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Zusammenfassung

Durchflusszytometer sind entscheidend für die Analyse von Blut und Mikropartikeln und ein
fester Bestandteil heutiger Medizinlabore. Es besteht jedoch weiterhin ein großer Bedarf darin
die Nachweisgrenze hin zu kleineren Partikeln zu verschieben, Forminformationen über die
Partikel zu gewinnen und verbesserte Koinzidenzkorrekturverfahren zu entwickeln um die
Messgenauigkeit weiter zu erhöhen.

Um die absolute Größe von (Sub-)Mikropartikeln zu messen, müssen die optischen
Parameter des Durchflusszytometers vorher bestimmt worden sein. Eine neue, einfache und
zeitsparende Methode zur Bestimmung dieser Parameter wurde entwickelt, bei der nur grobe
Startwerte der optischen Parameter benötigt werden. Die wahren Werte der optischen Parameter
werden mittels Differential Evolution durch die Optimierung von theoretisch berechneter
Streulichtintensität zu gemessener bestimmt. Für die Vorwärtsrichtung liefert diese Methode
stabile Ergebnisse mit geringer Streuung, während die Streuung in der Seitwärtsrichtung größer
ausfällt. Eine genaue Validierung ist jedoch nur schwer möglich.

Im Gegensatz zu herkömmlichen Durchflusszytometern, die nur einen Intensitätswert pro
detektiertem Partikel erfassen, wurde in dieser Arbeit der gesamte Durchgang eines Partikels
durch den Laser zeitlich erfasst. Durch die Auswertung der zeitlichen Breite des Pulses können
Koinzidenzen von gleichgroßen Partikeln deutlich präziser erkannt und korrigiert werden als z.B.
mit der Pulsfläche alleine. Unter Zuhilfenahme der Schiefe des Pulses konnten darüber hinaus
Koinzidenzen von deutlich unterschiedlich großen Partikeln größtenteils detektiert werden, was
mit den bisher üblichen Koinzidenzkorrekturverfahren nicht möglich ist. Ein Vorteil dieser
Methode ist der Erhalt des Zugriffs auf die individuellen Koinzidenzen und die Anwendbarkeit
der Koinzidenzkorrektur für Messungen in denen keine Poisson-Verteilung vorliegt.

Zusätzlich wurde eine statistische Koinzidenzkorrektur entwickelt, welche auf der expo-
nentiellen Wartezeitverteilung von aufeinanderfolgenden Events basiert. Aus der Wartezeit
für Events, die größer als eine definierte Abschneidezeit sind, kann über die Selbstähnlichkeit
der Wartezeitverteilung auf die Wartezeit der gesamten Verteilung geschlossen werden und
damit auf die statistisch korrekte Anzahl an Zählereignissen. Vorteilhaft an dieser Methode
ist, dass nur eine Messung für die Koinzidenzkorrektur vonnöten ist, ganz im Vergleich zur
Verdünnungsreihe bei der mindestens vier Messreihen mit unterschiedlichen Verdünnungen
gefordert sind.

Durch die Entwicklung von bildgebenden Durchflusszytometern wurde es möglich in
Seitwärtsrichtung Streulicht abzubilden. Für sphärische Partikel erhält man unerwarteterweise
anstelle einer kreisförmigen Abbildung mehrere helle Flecken mit einem Abstand, der in etwa
dem des Durchmessers des Partikels entspricht. Es konnte nachgewiesen werden, dass die hellen
Flecken in Seitwärtsrichtung für sphärische Polystyrol-Mikropartikel mit den aus anderen
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Bereichen bekannten Glare Points erklärt werden können. Ein Abbildungsmodell basierend
auf einer idealen Linse und dem Rayleigh-Sommerfeld Beugungsintegral wurde entwickelt,
um dieses Phänomen zu beschreiben. Theoretische Untersuchungen zu deformierten Kugeln
zeigten, dass bei einem hohem Brechungsindex von z.B. Polystyrol weitere regelmäßige helle
Flecken erscheinen, die bei undeformierten Kugeln nicht sichtbar sind.

Abschließend wurde die Eignung eines Quadrantendetektors zur Unterscheidung von
Kugeln und nicht-Kugeln theoretisch untersucht. Hierfür wurde ein Verhältnis R als Maß für
die Asphärizität definiert. Es stellte sich heraus, dass dieses sehr gut geeignet sein kann, da die
Reihenfolge der Seitenverhältnisse von verschiedenen Teilchentypen auch der des Verhältnisses
R über einen weiten Größenbereich entspricht. Vergrößert man die numerische Apertur, wird
auch das Verhältnis R vergrößert, was die Empfindlichkeit für Variationen im Seitenverhältnis
weiter erhöht.

iv
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Abstract

Flow cytometers are essential tools for the analysis of blood and microparticles and are a
standard component of modern medical laboratories. However, there remains a strong need to
lower the detection limit toward smaller particles, to extract shape-related information from
the particles, and to develop improved coincidence correction methods to further enhance
measurement accuracy.

To measure the absolute size of (sub-)microparticles, the optical parameters of the flow
cytometer must be known in advance. A new, simple, and time-efficient method has been
developed to determine these parameters, which only requires rough initial estimates. The
true values of the optical parameters are determined using Differential Evolution by optimizing
the agreement between theoretically calculated and measured scattered light intensity.

For the forward direction, this method provides stable results with low variance, whereas
the variance in the sideward direction is higher. However, precise validation remains difficult.

In contrast to conventional flow cytometers that capture only a single intensity value per
detected particle, here the entire transit of a particle through the laser over time is recorded.
By evaluating the temporal width of the pulse, coincidences of similarly sized particles can
be detected and corrected significantly more accurately than with, for example, the pulse
area alone. Using the skewness of the pulse, even coincidences of particles with significantly
different sizes could largely be detected—something not possible with previously established
coincidence correction techniques. An advantage of this method is the ability to access
individual coincidence events and to apply coincidence correction to measurements that do
not follow a Poisson distribution.

In addition, a statistical coincidence correction method was developed, based on the
exponential waiting time distribution of successive events. From the waiting times of events
that exceed a defined cut-off time, the waiting time of the full distribution can be inferred
using the self-similarity property of the waiting time distribution—thus enabling determination
of the statistically correct number of counting events. A key advantage of this method is that
only a single measurement is required for coincidence correction, unlike dilution series which
typically requires at least four different dilution steps.

With the development of imaging flow cytometers, it became possible to image scattered
light in the sideward direction. For spherical particles, surprisingly, instead of a circular image,
several bright spots appear, spaced approximately by the particle diameter.

It was demonstrated that these bright spots observed in the sideward direction for spherical
polystyrene microparticles correspond to the from other fields known Glare Points. An imaging
model based on an ideal lens and the Rayleigh-Sommerfeld diffraction integral was developed
to describe this phenomenon. Theoretical investigations of deformed spheres showed that, for
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high refractive indices such as polystyrene, additional evenly spaced bright spots appear that
are not visible in undeformed spheres.

Finally, the suitability of a quadrant detector for distinguishing spherical from non-spherical
particles was theoretically investigated. A ratio R was defined as a measure of asphericity. It
was found that this ratio is highly suitable, as the order of aspect ratios for different particle
types closely matches the order of R over a wide size range. Increasing the numerical aperture
also increases the ratio R, which further improves sensitivity to variations in the aspect ratio.

vi
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1
Introduction

Who would have thought in the 13. century that the discovery of glass stones, used as visual
aids for better reading, would open up a completely new perspective on the world. Experiments
with multiple combined lenses eventually led to the invention of the first microscope by Hans
and Zacharias Janssen in 1590 [2]. While the naked eye is limited by natural constraints, the
precise shaping of lenses made it now possible to magnify tiny structures that had previously
remained invisible and would have been unreachable. This marked the beginning of a scientific
revolution that fundamentally changed our understanding of biology, medicine, and physics.
About 100 years later, in 1674 Antonie van Leeuwenhoek rendered the first illustration of red
blood cells, described by him as "red corpuscles" [3]. After Antonie van Leeuwenhoek’s first
detailed observation of red blood cells, the pace of discoveries in microscopy and hematology
began to accelerate. Scientists soon realized that blood was far more complex than just
a simple red fluid. In the 18th century, William Hewson, often regarded as the father of
hematology, uncovered the role of fibrin in blood clotting and provided a clearer distinction
between red and white blood cells [4]. By the 19th century, researchers like Rudolf Virchow
further advanced the field by identifying and classifying blood disorders, including leukemia [5].
With each technological improvement in microscopy and staining techniques, scientists gained
deeper insights into the cellular composition of blood, paving the way for modern hematology
and transfusion medicine. An important step in this process was the invention of the Coulter
counter in 1953 by Wallace H. Coulter [6], the very first cytometer. This device revolutionized
hematology by enabling rapid and automated blood cell counting. It works on the principle
of electrical impedance: as cells pass through a small aperture submerged in an electrically
conductive fluid, they momentarily change the resistance of an applied electrical current. These
changes, or pulses, are recorded and correspond to the number and size of the cells passing
through. Unlike a microscope, which relies on visual observation, the Coulter counter allowed
for precise, reproducible, and large-scale cell measurements. The first demonstrated Coulter
counter was able to measure up to 6000 Events per second, surpassing the capabilities of human
counting by magnitudes[7]. Due to improvements in technique modern Coulter counters can
reach the recording of ten thousand events per second, as for example the Beckman Coulter
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Multisizer 4e [8]. However, a Coulter counter is still a limited cytometer, as it can only measure
cell size and concentration without distinguishing between different cell types of same size.

The first fluorescence-based flow cytometers, capable of differentiating cells based on their
physical and biochemical properties, were developed in the late 1960s and early 1970s [9–11]. A
flow cytometer works by suspending cells in a fluid stream and passing them one by one through
a laser beam. As the laser interacts with each cell or particle, the scattered light and possibly
fluorescence signals are detected, providing information about cell size, granularity, and surface
markers. By using fluorescence labeled antibodies, specific cell types can be identified based
on the presence of unique proteins on their surface. The scattered and fluorescence light is
focused by a microscope objective onto a detector, converting the counted photons into electric
signals. These are analyzed by a computer depending on predefined conditions and either
saved or discarded. A trigger algorithm is typically employed to detect the presence of a
particle in the laser beam, activating data recording and significantly reducing the amount of
generated data. This technique allows for rapid and highly detailed analysis of blood, cells and
particles, making it an essential tool in research, diagnostics, and even clinical applications
such as immune profiling. Numerous advancements in flow cytometry have led to modern
flow cytometers achieving reported speeds in the range of 100 000 events per second [12, 13],
however common counting rates of commerial devices are in the range of several hundred to
several thousand events per second [14, 15].

Such high event rates come with drawbacks. A measurement setup inherently has a dead
time during which a new event cannot be recorded. If the time between two consecutive
events is shorter than the dead time, the two events can no longer be distinguished and are
registered as a single event. This phenomenon is called coincidence. As event rates increase,
the likelihood of coincidences rises exponentially [16]. To mitigate this issue, one can either
slow down the measurement process—resulting in increased measurement time—or apply a
coincidence correction.

In this thesis, several approaches for the detection and correction of coincidences will be
presented. These methods rely on recording the entire passage of particle or cell through the
laser beam, generating a pulse shape. The pulse shapes are analyzed in a post-processing step
using parameters such as standard deviation, skewness, and kurtosis to extract additional
information. A requirement to this analysis is that the measurement setup is able to record a
temporal intensity profile. This is not standard in todays commercial devices. Conventionally,
the maximum scattering intensity in both the forward and sideward directions is measured
and visualized in a 2D histogram [15, 17]. By introducing more parameters to characterize the
pulse shape, data can be represented in 1D or 2D histograms as needed, enabling individualized
and customized analysis.

By modeling the trigger algorithm, the effects of coincident pulses on these parameters can
be simulated and identified in experiments. Using standard deviation and skewness, it is even
possible to detect coincidences involving two different types of particles, cells or as done here,
with erythrocytes and thrombocytes, in polydisperse suspensions. Once a coincident pulse is
identified, its pulse shape can be extracted as single event, allowing for a refined and more
detailed analysis.
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The current state of the art for coincidence correction stipulates a dilution series, as
outlined in the German Deutsche Industrie Norm (DIN) standard 58932 − 3 [18, 19, 16].
The International Council for Standardization in Haematology (ICSH) has also established
guidelines for coincidence correction based on dilution series, as specified in ISO 15193 and
ISO 17511 [20]. The drawback of this method is that at least four series of measurements
are required, and a dilution factor spread of four must be achieved. The counting rates for
different dilutions are then extrapolated to infinite dilution, yielding the statistically correct
number of events.

Although the dilution series method is highly accurate, it can be tedious, as it requires
measuring at least four different dilution steps. The alternative approach developed in this
work relies on a single measurement and is based on the recorded waiting time between two
consecutive events. The requirements for such a new approach remain the same: it should
be reproducible, accurate, and allow for an uncertainty analysis. For measurements following
Poisson’s law, the probability density of the waiting time exhibits a negative exponential
correlation [21]. It may seem counterintuitive, but the most probable waiting time for a
consecutive event is zero.

There is a shortest recordable waiting time—referred to in this work as dead time—limited
by the readout speed of the data recording, the trigger mechanism, and the pulse length.
Due to the self-similarity of the exponential function, it is sufficient to determine the mean
of all waiting times exceeding a certain cutoff threshold. From this, the true mean—and
consequently the true number of events—can be derived.

As mentioned earlier, the very first cytometers, such as flow cytometers and Coulter
counters, were a major improvement in cell and particle counting compared to manual
microscopy. However, microscopy still had one significant advantage: the ability to capture
images of the sample. Throughout the 20th century, all commercial devices were based solely
on counting cells or particles, with additional information obtained through staining or gating
intensity levels.

Amnis Corp.1, which developed the first commercial imaging flow cytometer, aptly
stated: "Seeing is Believing, but ImageStream® is Proof" [22]. In 2004, they introduced
the Amnis ImageStream® [23]. By enabling the capture of cell images—similar to traditional
microscopy—this technology provided a new level of spatial information. It became possible to
visualize and analyze cells based on their cell cycle, morphology, and composition, as well as
to virtually sort them in post-processing [24]. By 2015, just ten years later, there were already
over 500 peer-reviewed articles on imaging flow cytometry, with rapid advancements driven by
improvements in computer hardware [25].

Applications of this technology include distinguishing between live and dead cells (e.g., cell
necrobiology) [24, 26], determining the distribution of stained regions such as the nucleus-to-
cytoplasm ratio [27], sperm scoring [28], immunocytomorphological characterization of human
bone marrow [29], and analyzing extracellular vesicles [30, 31].

To achieve high flow rates while maintaining motion-blur-free images, exposure times must
be kept short. The latest generation of the Amnis ImageStream® addresses this challenge
using Time Delay Integration (TDI) technology [32]. In this method, the speed of the cells

1now Cytek Biosciences
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is measured using pre-mixed speed beads, and the CCD readout is synchronized with their
movement speed, significantly improving the signal-to-noise ratio.

In the setup used in this work, even the shortest camera exposure time is too long to prevent
motion blur. To counter this, the imaging laser illumination is triggered for an extremely short
duration, ensuring the illumination time remains brief enough to avoid motion blur. As a
result, the camera is exposed to light only for a fraction of its full exposure time.

With the advent of imaging flow cytometry, it also became possible to capture side-scattered
light. In the working Group 8.31 at PTB, an intriguing phenomenon was observed when
imaging spheres in the sideward direction. Instead of the expected spherical shape, two bright
spots appeared. This raised the question of whether these spots were measurement artifacts
or had a physical origin. Some publications on side-scattered imaging have reported similar
spots, yet no explanation or discussion has been provided [30, 33].

This observation led to the investigations in Chapter 4.3.2 on Glare Points. The observed
spots are, in fact, Glare Points, a well-known phenomenon in other fields such as spray analysis
[34–36]. By developing a rigorous model for imaging in flow cytometry and comparing sideward
images with experimental measurements, it becomes evident that the same effect is at play.
However, to fully describe the phenomenon, the physical model must be extended for large
numerical apertures and particle sizes in the Mie regime.

To date, the author has not found any simulations of aspherical particles or their potential
effects on Glare Point formation in the literature. In this work, the effects of particle
deformation—such as stretching or compression—on Glare Points will be investigated. When
high-refractive-index particles are stretched, additional bright spots appear on the particle
surface in the sideward image. It remains to be determined whether these spots are caused by
Mie resonances or surface waves.

Technically, particle stretching can be achieved by increasing the flow rate and narrowing
the flow cell, thereby applying shear forces to the sample. Depending on the stiffness of
the particles and the applied force, they deform into an spheroidal or bullet-like shapes [37].
Commercial devices already exist for measuring rheological properties using this principle,
such as those developed by Zellmechanik Dresden [38]. This new technique has paved the way
for the emerging field of deformation cytometry [39–41].

Imaging flow cytometry is both expensive and data-intensive compared to traditional
counting flow cytometers. To achieve some level of spatial resolution, some form of spatial
detector is necessary. Kage et al. approached this by using several spatially distributed fibers in
the forward direction (multi-angle pulse shape detection), where the pulse shape was recorded
by a photomultiplier tube (PMT) [42, 43]. By comparing signals from different fibers and
decomposing the pulse into Fourier coefficients, they successfully sorted Jurkat and HEK293
cells according to their cell cycle stage.

In this work, the theoretical suitability of a quadrant photodetector, as an alternative to
the currently used PMT, is examined with regard to its ability to extract information about
the shape of particles.

These detectors are relatively inexpensive, commercially available, and widely used for beam
positioning in various fields [44–46]. Esper-Chaín et al. even state that quadrant photodetectors
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are the best devices for measuring laser beam positions, making them potentially suitable for
detecting slight far-field deformations [46].

A perfectly spherical particle produces a spherical far-field pattern, whereas a deformed
particle, such as a stretched one, generates an elliptical far-field distribution. By determining
the intensity ratio between two opposing quadrants (i.e., a measure of asphericity), it may
be possible to infer the aspect ratio of the particle. Assuming a sensitivity of 4% in intensity
difference, spherical and aspherical particles can theoretically be distinguished even for sizes
smaller than the wavelength.

For some applications, it is sufficient to determine whether a sample contains spherical
or aspherical particles. In such cases, a quadrant detector provides a cost-effective and
straightforward alternative.

