reference for the ' Yb* absolute frequency vgs, it
is likely that vgs is the source of this slight disagreement. Importantly, the rec-
ommended frequency as a secondary representation of the second [Mar+24] is not
consistent with all determinations from 2022 onwards [|Jia+22; |Ste+23} Lin+25¢;
Mar-+25aj; Lin+25a]. This is because the value in [Mar+24] is heavily influenced
by the inconsistent value from |[Bar+14]. A new evaluation of the recommended
frequency by the [Consultative Committee for Time and Frequency (CCTF )| was
presented recently |[CCT25] with the value vg+ =444 779 044 095 485.347(76) Hz,
consistent with all recent determinations of this quantity. This shows that mea-
surements of clock frequencies by multiple entities are important to check potential
inconsistencies, particularly if an optical standard is supposed to replace Cs as the
primary frequency reference |Dim+-24].

Conclusion Operation of YbSrl as a single-ion optical frequency standard in
combination with a novel method to determine the trap-induced shift allows
for the first determination of an optical frequency ratio R with a ®*Sr* clock. The
total uncertainty of R between the **Sr* clock transition and the '™Yb™ clock
transition of 23 x 107!8 is significantly smaller than the systematic uncertainty of
the best Cs clocks [Szy+16; Wey+18; [Hot+23; Bea+25]. The absolute frequency
calculated from R and vgz [Lan+21a] supports a readjustment of the recommended
value for vg+ together with other recent determinations of this quantity |Jia422;
Lin+25c; Mar+25a]. Additionally, multi-ion operation of the clock with three ®*Sr™
ions shows a reduction of the clock instability consistent with the expectation from
servo simulations, a key feature of multi-ion clocks.

An ion trap with reduced axial micromotion and better thermal conductivity is a
straight-forward path towards a ®Sr™ clock with smaller systematic uncertainty.
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YbSr2, a second-generation apparatus, fulfills these requirements and is currently
being evaluated. Axial micromotion is reduced to below 100 V/m at sufficiently
high trapping depths and the resonator is modified such that operation at the
magic frequency is possible. The trap is the version presented in [Nor+20] with
similiar heating of the trap body. All in all, this positions YbSr2 as a ®*Sr™* clock
with an uncertainty in the mid 107 regime. Also, up to 10 ions are already
interrogated simultaneously with a significant reduction in the instability. This
shows that %8Sr™ is a serious contender for the redefinition of the second based on
an optical transition [Dim+24].
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This thesis reports on the setup, operation and evaluation of the first multi-ion,
multi-species optical clock YbSr1 in the group Optical clocks based on trapped
ions at [PTB| It employs the [E2| 25 /o(F =0) —2D3/5(F =2) and 25 (F=0)—
2Fyo(F=3) transitions of *"*Yb™* and the 2S172—2Ds)» transition of ®Sr.
Measurements on the ®Sr" clock transition allow for more accurate determinations
of systematic frequency shifts on the ™' Yb™ clock transitions and it is also operated
as an optical clock on its own.

7.1. Polarizability ratio measurement and BBR
shift uncertainty reduction

Quadratic Stark shifts on the clock transitions are a key effect investigated in
this thesis. They limit the fractional uncertainty of the '™Yb™ [E2| and [E3| clocks
operating at room temperature to 28 x 107! and 1.5 x 1078, respectively, due
to the Stark shift induced by BBRI|Eq. (4.25)l Aaq. is determined from optical
power measurements of infrared laser radiation with a fractional uncertainty of
approximately 2 % [Hun+16; Bay+20], which limits the uncertainty of the clocks
even if T is known with low uncertainty. For ®Sr* Aay. is known with a fractional
uncertainty of 0.04 % [Dub+14} Lin+25b|, which allows for operation of an optical
clock based on this transition at room temperature with a fractional frequency
uncertainty below 1 x 10718,

The scalar quadratic Stark shift Avgiac due to a laser with center wavelength A
and intensity I(\) also is related to the scalar differential polarizability Aag(\)
[Eq. (5.8)] At a wavelength of 10.6um, close to the maximum spectral energy
density for room temperature the fractional difference between Aag(10.6 pm)
and Aagc is smaller than 1% for the ®Sr* clock transition. This means that
measuring the ®¥Sr" frequency shift induced by a CO, laser allows one to determine
1(10.6 pm) with small uncertainty. Consequently, by measuring the light shift on the
YT clock transitions perturbed by the calibrated laser intensity, Aag(10.6 pm)
is determined with an uncertainty ultimately limited by the knowledge of the
8Sr™ polarizability. This method was first proposed in [BAS19] and employed in
[Wei+24| for measuring the differential polarizability of the Al* clock transition
at a perturbing wavelength of 1068 nm. Due to the large polarizability difference
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between Aage and Aag(1068 nm) for the clock transition of Ca™, the measurement
uncertainty is limited to a fractional value of 2.9 %.