In the first chapter, the used measurement setup will be explained shortly with focus on the
trigger mechanism. It is followed by some theoretical background regarding Lorenz-Mie theory
and discrete-dipole approximation. The third chapter presents the optimization algorithm for
characterizing the optical parameters in the flow cytometer. In the fourth chapter a comparison
between measured and simulated images will be shown and afterwards additional investigations
on simulated spheroidal particles is done. The fifth chapter deals with the evaluation of pulse
shapes. It is structured first in the postprocessing of pulse data, second in the detection of
coincidences using the pulses standard deviation and skewness and third the correction of
coincidences with a new method based on the waiting time between consecutive pulses. The
sixth chapter presents the theoretical model of a quadrant detector and how this can be used to
gain information about the shapes of investigated particles. The thesis closes with a summary
in the seventh chapter.

5
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2
Measurement Setup and Theoretical

Background

2.1 Flow Cytometer Setup

The flow cytometer used in this work combines imaging with detection of conventional scattering
and fluorescence intensity. Generally speaking, the larger a particle or cell and the higher
the index contrast the stronger the scattering signal. If the flow cytometer is calibrated with
test particles, a direct correlation between sample size and scattering intensity can be made
for the used sizes. Otherwise, only the counted number of (sub)populations can be acquired
from either a 1D or 2D histogram, which is often sufficient. Typically, the forward scattered
(FSC) intensity is depicted against the side scattered intensity (SSC). The setup consists of a
flow cell, guiding the flow of samples through the imaging and trigger laser beam, which are
employed for detection and imaging of the samples. The scattered and fluorescence light is
detected and imaged in forward and sideward direction by cameras and photo-multiplier tubes
(PMT).

In Figure 2.1 the detailed measurement setup of the used flow cytometer is depicted. The
laser with a wavelength of 406 nm is used for imaging particles on the cameras. The trigger
laser has a wavelength of 488 nm and its signal is used by the trigger generator for triggering
the imaging laser. Its interaction with the particles is located upstream with respect to the
imaging laser taking into account the flow direction. The trigger lasers signal is detected by
the FSC PMT (H10720-01, Hamamatsu Photonics Deutschland GmbH). If the trigger level
is reached, the trigger generator triggers the imaging laser with a certain delay (the time
is adjusted such that it is equivalent to the time the particles need to flow from the trigger
lasers to the imaging lasers spot.). The details and consequences of the trigger setup will be
explained in Section 2.2. In the flowcell the particles1 are flowing perpendicular to the forward
and sideward direction (i.e. perpendicular to the figures plane) . Here hydrodynamic focusing

1or cells. For simplification in this thesis the word particles will be used, but it always includes cells if not
stated otherwise.
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[47, 48] is used2. Hydrodynamic focusing makes use of a sheath flow to confine a central flow,
driven by a syringe, containing the particles. The sample then moves downward in single file,
where they are illuminated by the trigger and imaging laser in the flow cell.

Figure 2.1: Setup of the flow cytometer used in this work. General description: particles or
cells are flowing perpendicular to the figures plane through the flow channel of the flowcell. The
lasers beam passes through the flow channel and its light is scattered by the particles or cells in all
spatial directions. The scattered light is collected in forward and sidward direction by microscope
objectives and directed to the camera and/or photomultiplier tubes. Their signal is then processed
and analyzed in this work. Figure provided by Martin Hussels.

The imaging laser beam first propagates through beam expansion and shaping lenses, after
which it is focused on the flow channel of the flow cell. Here the laser light is scattered in all
spatial directions by the particles. The scattering process in this work will be described either
by Lorenz-Mie theory or discrete dipole approximation and is described in the Sections 2.4
and 2.5. The scattered light is collimated in forward and sideward direction (90◦ to forward)
by a microscope objective with a numerical aperture (NA) of 0.6 (UCPLFLN40X/0.6, long
working distance, Olympus Deutschland GmbH) and 0.4 (PLAN H20×/0.40 ∞ /1.8 Q, Leitz
Wetzlar, Germany)) respectively. The intense direct laser beam is blocked by a beamstop in
forward direction, which is attached to the collimating lens. The divergent, scattered light
passes around the beam stop. Otherwise the camera and PMT would be over-saturated by the
laser light and become insensitive to the much lower intensity of the scattered light or might
even take damage at high laser powers. A beamsplitter, another imaging lens, bandpass filter
and a CMOS (Complementary Metal-Oxide Semiconductor) camera are following in beam
propagation direction. CMOS cameras are fast for real world photography, however even the
shortest exposure time of 30 µs is too long for a motion blur free image. In fact, a total transit
through the laser usually takes about 3 µs to 15 µs. If the imaging laser is triggered, a short
laser pulse of 0.1 µs to 1.0 µs is emitted leading to a motion blur free image.

In previous experiments it was found that when positioning the collimating and imaging
lens in a distance multiple of the fourier plane of the collimating lens, the image became
a lot more stable. If this condition holds true, only changes in the scattering angle of the
particle will lead to position changes on the camera. If this condition is not fullfilled, even the

2there is also e.g. acoustic focusing with ultrasonic sound waves [49–51].
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particles minor movements during laser exposure time led to less sharp and instable images.
A bandpass filter is added in front of the camera to suppress the trigger lasers light. Also,
an iris aperture is added for a sharper image, which is a common procedure. Towards the
PMT also an iris aperture is added and a bandpass filter, to suppress the imaging lasers light
and straylight. The light is focused on the PMT in forward direction by the last imaging lens.
The PMT collects the temporal scattering signal. This is saved as a pulse-shape in forward
direction which is a fundamental component of this work and will be extensively analyzed in
Chapter 5.3.4.

In sideward direction, multiples of the Fourier plane could not be realized due to spatial
conflicts with other optical elements. After the collimating lens in the sideward direction, the
beam passes through a beam splitter, followed by a bandpass filter to isolate the trigger laser
light, and then the collimated light is focused onto a camera. With this camera, Glare Points
(see chapter Glare Points), for example, can be imaged.

Continuing from the beam splitter, the reflected light is shaped by an iris aperture, split
into several channels, and eventually directed to the PMTs of the channels. The SSC PMT
(H10720-01, Hamamatsu Photonics Deutschland GmbH) collects the SSC signal analogously
to the FSC PMT. In sideward direction, it is possible to measure several fluorescence channels,
such as fluorescein isothiocyanate (FITC), phycoerythrin (PE), and allophycocyanin (APC).
However, these channels are irrelevant for this work, as no fluorescence measurements are used
here.

2.2 Triggered Data Acquisition

To record signals only when indeed a sample passes the trigger beam, a trigger mechanism
is needed. This is realized by an additional laser beam with a wavelength of 488 nm, which
is passed by the sample before it reaches the imaging beam. A trigger is necessary to
significantly reduce the amount of recorded data. Comparing a typical measurement duration
of approximately 20 µs with the average waiting time between two pulses of around 500 µs (see,
for example, Figure 5.26), it becomes evident that less than 10% of the total measurement time
is recorded. The Field Programmable Gate Array (FPGA) (PXIe-7962R, National Instruments
Corp.) generates approximately 2 GB of raw data per second during a typical measurement
lasting 120 s. By utilizing the trigger mechanism and saving the data in .tdms files 3 [52], the
total data size of a 120 s measurement is reduced to between 50 MB and 200 MB. The FPGA
records the data with 20 MHz sampling rate. The typical measurement duration of 20 µs then
yields around 400 datapoints per pulse.

The intensity of the trigger laser is continuously monitored via the FSC and SSC PMTs.
Figure 2.2 shows the qualitative intensity signal plotted over time. The recorded pretrigger
(depicted in purple in Figure 2.2) and recorded posttrigger (depicted in green) sections are
highlighted accordingly. The trigger level is represented as a dotted line. The general principle
is as follows: if the signal exceeds the trigger level, data recording begins. Once the signal falls

3The TDMS (Technical Data Management Streaming) file format is a structured binary format developed by
National Instruments (NI). It is optimized for high-performance streaming, logging, and retrieval of measurement
data, making it widely used in scientific, industrial, and engineering applications.
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below the trigger level again, data recording ends. The entire triggering process and pulse
shape recording are managed by a FPGA.

At the start of each measurement, the pretrigger is filled with data points, following a
moving first-in-first-out (FIFO) principle. This ensures that only the most recent elements
are retained. When the trigger level is surpassed, the content of the pretrigger is saved, and
data recording begins. The trigger activates only if a certain number of pretrigger elements
lie below the trigger level. Once the signal drops below the trigger level, the posttrigger is
filled and appended to the recorded data. After the posttrigger phase is completed, the pulse
is saved, and the pretrigger begins filling again. During the posttrigger and pretrigger filling
phase, the trigger mechanism is deactivated, meaning that additional signal surpasses during
this time will not be detected.

Pulse 1 in Figure 2.2 represents a typical pulse, which is fully recorded. Such pulses account
usually for more than 90% of the data. The pretrigger and posttrigger sections are shown in
purple and green, respectively. However, if the temporal distance between two pulses is too
short and the trigger level is not undershot between them, the recording continues, resulting
in a coincidence, as illustrated by the second example in the figure. In this case, both pulses
are recorded and saved as one, leading to an underestimation of the actual number of counted
events.

In the third example, the signal falls below the trigger level after pulse 4, but a second,
pulse 5, arrives during the posttrigger phase. Since no checks for surpassing or undershooting
the trigger level are made during the posttrigger phase, pulse 5 is partially recorded and not
included in a subsequent measurement, resulting in data loss.

If the distance between pulse 4 and 5 is increased such, that pulse 5 exceeds the trigger
level during the pretrigger phase (which follows after the posttrigger phase is finished), pulse 5
is not even partially recorded and therefore lost since the trigger is not active yet. Pulses can
only be recorded if the pretrigger is fully armed. This is the only configuration in which pulses
can in fact be lost. This is a disadvantage of the used trigger mechanism, although this case is
very rare. Between pulse 5 and a potential pulse 6 (not seen in Figure), the intensity needs to
fall below the trigger level and sufficient time must pass to then fill the pretrigger.

If the potential pulse 6 is such far apart that the pretrigger is filled completely, parts of
the descending slope of the (not recorded) pulse 5 may be included in the pretrigger for the
recording of pulse 6. For this case to occur there is only a narrow range of pulse distances
possible. In all other cases, the first arriving pulse will always be recorded completely and the
second arriving pulse either completely as well or partially. This results in more coincidences
where a secondary pulse is recorded on the right-hand side of the main pulse compared to the
left-hand side, even though this should be statistically equivalent.

The time in which no further pulse can be detected is called dead time. The dead time
with this particular trigger setup is the sum of the data recording time, the posttrigger time
and the pretrigger time of the consecutive pulse. In the third example the dead time is even
further extended, since the intensity of the pulse 5 has to drop below the trigger threshold
and the pretrigger needs to be filled again. The pretrigger will not start to fill before the
intensity is below the trigger level. Therefore the dead time is dynamic and not constant as
with many other setups. The benefit of a dynamic pulse length is that the routine does not
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need to be adapted for different flow speeds. Potential correction and detection algorithms for
coincidences during the dead time are discussed extensively in Chapter 5.3.4.

Figure 2.2: Schematic explanation of the trigger mechanism. If the trigger level is uppercut, the
data recording starts and if the trigger level is undercut the data recording ends. The pre- and
posttrigger data points will be added to the beginning and end of a measurement and are depicted
with purple and green boxes, respectively. The measurement window for each pulse is visualized as
red boxes. If the temporal distance between two pulses is too short, a coincidence occurs as in the
second measurement. In the third measurement, the trigger level is undercut after the first pulse,
which means the second pulse is only partially recorded.

2.3 Definitions and Coordinate Systems

Throughout this thesis, several quantities are used that might require clarification regarding
their usage. In this thesis, a plane electromagnetic wave propagating in the forward z-direction
is defined as follows:

E(z, t) = E0eikz−iωt (2.1)

E0 represents the electric field amplitude of the wave. The wavenumber k is a scalar, defined
as the wavenumber in a medium with refractive index nmedium, with k = nmedium · k0, where
k0 is the wavenumber in vacuum. Similar to the wavenumber, the wavelength is denoted as
λ = λ0

nmedium
. In flow cytometry, the refractive index of the medium is typically that of water,

with nmedium = 1.3431 [53]. Additionally, the relative refractive index m = nparticle
nmedium

can be
defined. When discussing opening angles and the angular size of the beamstop, the term
always refers to the half-angle, as defined in the numerical aperture (NA) NA = n sin(θ).

In Bohren & Huffmans book "Absorption and Scattering of Light by Small Particles" [1], the
coordinate system on which the theory in this work is based, is very well described. Therefore
their graphic is used here, as shown in Figure 2.3. A laser beam propagating along the z

direction is considered. The origin, with x = y = z = 0, lies on the laser beam and is also the
origin of the spherical coordinate system (θ, ϕ), which describes the far field of the scattered
electromagnetic field. The orientation of all coordinates can be expressed in dependence of the
polarization components of the incident laser and its propagation direction z. The vector êr

describes the observation direction. For ϕ = 0 and θ = 90◦, the ϕ vector is anti-parallel to the
perpendicular component of the incident beam E⊥inc and parallel to the y-axis. The θ vector
then is parallel to the parallel component of the incident beam E∥inc and parallel to the x-axis.

The parallel component of the scattered field E∥sca is parallel to the θ vector and the
perpendicular component is antiparallel to the ϕ vector. The are always orthogonal to the
observation direction êr.
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Figure 2.3: Coordinate system used in this book. Graphic taken from the book: Bohren &
Huffman "Absorption and Scattering of Light by Small Particles" [1].

If a moving particle is considered, the position is expressed in the cartesian coordinates
(x, y, z). The particle can be rotated using Euler angles (α, β, γ). In the lab, the flow direction
is parallel to the laser’s parallel polarization direction. In the model the particle then moves
along the x-axis. A potential detector in the sideward direction would then have the central
coordinates ϕ = 90◦ and θ = 90◦

The elements of the scattering matrix S in observation direction êr are defined as functions
of the spherical coordinates S(θ, ϕ) (see Section 2.4).

2.4 Lorenz-Mie Theory

More than 100 years ago, in 1908, Gustav Mie published a numerically exact solution to
the problem of light scattering by spherical particles [54]. However, Ludvig Lorenz had
already published his solution to the same problem in 1890 [55]. It is assumed that Gustav
Mie published his work without knowledge of Ludvig Lorenz’s work. Occasionally, Peter
Debye is also mentioned for his contributions [56]. In this thesis, the term Lorenz-Mie
theory/scattering (LMT) will be used. Since then, the theory has been applied and described
numerous times. Therefore, the concept will only be described qualitatively here. For a more
detailed mathematical description, see the following sources: [57, 1, 58–61].

Light scattering by a homogeneous sphere can be described using the scalar Helmholtz
equation for the electric field. The Helmholtz equation is written in spherical coordinates and
solved by separation of variables. The solutions are scalar spherical wave functions. It can be
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shown that if the scalar spherical wave functions are solutions to the Helmholtz equation, then
the vector spherical wave functions derived from these scalar solutions are also solutions. The
incident plane wave, the scattered, and the internal electric field can all be expressed as infinite
sums of the aforementioned spherical wave functions. The spherical wave functions depend
on coefficients a, b, c, d (here only qualitatively defined). These coefficients are dependent on
the relative refractive index m, the size parameter x, the spherical Bessel function of first and
second kind and the spherical Hankel function of first and second kind. The coefficients a, b

are needed for the scattered field and the coefficients c, d for the internal field. These solutions
can be understood as an expansion into multipoles (i.e., partial waves), with the first being a
dipole, the second a quadrupole, and so on. The coefficients a, b, c, d depend on the relative
refractive index m and the size parameter x = πd

λ , where d is the particle diameter. They are
also needed to calculate the scattering matrix.

The scattering matrix S(θ, ϕ) describes how an arbitrarily shaped scatterer scatters an
incident, polarized electric field Einc, as shown in Equation 2.2.

Esca = exp(ikscar)
−ikscar

· S · Einc →
(︄

E∥sca

E⊥sca

)︄
= exp(ikscar)

−ikscar

(︄
S2 S3

S4 S1

)︄(︄
E∥inc

E⊥inc

)︄
(2.2)

Equation 2.2 provides the complex far-field amplitude of the scattered, polarized electric field
Esca. This is valid for r much larger than the wavelength λsca = 2π

ksca
⇔ ksca = 2π

λsca
. The

elements S1 to S4 are dependent on the scatterers optical and geometrical properties.
For spherical particles, the matrix elements S3 and S4 are zero. This also means, that

a completely parallel or perpendicular polarized incident wave will not change its state of
polarization. Due to the usage of lasers in the experiments, only completely parallel polarized

incident waves Einc =
(︄

a

0

)︄
, with a the electric fields amplitude, were used. Using the

coefficients a and b, the nonzero (complex) scattering components S1(θ) and S2(θ) of the
scattering matrix S can be calculated.

S1(θ) =
∞∑︂

ν=1

2ν + 1
ν(ν + 1)

(︄
aν(m, x)P 1

ν (cos θ)
sin θ

+ bν(m, x)dP 1
ν (cos θ)

dθ

)︄
(2.3a)

S2(θ) =
∞∑︂

ν=1

2ν + 1
ν(ν + 1)

(︄
aν(m, x)dP 1

ν (cos θ)
dθ

+ bν(m, x)P 1
ν (cos θ)
sin θ

)︄
(2.3b)

In Equation 2.3 P 1
ν are the associated Legendre polynomials of first order. Einc denotes

the incident electric field (in case of a parallel linear polarized laser as used in this work

Einc =
(︄

A

0

)︄
with A the amplitude). The dependency in ϕ can be introduced by simply

rotating the laser polarization. Additionally to the scattering matrix and near-field, the
scattering Csca and extinction cross section Cext can be obtained.
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Csca = 2π

k2

∞∑︂
n=1

(2n + 1)
(︂
|an|2 + |bn|2

)︂
(2.4a)

Cext = 2π

k2

∞∑︂
n=1

(2n + 1)ℜ(an + bn) (2.4b)

The infinite sum of spherical wave functions or the sum depicted in Equation 2.3 or 2.4
can be implemented numerically, however a reasonable truncation value has to be found.
Small particles behave like dipoles and need only few iterations. Contrary, for large particles
thousands of iterations can be necessary. In the times where Gustav Mie developed his theory,
no computer was available to calculate the sum of infinite wave functions. It is told that he
usually calculated the first three waves and was the opinion that from a practical point of view
his solution was only useful for particles much smaller than the wavelength. This of course
changed with the invention of the computer.

In the 1980s the development of the General Lorenz-Mie theory (GLMT) began. The
GLMT is able to consider any incident beam that obeys Maxwell laws. There was a need for
other formulations due to the invention of the laser, which opened the field to tightly focused
beams in the size of the scattering particle [62, 63]. The main contributors were Lock, Grehan
and Gouesbet. The general idea is to introduce beam shape coefficients to the infinite series
of spherical wave functions[64]. A major problem that arises for a Gaussian beam is that
the Gaussian beam does not solve the Maxwell equations. For this, e.g. Barton developed
an expression which approximates a Gaussian beam very well but still solves the Maxwell
equations [65].

In this work the Lorenz-Mie implementation by Scott Prahl [66] was used and additional
beam shape coefficients added for the on-axis case were introduced by Jonas Gienger.

2.5 Discrete-Dipole Approximation

The discrete-dipole approximation (DDA) is younger than the Lorenz-Mie theory. The
foundation was laid by DeVoe in 1964 [67, 68], who used it to investigate the optical properties
of molecular aggregates. However, he did not account for retardation effects, which become
important for larger structures, such as aggregates. In 1973, Purcell and Pennypacker extended
the DDA to study interstellar dust grains, including retardation effects [69]. The DDA is
capable of simulating the scattered light by particles with arbitrary shapes. As the name
suggests, the scatterer is described by an ensemble of dipoles with sufficient resolution. The
scattered electric field of the scatterer is then the sum of the fields scattered by the individual
dipoles. Since the dipoles are coupled via their electric fields, the method is sometimes
also referred to as the coupled-dipole approximation [70, 71]. The DDA is a finite-volume
method. In contrast to the Lorenz-Mie theory, which is based on the separation of variables
for the Helmholtz equation, the DDA relies on the evaluation of the Green’s function for
the corresponding differential operator. There are numerous sources in the literature that
explain the mathematics and methodology behind the DDA [72–77, 61]. Kahnert provides
a good comparison of different methods for describing electromagnetic scattering in [78]. In
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general, the DDA is a rigorous numerically exact solution. However, in practice, it is limited
by the number of dipoles the computer can handle. The solution to the scattered field is a
3Ndipoles × 3Ndipoles linear system of equations, where Ndipoles is the number of dipoles. If a
general solver, such as the Gaussian method, is used, this results in a scaling of O(N2

dipoles),
which becomes inefficient as N increases cubically with the volume.

For this work, the DDA implementation by Yurkin et al., called ADDA (Amsterdam
Discrete Dipole Approximation), is used [77]. The ADDA implementation is written in C
and can use MPI (message passing interface) to run the code on multiple cores. It is also
capable of running on graphic processing units [79], enabling the calculation of large numbers
of dipoles in a reasonable amount of time. For this work, only the Message Passing Interace
(MPI) version was used. Any incident electromagnetic field can be chosen as an input file.
For all calculations, the formulation by Barton in the fifth order was chosen [65]. The code is
inefficient for near-field calculations; however, in this work, only the far-field is of interest. To
solve the 3Ndipoles × 3Ndipoles linear system of equations, ADDA uses a Fast Fourier Transform
(FFT) implementation. This reduces the scaling from O(N2

dipoles) to O(Ndipoles · log Ndipoles)
[73]. Nevertheless, even with this optimization, a particle of 15 µm diameter, with m ≈ 1.2
and a wavelength of 305 nm in water, can take several days to compute on a server with 128
cores, as experienced by the author. A list of the largest simulations can be found on the
ADDA GitHub page [80]. Yurkin et al. state in their manual that they experience an efficiency
of around 70 − 90% in multiprocessing. The server used has two AMD EPYC 7702 64-core
processors.

For an arbitrary scatterer, the scattering matrix elements S1−4 in Equation 2.2 are all
nonzero and depend on ϕ and θ. This means that for every combination of ϕ and θ in the
defined grid, a different scattering matrix element is obtained in ADDA.
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3
Characterizing a Cytometer

Cytometers are widely used for investigating stained cells or particles utilizing either their
emitted fluorescent or scattered light. When it comes to separating populations one from
another, only the relative signal intensity to other populations is relevant.

In this scenario, it is assumed that the user already knows the relationship between the
desired population and other populations. According to Wang [81], "it is not advisable to use
scatter for quantitative cell sizing" because "the scattering of particles has strong nonlinear
dependence on the angles measured and the refractive index of the particle, as well as particle
size, internal structure, and content."

While flow cytometers can be calibrated using beads (standardized test particles) [82],
without detailed knowledge of the optical components this approach is limited to the calibrated
sizes [83, 84]. In this case, interpolation to other sizes is prone to significant errors due to the
mentioned strong nonlinear nature of the scattering signal.

Ost et. al. developed a method to calibrate their flow cytometer regarding differential cross
sections using polystyrene beads and were able to determine the differential scattering cross
section of sphered erythrocytes [85]. Well characterized polystyrene beads were measured and
compared with theoretically expected values from Lorentz-Mie scattering. The experimental
results were normalized to the theoretical differential scattering cross section of polystyrene
spheres with a diameter of 7 µm for comparison. The optical properties were "[...] obtained by
means of ray tracing, considering the flow channel (water) and the quartz glass of the flow cell
as well as the optics of the microscope objectives."

Van de Pol et. al. developed a very similar calibration method for sizing extracellular
vesicles and (sub-) microparticles [86]. Instead of a normalization they introduced a conversion
factor and used diameters and scattering cross sections instead of differential scattering cross
sections [87, 88]. This method led to the calibration software Rosetta by Exometry 1.

Both methods have in common that the optical properties of the flow cytometer were
precisely characterized beforehands. Either by them self via ray tracing or by the manufacturer.
As a manufacturer, it is not easy to determine the exact opening angles of a flow cytometer,

1https://www.exometry.com/
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even though the nominal numerical aperture of the used objectives is known as stated by the
objectives manufacturer. Usually there are additional optical elements in the scattered lights
propagation path: the lasers light is scattered at particles in water, propagates through the
glass wall of the cuvette, then propagates through air until it is collected by the objective.
Then it usually is collimated and imaged on a photomultiplier tube with a possible iris aperture.
Due to all the additional optical elements the numerical aperture of the objective must not
match the true opening angle. Although it is possible to measure all distances in glass, water
and air to determine the true opening angle in principle, this is very cumbersome and prone
to errors in practice.

Since a flow cytometers detector (excluding camera) is only able to measure the intensity
of the scattered light, it would be very advantageous to characterize the flow cytometer on the
basis of the scattered intensity without needing special equipment, not to mention having to
disassemble it. By knowing the optical parameters, interpolation between particle sizes can
be significantly improved using Lorenz-Mie theory and enables the usage of e.g. the above
mentioned methods. In this work an algorithm is presented to ascertain the opening angle
and beamstop angle in forward direction and the opening angle in sideward direction of a flow
cytometer.

The experimental data was acquired by the company LUM GmbH 2 on one of their flow
cytometers. The functionality of this flow cytometer does not differ from the experimental
setup described in Chapter 2.5.

3.1 Optimization Algorithm

The idea behind the algorithm is to measure the scattering intensity of spheres with different
diameter and then compare the measured intensities with the simulated intensity of these
spheres. The problem is formulated as an ill-posed inverse optimization problem with variable
opening angle, beamstop angle, sphere diameters and an additional offset angle in sideward
direction. The number of particles and their size difference must be large enough such that
the measured intensities then form a unique set with which an optimizer can find the correct
opening angles. Too few diameters can lead to ambiguous parameter combinations.

The light scattering is modeled with the Lorentz-Mie theory (see Section 2.4) for every
particle diameter d. In forward direction the intensity is integrated within the opening angle
θFW excluding the beamstop angle θBS. In sideward direction the scattered field is also
integrated within the opening angle θSW. To relate the measurement to the simulation, a
linear detector function is defined in Equation 3.1 with the free parameters a, b. The detector
function relates the measured intensity to the simulated intensity.

Isim(Imeas) = a · Imeas + b (3.1)

Residuum Definition

For an optimization algorithm, a residuum needs to be formed. The simplest residuum
would be the least squares Res = ∑︁N

n=0((Isim,n − Imeas,n)2 + (dsim,n − dmeas,n)2) with N the
2https://www.lum-gmbh.com/
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number of particle diameters. This formulation has the following problem: the intensity is
strongly dependent on the diameter of the particle, which is why the residuum would be totally
dominated by the largest particles residuum. Therefore other formulations were designed and
introduced in this work, which consider the different particle sizes, shown in Equation 3.2a to
3.2c

Res1 =
N∑︂

n=0

(︂
x2 + y2

)︂
(3.2a)

Res2 =
N∑︂

n=0

(︂
(1 + |x|)2 + (1 + |y|)2

)︂
(3.2b)

Res3 =
N∑︂

n=0

(︂
(1 + |x|)2 + (1 + |y|)2 − 2

)︂
(3.2c)

with x = 1 − Isim,n
Imeas,n

and y = 1 − dsim,n
dmeas,n

. These are based on the relative intensity and diameter
change. The different formulations vary in properties which shall shortly be explained: On
the one hand in Res1 the gradient is smaller than in Res2

3, especially around zero, and the
residuum can get very small for small values of x and y, which might lead to errors due to
machine precision or rounding errors. On the other hand, the relative change around zero is
greater than around one 4. The residuum formulation Res2 will reach 2N as an optimal result.
In case this is a problem for the solver to not reach zero as an optimal result, in formulation
Res3 a subtraction of two makes sure the residuum will reach zero if the exact solution is
found. All three formulations will be tested for their suitability in Section 3.2.

As an optimizer the differential evolution algorithm [89–91] was chosen, implemented in
pythons scipy package (version 1.11.4). The benefit of this statistic optimization algorithm
over the conventional gradient based algorithms is that it is highly suitable for nonlinear and
high-dimensional problems. Although it is slower and usually needs more function evaluations,
it is capable of finding solutions where gradient based algorithms would fail. Further, it is
easy to use multiple cores, increasing speed significantly on servers compared to a desktop
computer. Especially in sideward direction the intensity fluctuates greatly in dependency of
the opening angle, making it a very good algorithm for the problem dealt with.

3.2 Results in Forward and Sideward Direction

For testing the algorithm, a mix of 5 polystyrene spheres was used with diameters shown in
Table 3.1. They were manufactured by Dr. Lerche KG5. A 2D SSC intensity vs FSC intensity
density histogram of that mix is visible in Figure 3.1. In the third column of Table 3.1 the
boundaries for the particles sizes are shown. The boundaries of the particles for the solver are
chosen wider than the measurement uncertainty. An optimizer usually finds better results if it
is allowed to sample a wider interval unless there are any discontinuities (not the case here).

One could argue that the formulation of the residuum in Equation 3.2a to 3.2c does not
consider measurement uncertainty. The optimizer could favor a value closer to the mean

3i.e. d
dx

x2 < d
dx

(1 + x)2 for x ≥ 0
4i.e. d

dx
ln(x2) > d

dx
ln (1 + x)2 for x > 0

5https://www.lerche-biotec.com/
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diameter to minimize the residuum, although the true value lies at the edge of the measurement
uncertainty. A small change in diameter has a strong influence on the scattered intensity and
therefore also on the intensity part of the residuum. Nevertheless, leaving out the diameter
part of the residuum calculation led to the optimizer exceeding the maximum amount of
iterations with all three residuum formulation. This was the case for forward and sideward
direction, as well as the extended formulations (see next subsection for explanation).

Figure 3.1: 2D density histogram showing the population of the five available polystyrene spheres.

Table 3.1: mean diameters of available polystyrene spheres. Uncertainties are given by the
manufacturer Dr Lerche KG as standard deviations.

mean diameter d in nm uncertainty in nm solver boundaries in nm
149 7 [140, 160]
301 5 [280, 314]
494 23 [460, 520]
738 14 [700, 755]
1540 30 [1450, 1570]

Forward Direction

In forward direction the boundaries for the beamstop angle are θBS = [1◦, 5◦], for the opening
angle θFW = [8◦, 17◦] and for the detector function a = [3, 1000], b = [1, 5000]. To get an idea
of the value of the detector function, first a run with the boundaries for a, b spanning over
many magnitudes were done. Then the boundaries were lowered around the found value to
the current value. Unfortunately, the signal in FSC for 149 nm was too low, which is why this
size has to be excluded, leaving the algorithm with four sizes remaining.

In Table 3.2 the algorithms results are shown for all three residuum formulations. The
calculations were done six times and the uncertainty denotes the standard deviation of the
six runs. A full run takes even on the used server with 128 cores several minutes, which is
why only six runs were chosen, still giving a good overview of the statistical fluctuations. It
is visible that only with formuation Res2 and Res3 a result was achieved, formulation Res1

did not terminate. The reason for this could be that four diameters are not enough to form
a unique set of points to identify the flow cytometers parameter, which means additional
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particles need to be introduced. Unfortunately there were no further particle sizes available,
which is why an improvised solution was found. In Figure 3.1 it can be seen that between
495 nm and 738 nm there is a continuous connection of events due to particles being in size
somewhere in between the two sizes. A point in the middle of that line was picked and declared
as a new particle, extending the set of available particles with 611.5 nm. The boundaries of
the particle are chosen with the diameter of the smaller and bigger neighboring particle. This
is designated as the extended formulation in Table 3.2.

Among the extended formulations, Res1 performed the best with stable results and a very
small residuum. In contrast, the uncertainties of Res2 and Res3 are quite high compared to
Res1 and far above acceptable values. An uncertainty of about 0.2◦ is desired. LUM GmbH
assumes that the beamstop angle is around 3.5◦ and the opening angle around 12◦ to 13◦. The
true opening angles are, as written in the introduction, hard to determine and therefore it is
hard to estimate an accuracy of the algorithm. The given uncertainties are only statistical.
Nevertheless, the average results of all formulations are in good agreement with the assumed
values. The results for Res1,ext are also numerically stable, and therefore it may very well be
that these angles correspond to the correct angles of that device.

Table 3.2: Results in forward direction for three different residuum formulations and extended
(ext) formulation with interpolated particle diameter. Six runs were performed. Displayed is the
average and standard deviation of the six runs.

Res1 Res2 Res3
residuum - 8.062 ± 0.007 6.03 ± 0.011
θBS in - 4.20 ± 0.22 4.21 ± 0.34
θFW in - 13.1 ± 1.7 13.3 ± 1.6

Res1,ext Res2,ext Res3,ext

residuum 2.30329 · 10−4 ± 0.00065 · 10−4 10.13 ± 0.05 0.045 ± 0.005
θBS in 3.7104 ± 0.0031 4.07 ± 0.31 4.07 ± 0.33
θFW in 13.340 ± 0.021 13.1 ± 1.9 13.2 ± 1.5

Sideward Direction

The sideward direction can be analyzed separately to the forward direction, since the intensity
in the two directions are independent of each other. Different from the forward direction is,
that there is no beamstop and an offset angle αoffset was introduced. The offset angle gives
respect to possible deviations from the targeted 90◦ in sideward direction, but only in the
plane perpendicular to the flow direction. LUM GmbH assumes the sideward opening angle to
be θSW = 24◦. The boundary for the opening angle in sideward direction is θSW = [19◦, 29◦]
and for the offset angle αoffset = [−2◦, 2◦]. The values for the detector function a, b were
estimated in the same way as in forward direction. The boundaries for the detector values are
a = [80000, 250000], b = [1, 15000].

The results of the optimization in sideward direction are shown in Table 3.3. Contrary to
the forward direction, all residuum formulations terminated properly. Although all formulations
match θSW = 24◦, their uncertainty spreads over a few degree (except Res2), which is too
much and therefore useless for the analysis. Also, the offset angle varies by ca. ±1◦. The fit in
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sideward direction seems to be more complicated than in forward direction. It is easy to see
why this is the case when looking at the far-field distribution in sideward direction compared
to forward direction.

Since the farfield of spheres in sideward direction is striped (see Figure 4.2 as an example),
small changes in the parameters can lead to bright stripes being either inside or outside the
field of view. This will drastically change the intensity. Also, changes in the size of particles
in the Mie-Regime (λ ≈ d) have a strong influence on the pattern in sideward direction and
therefore the intensity. This is less pronounced in forward direction where the farfield is ring
shaped (see Figure 6.1 as an example). In forward direction the transition is smoother and
follows much more the radial progression of the farfield. Such a behavior is easier to solve by
an optimizer.

Table 3.3: Results in sideward direction with optimization algorithm for three different residuum
formulations and extended formulation with interpolated particle diameter.Six runs were performed.
Displayed is the average and standard deviation of the six runs.

Res1 Res2 Res3
residuum 3.1 ± 3.6 20.30 ± 0.02 10.340 ± 0.006
αoffset in −0.69 ± 0.94 0.62 ± 0.90 0.71 ± 0.80
θFW in 24.3 ± 2.6 23.02 ± 0.95 23.6 ± 2.7

Res1,ext Res2,ext Res3,ext

residuum 3.9 ± 6.0 25.11 ± 0.02 13.12 ± 0.03
αoffset in 0.33 ± 0.8 0.27 ± 0.78 −0.11 ± 0.81
θSW in 23.1 ± 1.8 25.7 ± 1.3 24.0 ± 3.0

3.3 Discussion and Outlook

As already touched in the introduction, it is not easy to characterize a flow cytometer. The
algorithm seems to work well with the Res2,ext in forward direction. The algorithm will be
tested by LUM GmbH in future for the forward direction. If the algorithm is applicable, this
gives the opportunity to characterize a flow cytometer with simple means and without having
to disassemble it. In comparison to the method of van de Pol and Ost the presented algorithm
is based on an optimization problem, which can handle inaccurate particle sizes and potentially
also inaccurate refractive indices. This is a benefit since even standardized particles have a
certain spread in their size and could otherwise contribute to errors. Further, the conversion
factor used by van de Pol was extended in this work with a linear detection function, covering
potential offset currents/intensities. Also, the tedious characterization of the flow cytometers
optical properties is no longer necessary.