In contrast, here the difference is smaller and in addition is confirmed from
a measurement of the magic wavelength at 1538.75(10) nm consistent with the
theoretical prediction while reducing the uncertainty by a factor 150 [Bar+22|. This
enables polarizability ratio measurements with negligible additional uncertainty
due to the extrapolation from Aage to Aag(10.6 um). Such a polarizability ratio
measurement is performed between the transitions of 881" and "'Yb™ to
a fractional uncertainty of 0.13 %, limited by statistical uncertainty and with
significantly reduced uncertainty compared to previous determinations [SPT05;
Bay-+20]. With separate polarizability ratio measurements between the '"'Yb™*
and transitions, Aag(10.6 pm) for the clock is determined with a fractional
uncertainty of 0.33 %, limited by the measurement of the tensorial polarizability
contribution. This is also a significant reduction of the uncertainty for this
quantity [Hun+16; Bay+20|] and allows for operation of the and [E3| clock at
room temperature with a fractional uncertainty of 0.84 x 107! and 0.24 x 1078,
respectively. This allows for a total fractional uncertainty of both '™Yb™ clock
transitions below 1 x 107!, But the values of Aag for the ™'Yb™ clock transitions
determined with reference to the ®¥Sr™ polarizability differ by a fractional value
of approximately 14 % from the values determined in [Hun+16; Bay+20]. This
changes the shift by —99(28) x 107! and —11.9(1.5) x 10~'® compared to
the determination in [Bay+20] for the [E2/and transition, respectively, if the new
value for Aag is adopted. To summarize, if the optical intensity measurements are
employed for the [BBR]shift correction at a temperature of 300 K, then

A Sr

% — 486.9(8.3) x 10718 (7.1)

A E2

% = —525.0(9.0) x 10718 (7.2)

A E3

SIBBR _ _70.7(1.2) x 1078, (7.3)
1%

while the magic{RF}based measurements result in

A Sr

% = 562.06(42) x 1071 (7.4)

A E2

% — —606.11(84) x 10718 (7.5)

A E3

ZUBBR _ _81.59(24) x 107", (7.6)
1%

These uncertainties can be reduced further by accumulating more measurement
time and by minimizing the tensorial contribution to the overall Stark shift at the
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magic angle of the magnetic field direction with respect to the laser polarization
vector. Since the tensor shift is also more sensitive to temporal and spatial magnetic
field gradients at the magic angle, this requires an investigation of the magnetic
field differences between the ®Sr™ and '™ Yb™ clock transition interrogation time
with higher accuracy to measure Aag with a fractional uncertainty significantly
below 0.04 %. This then allows for ''Yb* [E3| room-temperature clocks with below
1 x 1071 fractional shift uncertainty, if sufficiently precise temperature
measurements are available.

7.2. Comparison between polarizability
measurement methods

The values of Aag for the ™Yb™ clock transitions determined here differ by a
fractional value of approximately 14 % from the values measured in [Hun+16;
Bay+20]. To investigate this offset, Aag(10.6 um) is measured independently
from the method in [Dub-+14; [Lin+25b|. Instead, the same method employed
in [Hun+16; Bay+20| is used in this thesis. Since the scalar Stark shift Avgg,ik
of the clock transition frequency due to laser radiation with center wavelength A
and intensity I()) is given by [Eq. (5.8)] a measurement of I()\) and the light shift
corresponding to this intensity allows for a determination of Aag()). For a circular
Gaussian beam with waist wy and optical power P, the time averaged intensity
is proportional to P/wZ, which means that both P and wy need to be known to
with sufficiently low uncertainty to infer I(\). P is determined from optical power
measurements with a calibrated photodetector and wy is inferred from displacement
of the beam over the ion while recording the scalar Stark shift. This way, the
peak intensity and peak light shift are measured and used to calculate Aag(\).
For ®Sr™, the value of the differential polarizability shows the same discrepancy
from the value determined with [RF}induced frequency shifts [Dub+14} [Lin+25b]
of approximately 14 % as observed between the polarizability values on the *'Yb™
clock transitions. This reveals that the discrepancy is sourced in the two different
methods to determine Aag, not the ratio measurement. If one takes the average
of all light-shift based polarizability values, it is offset from the based values
by 13.7(1.6) %.

Which of the two methods, if not both of them, has an unrecognized systematic error
is currently unknown. Both methods produce internally mostly consistent results
between different laboratories, clock transitions, photodetectors, perturbing laser
wavelengths and evaluation procedures. This suggests that a common mode effect
inherent to the method itself is at fault. To gain more insight, a third independent
method to measure Aag in the wavelength range is advantageous. One
such method is to increase or decrease the temperature T of the ®Sr*
optical clock and check, whether the observed shift agrees with either of
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the two polarizability values. Such a measurement was performed between a
room-temperature and cryogenic Ca™ clock in [Hua+24], which shows agreement
between the based polarizability value and the observed frequency difference
between the clocks. This is not feasible in the current setup of YbSrl, since the
uncompensable micromotion shift is of similiar magnitude as the difference in
BBR|shift. But the upgraded system YbSr2 with lower micromotion and a more
accurate determination of 7" allows for such a measurement.