In sideward direction the solvers could find a reasonable solution, but the spread of about
±3 degree is too large. Further attempts were made to improve the results in sideward direction,
which did not work out and were therefore not presented. One approach was to couple the
residuum in forward and sideward direction. The residuum in forward and sideward direction
were simply added up. This way the size of the particle has to be such that the scattered
intensity in forward and sideward direction match. Not only did this increase the computation
time, but the results in both direction did also not change. Further, additional particle
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sizes and their corresponding intensity were estimated in Figure 3.1. This also increased the
computation time but did not give better correctness. An additional particle size in between of
495 nm and 738 nm was relatively easy to predict, but further particles are a lot more difficult
to predict since no path between the other particles is visible. In future experiments a mix of
more particles will be useful.

Another topic is measurement inaccuracies. Inaccuracies regarding the particle diameter
and the offset perpendicular to the flow direction can be compensated to a certain degree.
Inaccuracies like detector noise, offset in flow direction, straylight or nonlinearities of the
detector are not included. The question, how stable the optimizer is depending on the severity
of the errors stays unsolved.
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4
Glare Points in Flow Cytometry

The following sections "Simulating a Scattering Image", "Glare Points for Spherical Particles"
are already published as: A. Putz, M. Hussels, J. Gienger; Glare Points in Laser Flow
Cytometry; 2023 Photonics & Electromagnetics Research Symposium (PIERS), Prague; DOI:[
10.1109/PIERS59004.2023.10221566]

Traditionally, flow cytometry has predominantly focused on the measurement of scattered
light intensity as a primary metric for analysis. However, with recent advancements in camera
technology, it has now become feasible to also capture images of the scattered light for every
single event. This offers completely new possibilities in analyzing the scatterer in detail.

To take advantage of this technique, a transition from using a simple detector to
incorporating a camera is required. This necessitates the imaging of light onto the camera
sensor, especially in scenarios where previously the light was merely collimated. As elucidated
in Section 2.1 the trigger and exposure algorithm has to be adapted since the shortest exposure
time of the camera is still too long to avoid motion blur with the usually used flow speeds.

In this chapter, first the model for simulating the scattering image in a flow cytometer will
be presented. Then a comparison between measured side scattering images of polystyrene
spheres and simulated images will be elucidated. When imaging particles or cells with bright-
field microscopy in forward direction, the diffraction-limited geometric shape of the object is
visible. In contrast to that, when imaging spheres in the sideward direction, two or more bright
spots, known as Glare Points, are visible rather than the spherical outline of the particle. The
distance between the outer spots correlates well with the diameter of the particle, which may
lead to the conclusion that these are the entry and exit points of the laser beam. This means
that, for this explanation to hold, there would need to be the excitation of fluorescent emission
or a scattering process that leads to the bright spots appearing in the image. However, this is
only valid if light is scattered towards the observered, which is not true for the transition of a
beam from one medium into another for plane surfaces. Therefore, other explanations must be
pursued. The general effect and the occurrence of the bright spots is a well known effect in the
field of aerosol analysis. The spots are called Glare Points or Glare Spots. In some respects,
such as the appearance of Glare Points, these findings are directly relevant to flow cytometry.
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Possibly the first theoretical explanation of Glare Points was by Lock in 1987 [92]. He
concluded “that the experimental observations on a single water droplet can be understood by
Fourier transforming the Mie fields”. There were further works on that topic by van de Hulst
and Wang in 1991 [93] and more in the 1990s [94, 34, 95, 36]. Although the occurence of Glare
Points can be related to flow cytometry, the parameters previously used are in a different
range. For example, van de Hulst and Wang chose a particle size parameter of x ≥10000
because “a satisfactory Glare Point experiment can only be performed if x is large. Otherwise
it is impossible to measure both the scattering angle and the position of the Glare Point
with precision.” They chose a small aperture angle to accurately distinguish between different
observation directions. Consequently, this small aperture permits sufficient resolution only for
observing large particles, due to diffraction limitations. The settings in a flow cytometer are
quite different with size parameters well below 100. Also the microscope objectives have a high
numerical aperture to capture as much light as possible ranging easily from NA = 0.4 to 0.8.
This emphasizes the need for a more robust model, which will be presented in the Section 4.1.

Finally, the model will be extended to the simulation of Glare Points of aspherical particles.
For this, Lorenz-Mie theory is not sufficient, which is why the scattering model will be replaced
by an discrete dipole approximation. Effects such as surface waves and Mie-resonances will be
discussed. To best knowledge, the author did not find any source reporting Glare Points for
aspherical particles to date. The author found two sources where measured side-scattering
images are shown from e.g. cells using the Cytek Amnis Imagestream flow cytometer, however
no explanation, experimentally or theoretically, of the shown bright spots is given [30, 96].

4.1 Simulating a Scattering Image

From here we start with the scattering matrix S and the scattered electric field Esca as depicted
in Equation 2.2. If the scattered electric field on a lens in forward direction is wanted, it is easy
to transform them into polar coordinates since the origin is the same and only the θ coordinate
has to be transformed to a radial coordinate. In sideward direction this is a lot trickier as can
be seen in Figure 4.1, since its central coordinates are at θ = 90◦ and ϕ = 90◦. A mapping
of spherical to polar or Cartesian coordinates is difficult and lavish, since the center of the
lens in sideward direction falls on the equator. For small angles around the origin, the two
coordinate systems are approximately parallel to each other, however this changes for larger
angles. Therefore, an interpolation on a Cartesian grid is done. This simplifies the further
analysis dramatically.

The imaging optics is modeled as one, ideal lens. It was found that simulated intensity
patterns for an image formed by a single (objective) lens at a finite distance are virtually
identical with patterns simulated for a two-lens system (infinity-corrected objective and tube
lens).

Previous theoretical works on Glare Points have conventionally employed paraxial
approximations in two distinct aspects: firstly, concerning the spherical-wave envelope of
the scattered far-field, and secondly, in the application to the phase function of a thin lens
[94, 35, 36]. This methodology is valid for optics with relatively small apertures, leading to
notable simplifications within the equations. In this work, which engages optics with opening

26
https://doi.org/10.7795/110.20260122



4.1 Simulating a Scattering Image

Figure 4.1: Spherical coordinate system at the equator (i.e. in the sideward direction) shown in
green and blue. The central coordinate in sideward direction is located at ϕ = 90◦ and θ = 90◦.
The poles are outside the image on the left and right sides. A Cartesian coordinate system
representing a possible lens is overlaid in black. For small angles around the origin, the Cartesian
and spherical coordinates are approximately parallel, but this changes for larger angles. Therefore,
an interpolation is required to transform between spherical and Cartesian coordinates.

angles exceeding 20◦, the spherical-wave envelope and paraxial approximation is not used.
In previous tests, which are not shown here, it was found that the paraxial approximation
led to poor image quality. Thus, a more accurate model representing an ideal thin lens with
phase shift Φ(rlens) as depicted in Equation 4.1 is used. Φ(rlens) describes the two dimensional
position vector in the lens plane.

Φ(rlens) = −ksca · s

√︄(︃rlens
s

)︃2
+ 1 − 1

− ksca · s′

√︄(︃rlens
s′

)︃2
+ 1 − 1

 . (4.1)

In Equation 4.1 s denotes the distance from the particle to the lens and the distance s′,
the distance from the lens to the camera. Note that this equation does not use paraxial
approximation, but it is still a thin lens model.

The imaging itself is modeled with the rigorous Rayleigh-Sommerfeld diffraction integral
in Equation 4.2, which is more general than the commonly-used Fresnel integral with ρ =
∥rimage − rlens∥.

Eimage(rimage) = − 1
2π

∫︂
Ω

(︃
ikscas′

ρ2 − s′

ρ3

)︃
Elens(rlens) exp(ikρ) drlens (4.2)

Often, the term s′

ρ3 is omitted because |iksca| ≫ 1/ρ can be assumed for most practical
cases. Since the term does not influence the numerical speed noticeably, it is kept. For
the numerical implementation of the Rayleigh-Sommerfeld diffraction integral, a Fourier
transform was employed and the 2D convolution integral in Equation 4.2 evaluated in Fourier
space. In combination with FFT, this reduces the complexity significantly compared to
a direct implementation of the convolution. The intensity on the camera is calculated
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via Iimage(rimage) = |Eimage(rimage)|2. The here presented imaging process is sketched and
summarized in Figure 4.2.

laser
flow

direction

scattered
far-field
on lens

particle camera

phase
shift

lenss s'

rlens

rimage

propagation with
diffraction integral

90°

Figure 4.2: Illustration of the simulated image formation process. The steps are as follows: 1)
compute the scattered far-field in the lens plane with LMT or ADDA, 2) apply a phase shift
eiΦ(rlens), 3) propragate to the image plane (camera) with the Rayleigh-Sommerfeld diffraction
integral. The pseudocolor images show the log-intensity of the field for a 3 µm polystyrene particle
(phase not shown). Sizes and distances are not to scale.
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4.2 Glare Points for Spherical Particles

4.2.1 Explanation and Comparison with Experiment 1

The origin of the Glare Points is the rippled far-field structure of the scattered light. In the
geometrical optics picture, this can be interpreted as different orders of internal reflections in
the particle [93]. Glare points can be divided into three categories: diffraction, reflection and
first order transmission [35]. In the case of sideward scattering at θ = 90◦, the reflection part
dominates and the transmission part is negligible. For larger numerical apertures and particle
size d, the reflection Glare Point is clearly distinguishable from the other Glare Points. The
reflection Glare Point is the point which is reflected on the surface in an 45◦ angle. In the
geometrical optics picture (which does not strictly apply to the small particle sizes discussed
here), this means that the point is visible at a distance dgp = 1−1/

√
2

2 d ≈ 0.15 · d from the edge
of the particle on the illuminated side.

In Fig. 4.3 in the upper row, measured sideward images are shown for 3 µm, 5 µm and
10 µm polystyrene spherical particles. The spheres geometrical cross sections are indicated by
bright translucent disks to illustrate the positions at which the Glare Points are observed. The
laser beam propagation is from left to right. The medium around the particle is water with a
refractive index of nmedium = 1.3431 [53] and a laser wavelength λ0,laser of 405 nm ( 301.5 nm
in water). The particle consists of polystyrene with a refractive index of n = 1.6263 [97] [98].
The NA of the sideward objective is 0.4.

The distance dgp between the reflected and diffracted Glare Point predicted by geometrical
optics fits very well to the actual distance in the (wave optical) simulation and experiment.
This is remarkable, because geometrical optics can not in general be used to quantitatively
describe the scattering properties of such small particles. In the simulation, the distance dgp is
directly shown on the left side. It should be noted that for a particle diameter of 3 µm the
resolution of the optical system is not enough to distinguish the two Glare Points (at least in
the measurement), but it is visible that the left Glare Point is broader than a single one should
be, indicating it is in fact two points too close together. The occurrence of the reflection Glare
Point on the entry side of the laser is independent of particle size but only depended on the
imaging systems resolution, i. e., numerical aperture.

Comparing the features of the simulation with the experiment in Fig. 4.3 shows that the
agreement is very good. Especially for d = 5 µm the sharp separation between the diffraction
and reflection Glare Point and its flattening towards the opposite point is equally visible in
both, simulation and experiment. Likewise, we observe diffraction patterns around the three
Glare Points on experiment and simulation. For d = 3 µm there are slight deviations in the
center of the sphere. In the simulated image, two additional lines are observed between the
points which are not visible in the experiment. However, the lines are very low in intensity
and it is challenging to take sideward images of 3 µm at all.

1The measurements presented in this section were done by Martin Hussels (PTB)
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d = 3 µm d = 5 µm d = 10 µm
x = 31 x = 52 x = 104

Figure 4.3: Glare point images of polystyrene spheres of different diameters d and size parameters
x = π

λ d. λ0,laser = 405 nm, nparticle = 1.6263, nmedium = 1.3431, NA=0.4. Upper Row: Measured.
Lower row: Simulated.
Both, measurements and simulations are shown in logarithmic scale with 3.5 decades. The overlaid
bright disks indicate the cross section of the respective spheres, based on the magnification and
scale. The red cross in the simulated images indicates the position of the reflection Glare Point,
predicted by geometrical optics at a distance dgp = 1−1/

√
2

2 d ≈ 0.15 · d from the left edge of the
disk.

Glare Points Outside of the Particle

When comparing the overlayed cross sections of the spheres in the measured and simulated
images in Fig. 4.3, one recognizes that, especially for 3 µm and 5 µm, the disks seem too
small for the Glare Points to fit. The points appear a bit too far outside of the sphere. This
was already observed by van de Hulst and Wang in 1991 [93]. They could not give a proper
explanation of this phenomenon and suspected that it could be "spillover beyond the angle
of the edge rays" or an accumulation of high order rainbows in the extreme edge regions.
According to Ref. [35], the distance L between the two outermost Glare Points is

L = M ·
(︃

d + λ

π

)︃
(4.3)

(for mathematical derivation see Refs. [35] and [99]). For water droplets in the range of
30 µm to 100 µm this effect is experimentally irrelevant and not measurable in most cases. In
the regime of flow cytometry with particles in the range from sub-micrometer to a bit more
than ten micrometer, however, this effect can become relevant and measurable. For a 3 µm
particle, according to Equation (4.3), the Glare Points are predicted to lie 4.3% or 130 nm
further outside on both sides. One could argue that this distance is lower than the Abbe
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limit, which is λ0
2 NA ≈ 500 nm with a numerical aperture of 0.4, and can therefore not be

resolved. The Abbe limit describes the smallest distance in which two point-spread functions
can still be distinguished. However, the center of a single point-spread function can still be
measured/estimated considerably more accurately. Therefore the outer Glare Points are not
part of measurement inaccuracy or errors.

Table 4.1 shows the measured distances from the center of the outermost Glare Points to
the particle surface.

Table 4.1: Measured distances (based on camera pixels and known magnification) between the
outermost Glare Points (left and right) and the particle surface. All quantities are in nanometers.

diameter Sim. left Sim. right Meas. left Meas. right
3000 150 360 - 140
5000 70 120 30 180
10000 50 230 180 170

The observed distances are close to the expected ones. Nevertheless, one has to keep in
mind that it is hard to measure distances in images with limited resolution, noise and other
experimental flaws. Moreover, the positions (but not the diameter) of the particles in the
experimental images (bright disks in Fig. 4.3) were determined by an "educated guess" with
aid of the simulation results. Furthermore, it should be mentioned that Equation (4.3) is
derived with the premise of geometrical optics and Fourier-transformation as a lens. The
size parameter of, e. g., a 3 µm particle is x = 31 which is definitely not in the regime of
geometrical optics any more. Some of the effects discussed and described in the geometrical
optics framework can apparently still be applied to regimes below x < 100 but the quantitative
analysis based on it is likely prone to errors.

4.2.2 Influence of Mie-Resonances on Glare Points

Mie-resonances or Mie-Ripples are an already known effect in absorption spectroscopy. James
Lock described it as "This type of resonance is called structural since it arises from a matching
of the geometry of a single transverse electric or transverse magnetic multipole wave to the
size and geometry of the particle, rather than resulting from atomic or molecular excitation of
the particle material." in 1990 [100]. Glare points are described as internal reflections in the
geometrical optics picture, whereas Mie-resonances are explained by resonant surface waves.
In general, surface waves are created when light hits the particle at a grazing angle [94] and a
beam that is going through the particle is in resonance with a beam going around the particle.

Van de Hulst describes the occurance geometrically in his book in Chapter 17.52 [57]. A
ray of light hits a spherical particle at an grazing angle. There are two possible ways a beam
of light can go from point A to B with both on the surface of the particle. It can either go
directly through the particle or go around the particle in way as it would be reflected once
by an imaginary point P lying on the tangents of A and B, which a geometrically longer way.
If the optical path length differs by multiples of the wavelength, a resonance occurs. In the
resonant case the surface waves amplitude increases strongly. The lower the index contrast,
the longer the necessary geometrical path length APB and the longer the geometrical path
APB, the lower in contrast the resonance gets.

31
https://doi.org/10.7795/110.20260122



4. Glare Points in Flow Cytometry

From the mathematical point of view, the resonances occur in the real part of the partial
wave-scattering amplitudes an and bn [101]. Although these are all ways of separating the
creation of Glare Points and Mie-resonances, both effects emerge from the same incident
electromagnetic field and can both be described and explained by Lorenz-Mie theory.

In Figure 4.4 the effect of the Mie-Resonances on the extinction efficiency Qext = Cext
2πr (with

r particle radius) for a particle with a diameter d of 5 µm is displayed. A laser wavelength of
301.5 nm in water corresponds to a size parameter of x = πd

λ = 52. Sharp lines are visible at
certain values of the relative refractive index m. In contrast to that in Figure 4.5 the extinction
cross section is plotted against a variable size parameter x. Generally one can say that the
lines get sharper and stronger for greater values of m and x [101]. In [101] it is reported
in order to resolve also the finest resonant lines, a resolution of ∆x = 10−7 is needed. The
resolution of the zoom in Figure 4.5 is the same, although they used a larger size parameter x,
which means sharper and narrower resonant lines. The existence of those fine lines has also
been proven experimentally by A. Ashkin in 1977, which shows it is not only a mathematical
construct [102]. An application for Mie-resonances is for example optical trapping with optical
tweezers [103] .

If an imaginary part is added to the refractive index, the resonance lines get broader and
shallower as reported in [104]. In this work no imaginary part will be added. Only the images
of varying relative refractive index will be shown. Although it is mathematically not the same
to a varying size parameter, the resonance effect is the same.

In Figure 4.6 selected sideward scattering images with varying relative refractive index m

are shown. The wavelength and numerical aperture stay unchanged to Section 4.2.1. From
m = 1.227 to m = 1.229 drastic changes, compared to changes at other positions, happen to
the Glare Point images. This is exactly the range in which a resonance occurs in the extinction
efficiency. Before and after the resonance the image looks similar, although for m = 1.235
the central stripes are more prominent. The reflection Glare Point (compare to Figure 4.3)
however does not change position or size. This is expected, since a reflection is independent of
the underlying material.

This demonstrates and shows that Mie-resonances do not only have an influence on the
extinction efficiency, but also on the appearance of Glare Points. Resonant lines are a very
interesting effect, since small changes in the refractive index or size of a particle can have
a dramatic effect on the extinction efficiency or the appearance of the Glare Points. The
temperature dependency of the refractive index for e.g. fused silica is 8.5 · 10−6/K [105]. If
the temperature changes by some Kelvin, this will affect the strength of the resonance. Also,
the refractive index of material mixtures changes slightly with varying fractions of mixture.
The analysis of the extinction efficiency Qext and the changing of the Glare Points could be an
indicator for changing particle parameters. A change of ∆x = 0.1 is equal to ≈ 9.6 nm, which
is roughly the width of a resonant peak. This means that changes in the diameter by a few
nanometer can also have a strong impact on the Glare Points. In the authors opinion this
effect is only partially suitable for particle characterization. Commercial, high quality reference
material usually has a coefficient of variation of about 2 − 5% in size. For 5 µm this is already
≈ 250 nm. This makes it impossible to know which exact resonance line corresponds to the
particle size. Due to the inaccuracy in size, it is also not possible to use the Mie-resonances
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in dependency of the refractive index. Further, in flow cytometry it is not intended to reuse
particles and check for changes. If particle technology is evolving further in the future and
reduces the uncertainty of size significantly, the Mie-resonances can be a suitable effect for
detecting minor changes in particles size and refractive index.

Figure 4.4: Simulation of the extinction efficiency Qext plotted against the relative refractive
index m for a 5 µm large spherical particle. Left as an overview and right as a zoom with a
resolution of ∆m = 10−7.

Figure 4.5: Simulation of the extinction efficiency Qext plotted against the size parameter x for a
polystyrene sphere with nPS = 1.6263. Left as an overview and right as a zoom with a resolution
of ∆x = 10−7
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Figure 4.6: Simulated Glare Point images for different relative refractive indices m. The red circle
has a diameter of 5 µm. The spatial axes in the images are in micrometer with a magnification of
20. In red the outline of the sphere is depicted.

4.3 Glare Points for Aspherical Particles

4.3.1 Stretched Spheroidal Particles

Spherical particles are relatively easy to describe and characterize compared to aspherical ones.
However, in many practical applications, particles deviate significantly from a spherical shape
or are deformed. Soft particles or cells, for instance, already deform into an spheroidal shape
under moderate stress and can adopt a bullet-like shape under higher stress [37].

Deformation can be induced optically [39] or through fluid shear forces [40, 41]. Commercial
devices already exist for measuring the rheological properties of cells subjected to shear forces
in narrow flow channels [38], a technique known as deformation cytometry.

In this section, the influence of deformation on Glare Points will be discussed as first
approximation using an spheroidal model. To the best of the authors knowledge, no sources
have reported Glare Points for aspherical particles simulated using a rigorous model to date.

S. Dehaeck studied stretched bubbles with diameters larger than 500 µm using geometrical
optics and ray tracing in his thesis [106]. Similarly, J. Lock presented results on Glare Points
for spheroidal bubbles in air with diameters of several centimeters [107]. Both works relied on
geometrical optics and investigated particle sizes where a rigorous light scattering model was
not required.

To simulate the scattered light of an spheroidal, the ADDA code by Hoekstra and Yurkin
was used [77] (see also Section 2.5). The spheroid is chosen with different aspect ratios r of its
major to minor axis from 0.5 to 2.0. The volume is maintained by adjusting the diameter, as
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it would be the case for the deformation of a sphere. The spheroids are prolate for r < 1 and
oblate for r > 1. In the simulation 15 dipoles per wavelength were taken.

The volume is chosen equivalent to a sphere with a diameter of dsphere =5 µm. If not stated
differently the other parameters stay the same compared to Section 4.2.1. The case of r = 1
relates to a sphere and the image for 5 µm in Figure 4.3. If this sphere is stretched in flow
direction, which corresponds to r < 1, the Glare Points follow the stretch, but new spots on
the surface of the particle emerge as seen in Figure 4.7. The distribution of these spots seems
to be equidistant and can be measured with about 650 nm for r < 1, which is approximately
two times the wavelength in the surrounding medium. Also, the spots are brighter towards the
origin of the laser. These spots might be the cause of surface waves. When squeezing 2 the
particle along the flow direction, stripes inside of the particle like in Section 4.2.2 occur. The
spots on the surface are much less prominent and only around the reflection Glare Point of the
laser. However the stripes inside the particle occur for both the stretched and squeezed case.

As already written in the beginning of this chapter, additionally to particles, also biological
cells are analyzed in a flow cytometers. Biological tissue has a much smaller refractive index
than polystyrene. Depending on the type of cell their refractive index ranges from 1.346 to
1.478 [108]. To see whether Glare Points also appear for such low refractive index and how they
behave under stretching or squeezing, the model is run again for a relative refractive index of
m = 1.04 (i.e. refractive index of n ≈ 1.397 in water). In all considered ratios, no spots on the
surface of the particle emerge. For a ratio of r = 0.5 there is some structure emerging at the
points where the surface normal is parallel to the laser beam propagation direction, however
the structure looks different than with polystyrene particles. For all other ratios there are also
stripes inside of the particle. As expected, the reflection glare point follows the deformation of
the particle as well.

A final discussion on the stripes and surface waves can be found in the last subsection of
this section.

2in a flow cytometer the case of squeezing along the flow direction can not be realized, but since the simulation
is easy this case is treated as well for better understanding.
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Figure 4.7: Simulated Glare Point images for a polystyrene spheroid with different aspect ratios
r. In red the outline of the spheroid is depicted. The spheroid are prolate for r < 1 and oblate for
r > 1. The size is chosen volume equivalent to a sphere with 5 µm in diameter (case of r = 1). All
images are the same scale.
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Figure 4.8: Simulated Glare Point images for a spheroid with different aspect ratios r and a
relative refractive index m=1.04. In red the outline of the spheroid is depicted. The spheroids are
prolate for r < 1 and oblate for r > 1. The size is chosen volume equivalent to a sphere with 5 µm
in diameter (case of r = 1). All images are the same scale.
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4.3.2 Rotated Spheroidal Particles

For the rotation of particles, a fixed ratio of r = 0.7 is chosen. The particles are prolate with
a volume-equivalent diameter of 5 µm. This translates to a size of 6.34 µm for the long axis.
All shown cases beforehand had a rotation symmetry around the flow direction, which is now
broken by rotation around the observing axis. This leads to interesting behaviors and patterns
as shown in the results in Figure 4.9. When rotating the particle around the observation
axis, the spots on the surface of the particle vanish. It seems that the bright spots on the
surface only appear in the configuration of a prolate spheroid aligned along the flow direction.
Contrary to the case of an oblate spheroid for a rotation of 90◦, the spots on the surface close
to the reflection Glare Point vanish completely. The Glare Points seen, rather more resemble
these of a sphere. The stripes inside are not visible, however they are probably too faint to see
in this specific configuration of size d and ratio r. As seen in Section 4.2.2, the stripes are very
sensitive to changes of the size or refractive index. Additionally it is visible that the position
of the main Glare Point becomes elongated perpendicular to the laser axis during rotation. A
maximum elongation from the laser axis is reached between 30◦ and 60◦. The prominent Glare
Point (brightest spot inside the particle on the left side) is the reflection Glare Point, marking
the surface which is 45◦ tilted towards the observation axis (see Section 4.2.1 for reference ).

As in the previous subsection, the simulation is repeated for a low relative refractive index
of m = 1.04, matching that of biological tissue. The results are visible in Figure 4.10. The
overall picture is similar to the rotation of polystyrene particles. The most noticeable feature
is again the missing of the spots on the particles surface. The Glare Point on the right side is
much brighter and seems to consist of two points. This is not unusual, such behavior was e.g.
observed for a 3 µm polystyrene particle in Figure 4.3 or when varying the refractive index.
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Figure 4.9: Rotation of a prolate polystyrene spheroid with fixed ratio r = 0.7. The longest axis
is 6.34 µm long.
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Figure 4.10: Rotation of a prolate spheroid with m = 1.04 and fixed ratio r = 0.7. The longest
axis is 6.34 µm long.
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Overall Picture on Glare Points and Surface Waves

There are some aspects that favor and some that are against the thesis that the bright spots
on the surface are in fact surface waves. These shall be considered in this subsection.

When stretching particles with a diameter of 5 µm, the bright spots on the surface were
observed for a relative refractive index of m = 1.2109 and not for m = 1.04. The observation
fits well with Figure 4.4, in which the first visible resonances occur at a relative refractive
index of m = 1.18. The distance between the centers of the spots on the surface is roughly
two times the wavelength, which favors an interference effect.

When stretching the particles, surface spots appear only for stretching along the flow
direction. A first thought could be that this is due to the long, flat side being exposed to the
laser, which results in a beam incident rather vertical than grazing. According to Snellius law,
this means the beam is propagating rather straight through the particle than being deflected.
In the case of an oblate spheroid, there is also a long side exposed to the laser, rotated by
90◦ compared to the prolate spheroid, however the curvature is greater than the curvature
of the prolate spheroid along the stretched axis. It might be that only in this configuration
surface waves emerge which are radiating towards the observation direction. The occurrence
in dependence of the relative refractive index for rotated particles, also fits to the observations
made with stretched and squeezed particles. For further insight, different observation directions
will be helpful in possible future works.

Overall the geometrical description of surface waves is just an approximation of the rigorous
electromagnetic model. Regardless of whether the spots on the surface emerge from surface
waves or not, the effect is fully covered by the discrete dipole approximation.
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5
Pulse Shape Analysis

The Section "Detection of Coincidences" is handed in for publication in "Cytometry Part A
(ISAC)" with the title "Coincidence Detection in Flow Cytometry using Pulse-Shape Analysis
in Polydisperse Suspensions".

While fluorescence staining is widely used and generally unproblematic, fluorescent dyes can
sometimes exhibit cytotoxic effects, which may influence the measurement results [109, 110].
The algorithms developed and presented here were designed in a way that they work both on
fluorescence signal and scattering signal to overcome possible arising problems with staining.

Usually, in commercial devices, only a single value, like the maximum intensitiy or area,
of a particle or cell detection event is registered. This 0D information contains only little
information. One idea, which is pursued in this chapter, is to save the whole transit of a
particle or cell through the laser, generating 1D intensity versus time data. A whole curve
gives much more options for refined analysis and more information about the size, refractive
index and shape. With the current technical limitations it is not yet possible to do a real-time
analysis of the gathered pulses for high-throughput flow cytometry. Therefore the data is
saved as .tdms files and post-processed.

For small particles the signal-to-noise ratio (SNR) is very low, which results in the maximum
intensity being prone to fluctuations by noise. Due to recording of the whole transit, a fitting
algorithm can be employed to increase the populations maximum intensity precision, as
presented in Section 5.1.1. This is applicable even for event numbers in the range of millions.

A measurement setup inherently has a dead time in which a new event cannot be recorded.
If the time between two consecutive events is shorter than the dead time, a coincidence
occurs, reducing the measured number of events. With a higher event rate, the probability of
consecutive events undercutting the dead time increases. This incrases the coincidence rate,
making the correction of coincidences mandatory in high-speed flow-cytometry, otherwise the
counting rate and number of events would be systematically underestimated. Throughputs
in flow can easily reach 10 000 events per seconds in commercial devices and beyond, which
inevitably leads to a non-negligible number of coincidences [14, 13]. To overcome this, one can
either slow down the measurement process, which increases the measurement time, or perform
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a coincidence correction. The current state of the art (as layed down in the german Deutsche
Industrie Norm (DIN) 58932−3) stipulates that a dilution series has to be used for coincidence
correction [18, 19, 16]. The International Council for Standardization in Haematology (ICSH)
has established guidelines for the correction of coincidences which are based on dilution series
as well in ISO 15193 and ISO 17511 [20]. The drawback of this method is that at least four
measurements are mandatory and a dilution factor spread of four has to be achieved. The
counting rates for different dilutions are then extrapolated to infinite dilution, which then
yields the statistically correct number of events. This approach assumes that the measurement
is Poisson distributed. Another method is the dead-time correction, especially useful if only a
small volume of samples is available [16, 111]. However the dead-time correction is only valid
for low concentrations and it also requires the dead time of each event to be constant, which is
not given in general.

Both, dilution series and dead-time correction have inherent drawbacks, which is why a
new method of correcting coincidences by calculating the mean value of the waiting time
distribution is presented in Section 5.3. In principle, the waiting-time correction proposed here
requires only a single measurement and eliminates the need for dead-time recording. Moreover,
it can simultaneously correct coincidences for multiple populations through gating (hierarchical
correction). To do this, the time between two consecutive pulses needs to be recorded.

The first attempts on a pulse shape analysis were performed already in 1975 by slit scan
cytometers with particles larger than the laser focus [112]. The particle was then scanned
by moving through the laser beam, creating a 1D profile [113], on the basis of which the
particles can be e.g. further sorted [114]. The first digital pulse shape analysis using the pulse’s
skewness and kurtosis, as will be employed in this work, was done by Zilmer et. al in 1995
[115, 116], however the data acquisition capabilities were limited compared to today’s state of
the art. Using the pulse area and kurtosis, they were able to distinguish singlets from doublets
and between pecan pollen and lycopodium spores. With the help of the pulses area most
coincidences can already be corrected for mono-disperse particles [117], however to correct
them more accurate further quantities derived from pulse shapes are needed.

Another recently developed approach is to measure pulse shapes in multiple angles in
forward direction by Kage et. al. [42]. Here, the pulse was dismantled in Fourier coefficients
by which they were able to asign Jurkat and HEK293 cells to their different cell stages.

In Section 5.2 a modern, high throughput analysis of whole pulse shapes (also referred to
as pulse waveform) utilizing their area and moments can yield more information to reliably
correct for coincidences. Further, it will be presented on how to identify coincidences of two
particle types with very different dynamics at a high throughput range using the standard
deviation, pulse area and skewness. It will be shown that the algorithm can identify individual
coincidence events, is independent of whether the measurement follows a Poisson distribution
(arbitrary particle distribution in flow is possible), and can even be used to check whether a
measurement obeys Poisson’s law.

The quantities derived in Section 5.1.2 help to improve the measurements by increasing
the intensities precision or coincidence detection, but to resolve any shape, a spatial detector
is needed.
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5.1 Post-Processing of Measured Pulse Data

Figure 5.1: Pulse of a spherical particle with left: 1 µm diameter and right: 0.3 µm diameter.
The intensity is measured as a ratio of voltages and is therefore unitless.

5.1 Post-Processing of Measured Pulse Data 1

5.1.1 Pulse Fitting

The acquisition of the scattering intensity involves the Field Programmable Gate Array (FPGA)
capturing the temporal scattering signal. Upon receiving the trigger signal, the FPGA initiates
the recording of the particle’s entire transit through the laser beam. The resulting signal
generally mirrors the profile of the laser, if the particle is small compared to the laser beam
diameter. The measured signal can be understood2 as a convolution of the particles geometry
along the flow axis with the laser beam profile. If the particle is very small, the result is the
convolution of the beam profile with a delta function, which is again the beam profile.

All pulses shown here were captured using the experimental setup described in Section 2.1.
For the recording of laser pulses the trigger laser was used, which means the laser wavelength in
vacuum for all pulses in this chapter is 488 nm. All polystyrene particles used have a refractive
index of n = 1.6263.

When looking at robust signals from large particles, the determination of the maximum
intensity is no challenge, but when looking at weaker signals from small particles this can lead
to inaccuracies or even errors. In Figure 5.1, a comparison between weak (left) and strong
(right) signal pulses is shown. The red cross indicates the (temporal) position of the maximum
intensity. The strong signals progression is as expected. In contrast, the weak signal shows
some oscillations. One explanation for this modulation is: due to the higher gain of the PMT
needed to detect weak signals, the noise is equally amplified. The pulse of the strong signal
also contains oscillations, they are just too small to be noticed.

After the FPGA has recorded the entire transit of the particle, usually the maximum
intensity is determined, saved to a file and the rest of the pulse is discarded. As written
above, this can lead to inaccuracies for weak signals. The maximum intensity is higher than it

1The measurements presented in this section were done by Alexander Hoppe (PTB)
2The convolution is by no means the true model behind the pulse shape. It is just an approximation to

understand the behavior. The author did some tests with reproducing shapes of objects in the same size as the
laser by using deconvolution on the simulated pulses. The shape was barely reproducable. The information loss
of a convolution is too big. Also, in the range of 10 µm there are far superior methods like microscopy and
imaging flow cytometry.
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5. Pulse Shape Analysis

Figure 5.2: Fit algorithm illustrated for a spherical particle with left:1 µm diameter and right:
0.3 µm diameter. The intensity is measured as a ratio of voltages and is therefore unit less.

originally was due to the oscillation errors. In terms of a histogram this means the spread
of the maximum intensity increases (i.e. the variance gets bigger) and it is shifted to higher
intensities. It is crucial that the populations variance is as small as possible. The smaller it is,
the better two close populations can be separated.

To overcome these problems, a fit of the pulse can be employed and instead the maximum
of the fit is taken. This was done as follows: The simple maximum is taken as a starting point.
From the starting point a "certain amount" (see below) of points to the left and right side is
saved. With these points a second order polynomial fit (f(x) = −a(x − b)2 + c(x − b) + d)
is done and the maximum of the fit is saved instead of the simple maximum. The benefit of
fitting only a polynomial to the top of the pulse is that noise and coincidences at the edges
will not affect the result. The fitting algorithm used is the least square algorithm from scipy
in python. Note that before the data can be postprocessed, an offset correction is done. This
simply consists of searching the lowest value and subtracting all values of the pulse by this
value.

It is useful to define the "certain amount" of points in fractions of the standard deviation
(see Section 5.1.2) to account for different pulse widths and sampling rates. The points should
cover the whole top of the pulse and should not go further than the inflection point of the pulse.
The fit is illustrated in Figure 5.2 for 1 µm and 300 nm. In the images an interval of 0.8 times
the standard deviation was chosen. Although this method is robust against different pulse
widths and sampling rates, one should not blindly trust the value of 0.8 times the standard
deviation but check if the fit is reasonable.