In general, reducing the overall shift reduces the sensitivity to the accuracy of
the polarizability measurements. This is possible with a cryogenic setup operating
at the temperature of liquid nitrogen (77 K) or liquid helium (4.2K). At these
temperatures the shift magnitude is reduced to 4.3 x 1073 and 38 x 107
of its value at 300 K, respectively. In addition, vacuum pressure [Pag+18] and
heating rates [Lab+08] are observed to be significantly reduced, which also have
to be determined with sufficient precision for optical clocks with a fractional
uncertainty below 1 x 107!, But these systems require more technical complexity
and optical clocks are susceptible to vibrations induced by the cooling systems,
so these challenges have to be weighed against the benefit of operating at low
temperatures.

7.3. Measurement of the ®*Sr*/'"'Yb™ E3 optical
frequency ratio

831 is a recognized frequency standard, listed as a secondary representation of
the second by the [Mar+24]. But no frequency ratio measurements between
it and other optical standards were available at the start of the work in this thesis.
For this reason, a measurement of the optical frequency ratio between the ®8Sr™
clock transition and the *'Yb™ transition is relevant to investigate **Sr* as a
potential candidate for the redefinition of the second [Dim+-24].

The dominant frequency offset from the unperturbed reference is the [BBR] shift,
which requires an accurate knowledge of the effective temperature T" at the ion
position. It consists of the background temperature Tj of the laboratory, determined
with temperature sensors outside of the vacuum system, and the effective heating
0T due to losses in the ion trap. Due to the low thermal conductivity of the trap
material, temperature measurements on the trap body do not provide a reliable way
to measure 07T'. Instead, the linearity between the power Prr and 07 is exploited
by measuring the frequency difference between the **Sr* clock and an unperturbed
reference system at different values of Pgrp. This allows for an extrapolation of the
trap-induced shift to 0T'=0K, where T'=T;. The uncertainties with which
T and the excess axial micromotion magnitude are determined, dominate the total
the systematic uncertainty of the clock, contributing about 10 x 10718,
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In this way, a measurement of the optical frequency ratio R between the %Sr™

and '"YbT clock transitions is performed with a total fractional uncertainty
of 23 x 10718, significantly below the uncertainty of the best primary frequency
standards [Szy+16; [Wey+18; [Hot+23; Bea+25]. This allows determination of the
absolute frequency of the ®*Sr™ clock transition using the measurement of the
frequency in [Lan+21aj, limited by the uncertainty of the reference caesium clock
[Wey+18|]. The value is consistent with all but one previous determinations of
the same quantity at a reduced fractional uncertainty of 0.13 x 107 [Mar-+04;
Dub+05; Mad+12; Bar+14; DBG17; Jia+22]. Additional measurements after
publication of this result in [Ste423] with similiar or further reduced uncertainty
corraborate this value as well [Lin+25c; [Mar+25a). But all recent measurements
[Jia+-22; Ste+23; Lin+25c; Mar+4-25a] of the ®*Sr™ frequency lie outside of the
range of the recommended frequency [Mar+424], which is heavily influenced by
the single measurement in [Bar+14] that as now been identified as inconsistent.
This suggests an unrecognized systematic shift that affects this value and provides
the basis for an adjustment of the recommended frequency. A new evaluation
of the recommended frequency by the was presented recently |[CCT25|
with the value vg+ =444779044095485.347(76) Hz, consistent with all recent
determinations of this quantity. This shows the importance of multiple independent
measurements of optical frequencies and frequency ratios with small uncertainty.

Additionally, the viability of YbSrl as a multi-ion clock is also investigated. Three
simultaneously interrogated ®Sr* ions show a reduced instability of the observed
frequency ratio consistent with expectation once additional deadtime is taken into
account. The optical frequency ratio also shows no significant offset from the single
ion result, supporting the assumption that all inhomogeneities are sufficiently well
under control at a fractional frequency uncertainty of 33 x 10718,

A 38SrT clock with better-known temperature 7 and smaller axial micromotion
magnitude allows for systematic uncertainties below 1 x 107 using the new
differential polarizability value [Lin+25b]|. This system already exists and is the
second-generation apparatus, YbSr2. It is informed by the successes and limitations
of YbSrl and focuses on multi-ion clock operation with up to 10 trapped ions.
While it is currently being evaluated, it is likely that the instability reduction scales
up to at least 6 ions and its systematic uncertainty is below 1 x 10718, Optical
frequency ratio measurements against the '"'Yb™ clock Yb1l also show no
deviations from white noise while resulting in a frequency ratio consistent with the
one presented here at a significantly reduced uncertainty. This positions **Sr* as
a strong contender for the redefinition of the second based on an optical reference
transition [Dim+24].
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A. Legend for optical elements
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Figure A.1.: The legend for optical elements used in the thesis.
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