After refining the data with a fit, the results for the maximum intensity are depicted in
Figure 5.3 and for the maximum intensities position in Figure 5.4 for 100 nm and 300 nm.
For both particle sizes, the spread of the maximum intensity has decreased in terms of the
standard deviation. As already written, the sharper the population, the better the localization.
At 300 nm a shift by a value of around 1 in maximum intensity can be observed, whereas there
is no shift visible at 100 nm.

Interesting is, that the (temporal) maximums position of the pulse of 300 nm particle
diameter shrank by about 30% but it did not at 100 nm particle size. 30% is remarkably high.
By recording the maximums position it is possible to e.g. tune the trigger delay. Also, a

46
https://doi.org/10.7795/110.20260122



5.1 Post-Processing of Measured Pulse Data

Figure 5.3: Maximum intensity for 100 nm (left) and 300 nm (right) particle diameter. Green:
Data with simple maximum. Orange: Refined data received via a fit.

Figure 5.4: Position of maximum intensity in µs for 100 nm (left) and 300 nm (right) particle
diameter. Green: Data with simple maximum. Orange: Refined data received via a fit.

very high spread of the maximums position would indicate a fluctuating flow speed and in
Section 5.2 it will be used to perform a coincidence correction.

With the help of a fit to the recorded pulse, the localization of low pulses could be improved,
as well as the maximums position better determined.
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5. Pulse Shape Analysis

5.1.2 Explanation of Describing Quantities

In the previous section the maximum intensity and its temporal position were determined
more precisely. However, additional parameters can further characterize a Gaussian-like pulse,
helping to better analyze individual pulses and the overall particle ensemble. The quantities
are:

• maximum intensity: see Section 5.1.1

• pulse area A: The area A is calculated with the integral A =
∫︁ tmax

t=0 I(t′)dt′

• maximum position: temporal position of the maximum determined either by fit or
simple maximum

• 95% pulse width: Determined by excluding the outermost 2.5% from both sides,
defining the 95% width of the pulse.

• noise average ϵ: average value of the first and last 20 points, defining an offset. These
points should only cover noise, no pulse signal.

• signal-to-noise ratio (SNR): SNR = Imax−ϵ
ρ where ρ is the standard deviation of the

same points used for the noise average.

• slope difference: mdiff := mend − mbeginning The difference in slope of the last and first
20 points. This can be used to detect pulses on the edge of the measurement window.

• pulse validity: dependent on the average noise, signal to noise ratio and standard
deviation, a pulse can be classified as "not OK". It is possible to define other criterea as
well. The boolean variable "is pulse OK" will then be set to False. This can be used to
filter out false or unwanted pulses.

Further statistical quantities are the mean, standard deviation, skewness and kurtosis. The
mean value is equal to the first moment and calculated as follows:

tmean =
∫︂ tmax

t=0
Inorm(t′) · t′dt′ (5.1)

Using the mean value, higher centralized moments (n ≥ 2) can be calculated:

µn =
∫︂ tmax

t=0
Inorm(t′) · (t′ − tmean)ndt′ with n ∈ N, n ≥ 2 (5.2)

With the help of the centralized moments the sought quantities standard deviation, skewness
and kurtosis can be defined

• standard deviation σ: σ = √
µ2

• skewness τ : τ = µ3
σ3

• kurtosis κ: κ = µ4
σ4

Additionally the coefficient of variation can be defined

48
https://doi.org/10.7795/110.20260122



5.2 Detection of Coincidences

• coefficient of variation (CV): CV = σ
tmean

Since the central moments are integral-based quantities, they can be efficiently optimized
numerically. This is particularly relevant when analyzing datasets containing millions of
pulses. Furthermore, most parameters can be computed independently, making them easy to
parallelize on multi-core computing systems.

5.2 Detection of Coincidences 3

5.2.1 Modeling of Coincidences

Before looking at measurement data, the influence of coincidences on the mean value, standard
deviation, skewness and kurtosis is discussed and to better understand the measurement data.

For that, two pulses, represented by a simple Gaussian function were super-positioned.
Some examples are plotted in Figure 5.5 for different (temporal) offsets ∆x. Both pulses have
an intensity of 1 and a 1

e width of 3. From the first to last image (left to right) the time between
the first pulse (at x = 0) and the second pulse is reduced. Note that the measurement window
is fixed to simulate the trigger mechanisms behavior. If the trigger threshold is undercut
after the first pulse, the measurement will finish after a certain amount of time, independent
whether a second arriving pulse is exceeding the trigger threshold again. In case the trigger
threshold is not undercut between the two pulses, they are recorded as one pulse and the
measurement is prolonged until the intensity falls finally below the trigger threshold. Whether
the limits of the X-axis are prolonged or not should not make a difference in the qualitative
result of the simulation.

In the first image there is only one pulse visible with the total intensity and area of one
pulse. The second pulse is too far away to influence the pulse in any way. In the second
image with an offset of 17.5 the second pulse is slightly inside of the measurement window.
The area of the pulse is already increasing. In the third image there is the situation that the
trigger level is barely undercut, meaning the second pulse is partly recorded. Nevertheless
the area of the pulse is increased drastically and is nearly equal to the area of two pulses.
In the fourth image with an offset of 7.5 the trigger is not undercut and the second pulse is
recorded completely. The area of the pulse is double the area of a single pulse, however the
intensity is still not influenced yet. In the fifth image with an offset of 2.5 it is visually very
difficult to distinguish whether the pulse consists of one or two pulses. Although they can not
be separated visually, the intensity is still 15% below the intensity of both pulses. In the last
image, the offset between the two pulses is zero. The pulse does not differ from a single pulse
with the double intensity.

3The measurements presented in this section were done by Martin Hussels (PTB) and Susanne Engel (PTB)
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Figure 5.5: Simulation of coincidences with two pulses of the same intensity. The pulses have an
amplitude of 1 and a 1

e width (i.e. w0 for a gaussian beam) of 3. The position x can be identified
as time to compare the simulation with measurements qualitatively.

The simulation already shows that the pulses have to be very close to see a change
in intensity. Even though particle size standard is used, the scattering intensity within a
population can fluctuated by 20% to 30% due to e.g. the strong dependence of the scattering
signal on the particle size, alignment in the laser, detector noise, etc. . This means that the
distance between the pulses has to be very small to identify the coincidences by intensity. The
area of the pulse seems more sensitive to coincidences. The area increases in the simulation
already at an offset of 17.5. By combining area and intensity, coincidences which double the
area but do not influence the intensity can already be identified.

In Figure 5.6 the mean, standard deviation, skewness and kurtosis are plotted for different
intensity ratios of the two pulses against their offset/distance. One can see, that the larger the
second pulse, the higher the influence on the mean value of the total pulse. The mean value
changes quite drastically for an intensity ratio of 1. The mean value is no centralized moment,
which implies that the timing of the measurements starting point and ending point have to
be precise, otherwise the spread of the mean will increase. This can be seen for example in
Figure 5.4. Centralized moments as the standard deviation, skewness or kurtosis are better
suited if the precise timing can not be guaranteed. Otherwise it can not be distinguished
between bad timing and a coincidence. The standard deviation varies similar to the mean value,
with the difference that it is axisymmetric and independent of the timing of the pulse (under
the premise that the whole primary pulse is detected). In Figure 5.7 the moments are plotted
against the relative area of the consecutive pulse within the measurement window, since the
pulse area is the quantity used in the measurement. The offset ∆x was varied as in Figure 5.6
and the fraction of the area of the second pulse within the measurement window calculated.
A relative area was chosen such that the different graph’s courses remain comparable, even
though this is not the correct representation in the histogram. An interesting feature of the
skewness is that the maximum value of the skewness at an offset close to 0 (i.e. area of the
second pulse close to 100%) is achieved by intensity ratios of 0.02 to 0.1 and a skewness of 0
for a ratio of 1. This is also very well visible in the progression of the skewness in Figure 5.6.
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5.2 Detection of Coincidences

Up to an offset of about 12 the skewness remains zero for an intensity ratio of 1 whereas it
increases significantly for ratios not equal to 1.

The latter one is not surprising since the asymmetry (i.e. skewness) of two identical pulses
around the mean value is zero until parts of one are cut off. The former feature is interesting
in the sense that two pulses that differ largely in intensity might be distinguishable by the
total pulses skewness. Contrary to that, even if the two pulses occur at the exact same time,
a difference of 10% to 25% in intensity or area might not be visible in the intensity or area
histogram due to the populations nonzero width. A feature the mean value and skewness
share is that based on the sign of the quantity it could be distinguished whether the smaller
pulse occurred before or after the primary pulse. In the here used measurement setup the vast
majority of the coincidences are in a way that the secondary pulse comes after the primary
pulse, due to the way the trigger is implemented. This must not always be the case for different
trigger mechanisms. The kurtosis goes either up or down depending on the intensity ratios
in Figure 5.7. Recap that the kurtosis is a measure of "tailedness". The larger the value, the
"steeper" the curve is. If the pulses are similar in intensity the kurtosis decreases and if they
are very different as for 0.01 and 0.02 the kurtosis rises. One disadvantage of the kurtosis is
that it has an additional "base line" (i.e. the kurtosis of a single pulse) crossing compared to
all other three quantities, very well visible in Figure 5.6. E.g. an offset ∆x of about 16 for
an intensity ratio of 0.5 has the same kurtosis as if there is only a single pulse. Also, for an
intensity ratio of 0.25 the kurtosis seems not to change until an offset of about 12. For this
ratio, the kurtosis would be unusable.

According to the modeling, it can be concluded that each quantity has its own range of
intensity ratio in which they are suitable. They are evaluated for an offset of |x| < 7, since
this is the range where both particles are completely recorded. The standard deviation is very
suitable for similar intensity ratios like ≈ 0.5 to 1. The skewness performs very well in the
region smaller than ca. 0.25 and the kurtosis very well in the region smaller than ca. 0.1.
Unfortunately, but also not surprising, is that all quantities can not distinguish coincidences
with no offset.
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Figure 5.6: Simulation of coincidences with two pulses of different intensity ratios and its
influence on the value, standard deviation, skewness and kurtosis in dependence of the two pulses
offset. The mean and skewness are point symmetrical and the standard deviation and kurtosis are
axisymmetric.
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Figure 5.7: Simulation of coincidences with two pulses of different intensity ratios and its influence
on the mean, standard deviation, skewness and kurtosis of the total pulse. The first pulse has an
intensity of 1 and the second the corresponding intensity. The offset ∆x was varied as in Figure 5.6
and the fraction of the area of the second pulse within the measurement window calculated. An
area of e.g. 50% means that one half of the second pulse is recorded and 100% that the complete
pulse is recorded. Values close to 100% correspond to very low offsets ∆x. For the calculation of
the area only positive offsets ∆x were considered.
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Description of Software to Simulate Number of Coincidences

To simulate the number of coincidences that a population A (main population) has with
population B (side population) or itself we implemented the following algorithm: A given
number of events is distributed uniformly and randomly over the interval [0, 1) and then scaled
to the total measurement time ttotal. The number of events is determined by the average event
rate and the total measurement time. In the case of polydisperse suspensions separate intervals
are filled for each population individually. During the deadtime tdead, no other particle can be
detected. If a second particle arrives during this time, a coincidence will occur.

If the temporal distances between two consecutive particles is shorter than the deadtime
tdead, a coincidence occurs. In monodisperse suspensions, for every event in A is checked whether
the temporal distance to the subsequent event is shorter than the deadtime (|tA,i+1 − tA,i| ≤
tdead). If this is the case, a counter for coincidences increases by one. In polydisperse supensions,
two separate populations A, B are compared. For every event in A is checked whether the
temporal distance to any event in B is shorter than the deadtime (|tA − tB| ≤ tdead). If the
condition is true, the number of coincidences is increased by one. The condition is only checked
for the population A because for e.g. 1 µm and 5 µm particles, coincidences of 1 µm with itself
or 5 µm with 5 µm can be corrected differently and much easier. The population A would
represent 5 µm large particles in this example. The presented algorithm is specifically for the
case of a 1 µm particle occuring in the measurement window of a 5 µm particle, since these are
the sought coincidences.

5.2.2 Mono-disperse Particles

Now that the behavior of the quantities for coincidences was evaluated, it is compared with
measurements. For this, 1.54 µm large spherical polystyrene particles (nparticle = 1.6263) were
measured. Since this is a mono-disperse suspension, coincidences will have the intensity ratio of
1. The corresponding density histogram is shown in Figure 5.8. Usually the pulses maximum
intensity is plotted instead of the area. However, the area is more sensitive, if available in the
measurement, in detecting coincidences as described e.g. in [117]. According to the results of
the simulation the standard deviation works best for this case. In Figure 5.10 to Figure 5.12
the standard deviation, skewness and kurtosis are visible in a dot plot histogram.The pulses in
sideward direction have very similar shape to the forward scatter pulses and add no further
information. Hence they were omitted for the pulse shape analysis. Also, the signal-to-noise
ratio in forward direction is better for the here used particle size.

The simulations in Figure 5.7 for an intensity ratio of 1 fit very well to the measurements
in Figure 5.10 to Figure 5.12. For better visibility the different sections of the visible path of
coincidences are gated with different colors. From Gate 1 to Gate 4 the offset between the two
pulses is decreasing. Additionally to Gate 4, Gate 5 was introduced since these events show
significantly smaller FSC pulse areas than Gate 4 and 3. When comparing the Gates with
Figure 5.5 the following correlation can be made. The single events in black can be correlated
to an offset of 22.5, Gate 1 (purple) to an offset of 17.5, Gate 2 (light green) to 12.5 to 7.5,
Gate 3 (red) to an offset of 2.5 and Gate 4 (dark green) and Gate 5 (blue) with zero offset.
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Figure 5.8: Pulse area histogram
of 1.54 µm large spherical polystyrene
particles.

Figure 5.9: The original pulse area
histogram with visible Gates. One
can see that the purple Gate and
parts of the light green Gate would be
counted as single events and therefore
not correctly recognized.

Figure 5.10: FSC stan-
dard deviation plotted
against the FSC pulse area.
The different sections of
the visible path of coin-
cidences have been gated
with Gate 1 to 5.

Figure 5.11: FSC skew-
ness plotted against the
FSC pulse area.

Figure 5.12: FSC kurto-
sis plotted against the FSC
pulse area.
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Coincidences vs. Agglomerates

The events in Gate 4 and 5 represent coincidences that are so close together that the offset
between the pulses is not distinguishable using the standard deviation. This raises an important
question: How can one determine whether a coincidence with zero offset is a true coincidence
(independent particles detected at the same time) or an agglomerate (particles stuck together)?

To address this question, pulse shape simulations of particles passing a round laser beam
(model barton5) in the flow cytometer were performed using the software ADDA To address
this question, pulse shape simulations of particles passing a round laser beam were performed
using the software ADDA (see Section 2.5) for two polystyrene spheres ("bisphere" shape
model) with variable distances/offsets. By utilizing ADDA for the simulation of two spheres, it
is ensured that interference and other possible coupling effects are included in the simulation
which is particularly relevant at small inter-particle distances. In contrast, the calculations
in Figure 5.5 were a simple addition of generic intensity pulses without any of these effects.
Each data point in Figure 5.13 represents a full ADDA simulation at a different position x̃

in the beam, with a sampling resolution of 1 µm. The laser beam width was set to 9 µm, the
wavelength to λmedium = 363 nm, the particle diameter to d = 1.54 µm and a beamstop angle
of 3◦ and an opening angle of 26.54◦ (i.e. a NA of 0.6 in water). All simulation parameters
were set as close as possible to the real values in the measurement. One deviation from the
measurement is that, in this case, an elliptical beam is used with a beam waist of 9 µm along
its shortest axis. It has an aspect ratio of approximately 5 : 1 with the long side perpendicular
to the flow direction. The particles were aligned along the flow direction (perpendicular to the
laser beam), meaning they pass through the laser at different time points.

In Figure 5.13, a comparison is presented between a single sphere, an agglomerate (offset
∆x̃ = 0 µm), and coincidences at varying distances. Figure 5.14 further illustrates the variations
in intensity and pulse area relative to a single sphere for different offsets ∆x̃.

As expected, for coincidences with large offsets (∆x̃ ≥ 12 µm), the pulse area is twice that
of a single sphere, while the maximum intensity remains unchanged. However, for coincidences
at smaller distances (∆x̃ < 3 µm), both intensity and pulse area exceed those of an agglomerate
(i.e. ∆x̃ = 0 µm ). Although the intensity is only slightly larger (< 5%), the pulse area of
coincidences is approximately 12% larger. Notably, at an offset between ∆x̃ = 3 µm and
∆x̃ = 6 µm, the pulse area surpasses even the expected factor of two (i.e. "overshooting").
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Figure 5.13: Simulated pulse shapes for two
spheres with different distances ∆x̃ between
them using ADDA. The intensity is scaled
to the maximum intensity of a single sphere.
Shown is only one half of the pulses, since
they are axisymmetric. The parameters are
chosen equivalent to the experiment; with
an opening angle of 26.54◦ and a beamstop
angle of 3◦. The laser beam width was set
to 9 µm, the wavelength to λ0 = 405 nm, and
the particle diameter to d = 1.54 µm
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Figure 5.14: Relative changes of pulse area
and maximum intensity compared to a sphere
for different offsets ∆x̃ taken from Figure 5.13.
Indicated are baselines for the area in red (2)
and the maximum intensity in dark grey (1).

Figure 5.15: FSC standard deviation plot-
ted against the FSC pulse area. The different
sections of the visible path of coincidences
have been gated with Gate 1 to 5. (shown
here again for better comparison.)

Figure 5.16: FSC standard deviation plot-
ted against the FSC maximum intensity.
The different sections of the visible path of
coincidences have been gated with Gates 1 to
5.
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This raises the question of why the pulse area and maximum intensity deviate from
expectations at small offsets and whether the observed overshooting can be explained. The
underlying reason is as follows: At ∆x̃ = 0 µm (agglomerate condition), the two spheres are
within each other’s near field range, leading to coupling and interference effects that reduce
both intensity and area. At ∆x̃ = 4 µm, the transition from near-field to far-field interaction
occurs, yet the spheres remain close enough that side-scattered light within an approximately
11◦ half-opening angle can still interact with the adjacent sphere. This secondary scattering
redirects previously side-scattered light into the forward direction, increasing the total detected
intensity in that direction. Consequently, for ∆x = 4 µm, the measured area exceeds twice
that of two isolated spheres. At offsets of ∆x̃ = 6 µm and beyond, the spheres are sufficiently
separated to eliminate significant interactions.

For larger particles, simulations indicate that the overshooting effect becomes more
pronounced due to increased side-scattered light collection (data not shown). Additionally, the
dip in pulse area at small offsets exhibits slight variations. However, the transition between
near-field and far-field interactions remains consistent, as it is primarily governed by the
wavelength.

In the literature, several studies discuss the differing behaviors of coincidences and
agglomerates, particularly in colloid chemistry [118–121]. However, no prior sources were found
addressing the cause of varying FSC or SSC intensities for agglomerates in flow cytometry.

Comparing Gate 5 with Gate 4 in Figure 5.15, events in Gate 5 exhibit an FSC area
approximately 10% to 20% lower than those in Gate 4. Based on the above considerations, it
can be inferred that events in Gate 5 correspond to agglomerates or closely spaced coincidences.
Gate 5 was deliberately chosen to have a lower threshold in pulse area than Gate 3 to reduce
the presence of very close coincidences. The overshooting of the pulse area of a factor of two
in Gate 4 can be attributed to secondary scattering, combined with the increased intensity of
possible slightly larger particles at extreme values.

Another noteworthy observation is that, theoretically, the maximum intensity for
coincidences or agglomerates should be about 80% higher than that of a single sphere,
rather than the naively expected 100%. However, in the measurement in Figure 5.16, the
expected 100% increase and even higher values are indeed observed. This discrepancy can
be explained by the laser focus shape, which in the experiment is elliptical rather than the
used circular shape used in the simulations. When coincidences with large separations are
aligned perpendicular to both the flow and the laser beam (i.e., arriving simultaneously in
the beam and oriented parallel to the side-scatter direction), both particles are illuminated
simultaneously without interference, resulting in a doubling of intensity. Events in Gate 4 can
thus also be attributed to this alignment effect.

For small distances, the same principles apply as for particles aligned in flow direction.
Simulations further show that coincidences at distances of approximately 10 times the
wavelength exhibit an increased FSC area due to secondary scattering, which corresponds to
the right-hand region of Gate 4 in Figure 5.15.

Overall, the distinct behavior of closely spaced coincidences observed in simulations provides
a compelling explanation for the abrupt changes in FSC pulse area and maximum intensity
distributions between Gates 3, 4, and 5.
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Gate 5 accounts for 86 events out of a total of 124 015 events. Using Gate 5, an upper limit
for the number of agglomerates can be estimated. Since there is no strict boundary between
Gates 5 and 4, the transition is gradual, making Gate 5 an approximation.

Detecting Debris and Unwanted by Smaller Particles

However, in the case of more complex samples—such as debris (≲ 0.2 times the main particle
diameter)—simple counting based on scattering standard deviation versus pulse area is
insufficient. In such cases, coincidences involving contaminants and the main population
can be misclassified as events similar to those in Gate 1, where only the flank of a second pulse
falls within the measurement window.

Contrary to the events in Gate 1, the pulse of a small particle must be completely inside
the measurement window, but at the edges, to have a perceptible influence on the standard
deviation. If the small particle’s pulse is only partially inside the measurement window or
overlaps with the main pulse, the change in standard deviation is too low to stand out from the
noise. In this case, the pulse will not be registered as coincidence and therefore no correction
is necessary.

One way to distinguish the two events is by looking at the slope difference as defined in
Section 5.1.2. A positive mdiff means that either the end of the pulse has a positive slope or
the beginning a negative slope. In the case of Gate 1, mdiff is always positive for two equally
large particles and in case the second is a small particle always negative or zero. By gating all
events with a negative or zero mdiff, debris can be effectively filtered out.

Conclusion

Summing up Gate 1 through 4 a total of 524 coincidences could be found. Additionally 86
close-distance coincidences or agglomerates were found in Gate 5. Gate 1 through 5 then sum
up to 610 coincidence events which is 0.49% of the total 124015 events. By using the software
described in the beginning, there are statistically 626 ± 32 coincidences to be expected. This is
still in good agreement with the measurement and supports the applicability of the algorithm.
A dead time of 25 µs was estimated in the measurements and put into the simulation, however
the dead time varies from event to event and there is one type of coincidences that can not be
recorded (see Section 2.2). Further, unwanted, much smaller particles can be effectively filtered
by using the slope difference mdiff. Using the standard deviation and pulses area, coincidences
can be found much more reliably than with the area alone, not to mention the intensity. Also
an estimation of agglomerates can be done with only one measurement, rather than a dilution
series. When using only the area, the distance between the two pulses has to be small enough
that a major part of the second pulse is detected. In Figure 5.9 the original SSC area vs FSC
area is plotted. The purple Gate (equivalent to an offset of x = 17.5. in Figure 5.5) and
parts of the light green Gate would not be recognized as coincidences since the area has only
changed by around 10%.
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5.2.3 Poly-disperse Particles

Coincidences of mono disperse particles are comparably easy to detect. Next, the coincidence
of two different particle sizes will be investigated. Here, four different types of coincidences
are possible instead of two. The final goal is to measure the coincidence of erythrocytes and
thrombocytes. Although these events are rare, especially with low flow rate, it can be crucial to
measure the exact number of thrombocytes e.g. in the case of a thrombocytopenia [122, 123].

Two highly differently sized particles exhibit a highly different maximum intensity. In case
of a coincidence of these two particles, the smaller particle can not be resolved, if its maximum
intensity is smaller than the spread in the maximum intensity distribution of the larger particle.
The same holds for the pulse area. For example in whole blood, the thrombocyte reaches
about 10% of the erythrocytes maximum intensity. Prerequisite for the algorithm is, that the
two populations are distinguishable from another, which is still the case for whole blood.

To mimic the coincidence of the two most abundant formed elements4 in whole blood,
particles with sizes of 1 µm and 5 µm were mixed with a ratio of 1 : 3 by number concentration,
respectively. Their intensity ratio is similar to that of erythrocytes (5 µm particle) and
thrombocytes (1 µm particle). Two types of coincidences can be distinguished. Type 1
corresponds to a particle of 5 µm and 1 µm (i.e. erythrocytes and thrombocytes) and type 2 to
two particles of 5 µm (i.e. two erythrocytes). Under physiological conditions, the typical ratio
of erythrocytes to thrombocytes ranges from 10 : 1 to 30 : 1. To effectively test the algorithm,
a higher frequency of type 1 coincidences is desirable, which is why a ratio of 3 : 1 was chosen.
When applying the algorithm to real blood samples, no modifications will be made to the
blood itself.

In Figure 5.17, the results of the mixed particle measurement are shown. The number ratio
between 1 µm and 5 µm particles is approximately 1 : 3, with the remaining 15% consisting of
debris.

The ratio in area and intensity for type 1 is about ≈ 10%. Looking back at Figure 5.6 and
5.7, it becomes clear that for the sought coincidences of type 1, the standard deviation is less
sensitive than the skewness. With that knowledge the majority of type 2 coincidences can
be filtered out, since the maximum standard deviation of type 1 is about 1

3 of the maximum
standard deviation of type 2 events. Further, type 1 events will not change the intensity or
area noticeably compared to the noise. Using this information, the Gates can be set as visible
in Figure 5.18 as an excluding Gate. The remaining type 2 coincidences are the cases where
only the flank of the second pulse are within the measurement window (see Figure 5.5 with an
offset of 17.5).

For highly unequal intensity ratios, as observed in type 1 coincidences, the skewness exhibits
a high sensitivity to changes in offset. Consequently, gating all events with absolute skewness
above the noise threshold effectively captures the desired coincidences—except in cases where
type 1 events occur with pulses in very close proximity. The skewness can be positive and
negative, depending from which side the second pulse is coming, which is why both sides have

4Thrombocytes and erythrocytes are actually no cells since they contain no nucleus and supporting DNA
[124], therefore the term "formed elements" is more correct. However, whenever the text states that the algorithm
is suited for cells, it is also suitable for thrombocytes and erythrocytes. It is irrelevant for the applicability of
the algorithm whether these are classified as cell or not.
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to be included, although the majority of pulses is positive (coming from the right side) due to
the trigger design (see Section 2.2).

To exclude type 2 events where only the flank of the second pulse falls within the
measurement window, one can analyze the slope difference mdiff defined in Section 5.1.2.
A negative slope indicates that the majority of the pulse is within the measurement window,
ensuring that the detected slope corresponds to the smaller 1 µm particles. Otherwise, the
event would have been excluded due to at least 50% higher pulse area and a significantly
increased standard deviation. The lowest negative slope’s absolute value must also be the
highest positive slope allowed for gating. Events within this range are classified as “True
Coincidences,” while those with higher slopes are labeled as “False Coincidences.”

Some type 2 events may still fall within the “True Coincidence” Gate if the second pulse is
only slightly inside the measurement window. However, visual inspection suggests these cases
are rare. Despite being a potential source of error, their impact on results is minimal.

In Table 5.1, measured and simulated type 1 coincidences are compared for three different
flow and event rates, excluding triple coincidences. At a flow rate of 1.027 µl/s, an estimated 4
to 5 triple coincidences were expected, which is negligible.

The results for flow rates of 0.177 µl/s and 4.425 µl/s show good agreement with experimental
data. However, at the highest flow rate of 1.027 µl/s, the expected coincidences are
approximately 35% lower than the measured ones. Recall that around 15% of the particles
consist of debris. Coincidences involving these, rather than 1 µm particles, are mistakenly
classified as type 1 coincidences. Visual inspection confirmed some detected coincidences
involving debris, yet these misclassified events alone do not account for the full 35% discrepancy.
It also appears that the assumption of a constant dead time in the simulation may lead to
deviations between model and measurement with increasing count rate. The trigger algorithm
in the measurement does not have a constant dead time, as described in the "measurement
and setup" section. Furthermore, the smallest distinguishable temporal distance between two
events is only an estimate with 4 µm.

Despite some errors at 1.027 µl/s, the algorithm successfully detects the majority of type 1
coincidences using relatively simple methods.

From a practical perspective, type 1 coincidences constitute approximately 0.067%, 0.154%,
and 0.376% of events at 0.177 µl/s, 4.425 µl/s, and 1.027 µl/s, respectively. As the event rate
increases, so does the coincidence rate. For an event rate of 5500 1/s, the coincidence rate
reaches 1.57%, which becomes significant for precision measurements. While the algorithm was
demonstrated for moderate flow rates, there is no inherent limitation preventing its application
at higher flow rates.
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Figure 5.17: Conventional histogram
(SSC vs FSC intensity) of a mix of 1 µm
and 5 µm large spherical polystyrene
particles.

Figure 5.18: FSC standard deviation
plotted against the FSC area. The pos-
sible coincidences of two 5 µm particles
are gated.

Figure 5.19: FSC skewness plotted
against the FSC area. The gated
area from Figure 5.18 were excluded.
Using the skewness coincidences of
1 µm and 5 µm can be identified and
gated. Coincidences of particles with
different intensity are sensitive to the
skewness.

Figure 5.20: FSC slope difference
plotted against the FSC area including
only the marked gates in Figure 5.19.
The absolute value of the lowest nega-
tive slope also has to be highest positive
slope to gate.
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Table 5.1: Comparison of measured and simulated amount of coincidences of type 1 for different
event rates. In the simulation the deadtime after each event was estimated with 12 µs and the
smallest temporal distance between a 1 µm and 5 µm particle enough to be separated from noise
was estimated as 4 µs. The total measurement time was 120 s for all measurements. The specified
measurement uncertainty was calculated using the standard deviation of twenty runs.

Flow rate in µl/s 0.177 4.425 1.027
Measured event rate in 1/s 216 557 1274
Measured number of coincidences 22 102 858
Simulated number of total coincidences 25.2 ± 3.2 158 ± 13 839 ± 32
Simulated number of nondetectable coincidences 7.6 ± 2.4 55 ± 5.4 277 ± 20
By simulation expected number of coincidences 17.4 ± 5.6 103 ± 18.4 562 ± 52

5.2.4 Finding Thrombocyte-Erythrocyte Coincidences

The blood sample used in this section was prepared during a round-robin test for external quality
assurance.

The algorithm developed for coincidences of 1 µm particles and 5 µm particles is now
applied for thrombocytes and erythrocytes in full blood. Their intensity ratio is approximately
5%. The simulation results for this intensity ratio can be seen in Figure 5.7. The measured
results are shown in Figure 5.21 to Figure 5.24, similar to the previous results of particles.
The measured eventrate for blood is 509 1/s. In comparison to the previous measurement, the
quantity ratio is shifted towards the erythrocytes with 90.52%. In total 30 coincidences of
thrombocytes with erythrocytes have been found with the algorithm presented beforehand.
This is in good agreement with 32 ± 8 coincidences expected by simulation. 28 out of the 30
pulses can be inspected in Figure 5.25. One can see on the basis of the maximum intensity of
the two different pulses that the algorithm reliably detected coincidences between erythrocytes
and thrombocytes. Even pulses that are skewed due to the two pulses being very close together
got detected. Interesting is that there is even one triple coincidence detected. The maximum
intensity of the middle pulse does not fit to the intensity ranges of the two populations. This
event is probably a rare event between a thrombocyte, an erythrocyte and a debris particle.
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Figure 5.21: Conventional histogram
(SSC vs FSC intensity) of a blood
sample showing erytrocytes and throm-
bocytes. The measurement was done
with a flow rate of 4.425 µl/s. Other
parts of the blood are too low in
concentration to be relevant here.

Figure 5.22: FSC standard deviation
plotted against the FSC area similar to
Figure 5.18 but for blood

Figure 5.23: FSC skewness plotted
against the FSC skewness similar to
Figure 5.19 but for blood

Figure 5.24: FSC slope difference
plotted against the FSC area similar to
Figure 5.20 but for blood
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Figure 5.25: X-Axis: time in µs. Y-Axis: Intensity (unitless). Plotted are coincident pulses of
type one detected by the algorithm in log scale for whole blood. Shown are 28 of the total 30
pulses. As visible, nearly all coincidences occur between an erythrocyte and a thrombocyte. Some
pulses show a broadening, meaning that the two pulses are very close. The intensity is measured
as a ratio of voltages and is therefore unitless.
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5.2.5 Conclusion and Outlook

In this section, an algorithm capable of detecting coincidences using relatively simple methods
was presented. This was presented for monodisperse particles, polydisperse particles and even
whole blood as a biological sample. With the help of the standard deviation, coincidences
of monodisperese particles can be much better detected compared to using the pulse area or
maximum intensity as it is done in conventional devices. Comparing this with simulations it
was shown that most coincidences can be found with that algorithm. Even if there is debris
involved, given the size is small compared to the main population, coincidences of debris and
particles can be distinguished from coincidences between particles and particles.

Also, an upper limit of agglomerates can be estimated by exploiting that agglomerates
scatter less light than close distance coincidences of two particles. This is very helpful to
refine the dilution steps of the probe and the statistic evaluation of the measurement. The
agglomerates seem to be separable by their higher SSC area as seen in Figure 5.9, but by
far not as clear as using the standard deviation versus area. Further, by using the standard
deviation versus area, only one channel, the FSC pulse is needed, which reduces the costs
and complexity of the flow cytometer. If at some point it becomes possible to calculate the
standard deviation, maximum intensity and pulse area in real-time, one can sort out potential
agglomerates by a subsequent (cell)sorter.

Using the pulses standard deviation and skewness, coincidences of different sized particles
could be found and distinguished from coincidences of same sized particles in polydisperse
suspensions. Due to impurities in the solution the number of measured coincidences might
be prone to errors. The algorithm finds most of the coincidences, however it is much harder
to detect coincidences where both particles are very close in time since the influence on the
moments decreases with decreasing distance. In contrast to that, it is not possible to distinguish
any coincidences of particles different in size only using the intensity or area, if the intensity of
the smaller particles is smaller than the intensity spread of the larger particles.

By being able to distinguish coincidences of small and large particles it is possible to
determine the absolute number of each particle type more accurate. This enables higher
flow speeds without loosing events due to coincidences and saves time if many probes have
to be analyzed. The algorithm was also tested on whole fresh blood. It was able to detect
coincidences of unlabeled thrombocytes with erythrocytes. Again, this is impossible using only
the intensity or area of pulses.

Another major benefit with this algorithm is that the absolute number of particles can
be determined in this particular measurement, rather than a statistical value compared to
dilution series or the software used. Also, it is possible to filter the coincidences and access
these for an individual, enhanced analysis.

Further, the algorithm does not rely on a constant flow rate or non-interacting particles/cells
(i.e. obey Poisson distributed). The requirements to the measurement are therefore reduced.
Conversely, one can check if a measurement is Poisson distributed by comparing the found
coincidences with the statistically expected number. If they deviate too strongly, this is a hint
for a non Poisson distributed measurement.

If there are agglomerates in the probe, these will be detected as coincidences by the
presented algorithm. Although the number of particles stays correct, since they are detected
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as two or multiples instead of one particle, agglomerates are statistically not the same as
coincidences. If a potential user is interested in the number of coincidences and not the number
of total particles, further measurements with different dilutions have to be done. If the number
of coincidences deviate from the statistically expected number of coincidences this is a hint
for e.g. agglomerates. The distinction between agglomerate and coincidence is important if a
statistical evaluation is used (which is not the case in this section). This problem has been
discussed by Hussels et. al in 2019 [117]

The presented algorithm can also be applied to other counting measurement principles
where a temporal, gaussian like signal can be acquired (except the upper limit definition for
agglomerates which is based on light scattering effects). This can for example be single photon
counting [125, 126], where pulses of photons with a defined width are detected. The number of
recorded photons can also be such low, that Poisson statistics can no longer be applied, which
would not be a problem for the algorithm presented. In a potential biological application the
algorithm is very useful if a rare cell type, of which only limited sample volume is available
or which might interact, has to be counted. This is a huge benefit over e.g. a dilution series
where at least 4 different dilutions have to be prepared and which is based on a statistical
evaluation.
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5.3 Coincidence Correction 5

This section has been filed for a patent with the "Deutsches Patent und Markenamt" (german
patent and trademark office) under the filenumber "10 2025 109 813.1".

In the last sections, algorithms were presented for the individual detection of coincidences.
Here a new algorithm shall be presented which has the potential of replacing dilution series
as a statistical coincidence correction. It is based on the statistical evaluation of the waiting
times between two consecutive particles. For counting processes in flow cytometry it applies
that if the flow conditions are constant during a measurement, the particles are randomly
uniformly distributed over time. This means that the measurement obeys Poissons law and
the waiting times between pulses are exponentially distributed.

The presented algorithm exploits this behavior for correcting coincidences with the help
of the mean value in first and higher order. The algorithm will be presented for the case
of particle detection in flow cytometry, but can also be used for all other type of counting
measurements, which are able to record the temporal distances between pulses and obey
Poissons law.

5.3.1 Waiting Time Distribution in Poisson Regime

If a measurement based on counting entities or events follows Poissons law, the probability
P (k) of detecting k number of events after the time t, given the mean event rate a, can be
determined using the Poisson equation as follows

P (t, k) = (a · t)k

k! e−a·t (5.3)

The probability that after the time t an event has already occurred is Q(t, k > 0) = 1−P (t, k =
0) and its probability density F (t) therefore

p(t) = d

dt
Q = a · e−a·t (5.4)

The probability density p describes the probability that after an event has occurred, another
event will occur after a waiting time of t [21]. The averaged waiting time for N measured
events is

⟨t⟩ ≡ 1
a

= 1
N

N∑︂
i=1

ti (5.5)

For a sufficient N , ⟨t⟩ converges to its true value 1
a . The reciprocate value of a equals to the

mean waiting time. ti is the waiting time corresponding to each ith event 6.
If the dead time is larger than zero, there will be counting losses due to coincidences,

meaning the counted events N ′ will be smaller than the true number of events N . As depicted
5The measurements presented in this section were done by Susanne Engel (PTB)
6t1 here means, this is the waiting time between the start of the measurement and the first event, denoted

as t0,1 in Figure 5.28
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Figure 5.26: Counts versus waiting
time for the blood measurement shown
in Figure 5.21 with a flow rate of
1.027 µl/s as an example. The counts
increase exponential for shorter waiting
times according to Equation 5.4 until
the waiting time is close to the dead
time of the detector.

Figure 5.27: A zoom of Figure 5.26
to shorter waiting times. The drop in
counts is well visible for waiting times
shorter than about 40 µs. Events with
shorter waiting times are within the
measurement window of another mea-
surement and therefore a coincidence.

in Figure 5.28, the third pulse will be coincident with the second, meaning the waiting time
between the true second and true fourth pulse will falsely be recorded as waiting time between
the second and third pulse and with the recorded waiting time t2,4 instead of the true t3,4.
The waiting times will therefore be overestimated.

If the number of events are plotted against the waiting times, an exponential decay can
be seen for example in Figure 5.26 as predicted by the probability density in Equation 5.4.
This is valid until the waiting time reaches about 40 µs where the number of counts decreases
and a gap becomes visible. The measurement window for the shown probe is about 25 µs long
(this varies of course from measurement to measurement), which is the approximate dead time
of the measurement. This is also the time where no shorter events are recorded. All events
shorter than this time will be recorded as coincidences in other measurements.

Figure 5.28: Distribution of waiting times t between different counting events at timepoints T . If
the waiting time t2,3 is too short to be recorded, the waiting time between event number 4 and its
predecessor will be overestimated with the value of t2,4 (the correct value would be t3,4). In flow
cytometry, the timepoints of the events can be determined with the maximums temporal position
presented in Section 5.1.2. Figure created by Martin Hussels.
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5.3.2 Correction Algorithm

Coincidence Correction in 1st Order

To determine the mean value of the probability density p in Figure 5.26, it is sufficient to
determine the mean value of a subsection t > t0 of the graph, which is valid due to the
self-similarity of the exponential function. The measured average value ⟨t⟩ of the waiting time
on the interval t = [t0, ∞) for a subsection then is equal to the mean value on the interval
[t0, ∞) for a sufficiently large N . The integral is dependent on the mean value 1

a of the waiting
time for the whole interval, for which the equation can be rearranged:

⟨t⟩ =
∫︁∞

t0
tp(t) dt∫︁∞

t0
p(t′) dt′ (5.6)∫︁∞

t0
tp(t) dt∫︁∞

t0
p(t′) dt′ =

∫︁∞
t0

tae−at dt∫︁∞
t0

ae−at′ dt′ = t0 + 1
a (5.7)

1
a then can be calculated as follows from ⟨t⟩ on the interval t = [t0, ∞):

1
a

= ⟨t⟩ − t0 (5.8)

For a measurement with waiting times ti > t0 and N ′ events, this yields

1
a

= 1
N ′

∑︂
ti>t0

ti − t0 (5.9)

The value t0 has to be chosen such, that it is larger than the dead time or gap for short
waiting times. One way to choose a proper value for t0 is to plot the mean value of the waiting
time 1

a , calculated from the measured average waiting time, versus a variable cut off time t0 as
depicted in Figure 5.29. 1

a decreases for very short times t0 until it becomes a constant value.
If t0 reaches a value at which no coincidences occur, Equation 5.6 (more precise, the analytic
calculation of the first moment/mean value) becomes true. The formulation is only true if the
waiting time distribution behaves like an exponential function for t > t0. One possible way of
finding a suitable value for t0 is to find the first local minimum of 1

a . Other ways could include
a condition: if the slope in the constant section exceeds a certain level, go back a certain
distance and define this value as t0. With the now determined mean value 1

a and the measured
number of events N ′, the correct number of events N can be determined using Equation 5.10.

N∫︁∞
0 ae−at dt

= N ′∫︁∞
t0

ae−at dt
→ N = N ′ · eat0 = N ′ exp

(︄
N ′t0∑︁

ti>t0(ti − t0)

)︄
(5.10)

Coincidence Correction in 2nd Order

In case of a coincidence, the determination of the waiting time undergoes a systematic error.
As previously described on the basis of Figure 5.28, the waiting time t3,4 will falsely be recorded
as t2,4 due to a coincidence and therefore overestimated. The correct waiting time for t3,4 is
t3,4 = t2,4 − t2,3. The coincidence correction in 2nd Order aims to exclude the waiting time
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Figure 5.29: Measured mean waiting time 1
a , calculated from the average waiting time ⟨t⟩ as in

Equation 5.9, shown for a variable cut off time t0.

for all events that are shorter than t0. From the true and corrected waiting times for events
longer than t > t0 the mean value for the same intervall is calculated. Due to the self similarity
of the exponential function, the true and corrected mean for the whole interval can then be
inferred from the true, corrected mean for t > t0. With the help of the corrected mean the
sought true number of events N can then be determined. The sum of all recorded waiting
times T = ∑︁N ′

i=1 ti has to be replaced with the corrected T ′ with T ′ = ∑︁N ′
i=1 ti −

∑︁tN′
ti,i=1,ti<t0

t⋆
i .

This means that the true sum of waiting times of the recorded events is smaller than the
recorded waiting time of the recorded events. This is no contradiction, since in the recorded
waiting time, waiting times are overestimated by coincidences. The recorded waiting time
is equivalent to the sum of the true waiting times of the true number of events. Note that
besides the corrected waiting times (T ′ < T ), also the recorded number of events N ′ is smaller
than the true number of events N .

This means, the corrected calculation of the average is

⟨t⟩ = T ′

N ′ = 1
N ′

T −
tN′∑︂

ti,i=1,ti<t0

t⋆
i

 = T

N ′

(︄
1 −

∑︁
ti,i=1,ti<t0 t⋆

i

T

)︄
(5.11)

To determine the fraction
∑︁tN′

t1,ti<t0
t⋆
i

T , the self-similarity of the exponential function and its
mean value can be exploited again as follows

∑︁tN′
t1,ti<t0

T
=

∫︁ t0
0 tp(t) dt∫︁∞

0 t′p(t′)dt′ =
∫︁ t0

0 tae−atdt∫︁∞
0 t′ae−at′ dt′ =

1
a −

(︂
t0 + 1

a

)︂
e−at0

1
a

= 1 − (at0 + 1)e−at0 (5.12)

Inserting Equation 5.11 into 5.8 yields a corrected mean value a′

1
a′ = ⟨t⟩ − t0 = 1

N ′ T
(︂
1 − (1 − (at0 + 1)e−at0)

)︂
− t0 = T

N ′ (at0 + 1)e−at0 − t0 (5.13)

aj+1 =
(︃

T

N ′ (ajt0 + 1)e−ajt0 − t0

)︃−1
(5.14)
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Equation 5.13 can be written in an iterative form, as Equation 5.14, since the refined 1
a′ is

only dependent on the unrefined 1
a . As an initial value, a from the correction of first order in

Equation 5.9 can be taken. When aj+1 has converged to a sufficient value a′, the refined a′

can finally be inserted into Equation 5.10.

N = N ′ea′t0 (5.15)

The number N is the corrected, true number of events. Note that this is only valid, if a sharp
limit t0 can be defined for all waiting times. This is valid for most use cases.

5.3.3 Comparison with Dilution Series and Dead-Time Correction for Whole
Blood

To test the waiting time correction, we can compare the results obtained with the current state
of the art, a dilution series, and the dead-time correction. As described in the introduction of
this chapter briefly, a dilution series with at least four different dilutions is extrapolated to
infinite dilution. A dilution series can be seen as the "gold standard" in correcting coincidences
for blood measurements. The number of measured events N ′ for a volume Vsample with dilution
Φ = Vsample

Vsample+Vdilution
is given as [16, 127]

N ′ = (NΦ) · exp
(︃−Nτ

t
Φ
)︃

(5.16)

N is again the sought true number of events, t the measurement time and τ the cumulative
dead time of the measurement setup. The cumulative dead time has to be measured and is
unique for each measurement. The cumulative dead time is the summed up dead time after
each event. This equation can only numerically be solved for N . To overcome this problem,
Equation 5.16 can be written in the form:

ln N ′

Φ = ln N − Nτ

t
Φ (5.17)

For infinite dilution (Φ → 0), it follows from Equation 5.16, that ln N ′

Φ → ln N . When
extrapolating different dilutions to zero, the term ln N can be determined. This also implies
that the cumulative dead time is irrelevant for this method, since the last term in Equation 5.17
approaches zero at Φ → 0.

The dead-time correction tries to estimate the number of coincidences by the ratio of τ
t . N ′

in Equation 5.16 is approximated by the first two terms of the Taylor series for the exponential
function. Further, the term Nτ

t is approximated by N ′τ
t . This means the dead-time correction

is only accurate for high dilutions and low number of coincidences. Further, the equation
assumes that the dead time after each measurement is constant. This is not the case anymore
for the trigger mechanism used in this measurement setup. Here, the dead time is dependent
on the pre and posttrigger length, which can vary from event to event. The variations are not
significant, but it increases the approximation errors.

The benefit of the dead-time correction is that only a single measurement has to be done.
This can be handy if only a small portion of the sample is available or the counting rates
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are such low, that a further dilution would dramatically increase the measurement time for a
dilution series. The number N of events then is given by

N ≈ N ′

Φ
1

1 −
(︂

N ′τ
t

)︂ (5.18)

In Figure 5.30 the comparison of the three methods is depicted for whole blood. The
measurement was done with a coulter counter7. The measurement principle is a little different,
however the coulter counter (which is in fact also a cytometer) owes the same trigger mechanism
as the used flow cytometer and the evaluation of the data does not differ from the evaluation
of flow cytometry data.

Although for the dead-time correction and the waiting time correction only one measurement
would suffice, all four measurements were evaluated with the respective methods. In theory
all four measurements should yield the same value for the true number of events N . Every
measurement was repeated 4−6 times. The error bars visible for linear regression (i.e. dilution
series) and dead time correction are according to the weighted (uncertainties in volume and
counting rate are included) standard deviation in Equation 5.17 and Equation 5.18 respectively.
For the waiting time correction only the unweighted standard deviation of the repeated
measurements were taken, since a proper formulation of the error for the calculation of the
corrected counting rate still has to be done. However the error is expected to be small.

The intersection at Φ = 0 in Figure 5.30 and the corresponding counting rates are presented
in Table 5.2. The counting rates obtained from the waiting-time correction and the dilution
series agree very well. In contrast, the dead-time correction falls outside the uncertainty range
of the waiting-time correction.

As previously mentioned, the dead-time correction is particularly susceptible to errors
due to the non-constant dead time during the measurement process. The dilution series
exhibits a larger uncertainty, as it requires fitting two parameters to a linear equation, whereas
the waiting-time correction and dead-time correction involve fitting only a single constant
parameter.

In practice, it was observed that a first-order correction is sufficient for the waiting-time
correction in most cases. The second-order correction for the presented data amounted to
approximately one digit in comparison to a total count of two million.

Table 5.2: measured counting rates as their interception with the ordinate including uncertainties.
The uncertainty is given as the standard error of the linear fit process in Origin.

waiting-time corr. dead-time corr. dilution series
interception with Φ = 0 14.50949 ± 9.5 · 10−4 14.5124 ± 1.5 · 10−3 14.5102 ± 4.5 · 10−3

counting rate 2001665 ± 1890 2007438 ± 2920 2003146 ± 8980

7In practice it is very difficult to acquire blood samples that can be used for publication. There were no
suitable dilution series measurements available measured at the flow cytometer used in this thesis. Acquiring a
new sample is a tedious process, including the consultation of an ethics council, which can take many months.
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Figure 5.30: Comparison of the three coincidene correction methods: dead-time correction,
dilution series and waiting-time correction.

5.3.4 Conclusion and Outlook

A novel algorithm for correcting measured counting rates with regard to coincidences has
been presented. Unlike conventional methods, this algorithm neither relies on measuring the
cumulative dead time nor requires a multi-step dilution series. In this work it has been proven
that the algorithm is functional, however in future further comparison measurements should
be carried out.

When comparing the waiting-time correction to the current state-of-the-art method — the
dilution series — the measurement process is accelerated by at least a factor of four. This
improvement arises because the dilution series requires a minimum of four different dilutions
(not including preparation time). Consequently, the throughput of sample measurements,
such as blood samples, is significantly enhanced, particularly in laboratories that depend on
high-throughput analysis. In practice, waiting-time correction measurements are repeated to
verify the results; however, for the dilution series, also several measurements are performed at
each dilution and then averaged.

Although the dead-time correction method, in principle, requires only a single measurement,
it has several disadvantages. These include the necessity to record the cumulative dead time
and its inherent limitation to low counting rates. The dilution series and waiting time correction
are able to correct coincidences hierarchical, meaning for several populations at once, which
is of great benefit in hematology where there are always multiple components in the sample.
For the dead-time correction this is not so clear. The populations can indeed be gated as
well, however the corresponding dead times might not be correlated correctly. If coincidences
between two populations occur, it is not obvious to which population the dead time has to
be ascribed. To distinguish between two different coincidences a pulse shape analysis and
temporal recording would be needed. Depending on the algorithm this might be a problem.
These errors are usually small, but the general idea about coincidence correction is about
being as correct as possible, which is why the errors should also be kept as small as possible.

73
https://doi.org/10.7795/110.20260122



5. Pulse Shape Analysis

The dilution series does not have this problem, since a change in dead-time only changes the
slope of the graph in Figure 5.30, but not the intersection with the ordinate.

Another approach to coincidence correction is based on the mean waiting time between
two consecutive events and the mean flight time [128]. Here, the waiting time is defined as the
duration between the threshold crossing at the end of one pulse and the threshold crossing
at the beginning of the next pulse. The mean waiting time and flight time are obtained by
dividing their cumulative values by the number of recorded events. With instrument-specific
parameters determined beforehand, a corrected event count and pulse height distribution can
be calculated. However, this method does not allow for hierarchical coincidence correction, as
the recorded flight and waiting times cannot be assigned to individual populations.

Importantly, the waiting-time correction algorithm is not limited to flow cytometry but
can be applied to any measurement system that counts events following Poisson statistics
e.g. in single photon counting. Interestingly Yu et. al. [129] reported on dead time and
coincidences in single photon counting and concluded that if a dead time exists the statistic of
the measurement does not obey Poissons law anymore, because there are events with short
waiting times that can not be recorded. However, they relativized their statement in the end
saying that "[...]statistical image reconstruction based on Poisson models, while certainly not
optimal, should be adequate in practice even under fairly large deadtime losses [...]". They
also concluded that the waiting time between two photons is distributed as in Figure 5.26
and that depending on the dead time there is a gap for short waiting times. Their correction
model however is based on calculating the probability of a second event during the dead time.
These are then included in the integral formulation of the first and second factorial moments
yielding a correction formula.

The primary drawback of the waiting-time correction is that the measurement setup must
be capable of determining the temporal distance between consecutive pulses. Currently, many
commercial flow cytometers lack the capability to record event timestamps. Nevertheless,
numerous laboratory setups have demonstrated that implementing such temporal recording is
feasible if pursued by manufacturers. Additionally, concentration-dependent counting effects
can only be recognized and addressed when measurements at different concentrations are
performed.

If commercial devices become capable of recording the temporal distances between events,
the author sees the potential that the presented algorithm could replace the current state-of-
the-art for samples that have been proven to show no concentration-dependent effects. This
will significantly accelerate and simplify laboratory routines.
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Theoretical Implementation of a

Quadrant Detector

In this chapter the concept of a quadrant detector in flow cytometry, with the ability to
theoretically determine the asphericity of sub-wavelength sized particles will be explored
by replacing the current PMT tubes in the forward scattering direction. Particles of sub-
wavelength size can not be resolved with microscope objectives making it very difficult to
measure any shape, especially with high throughput. However many application require such
size and shape distributions, including wastewater sludge treatment [130, 131], nanoparticles
in cosmetics [132, 133], aerosols in atmoshperic research [134–136] or in a broader sense even
in interstellar clouds in astrophysics [137–139].

A similar, but more complex configuration to measure particle shapes has already been
used by Moteki [140, 141] for single particle extinction and scattering (SPES) measurements
[142–144]. They used a much smaller opening angle to detect the interference between forward
scattered and incident laser light.

The previous chapter extracted more information about coincidences by analyzing the
entire particle transit. However, to obtain shape information, a certain degree of spatial
resolution is required. A quadrant detector is ideally suited for this application due to its
widespread commercial availability, practicality [44, 45, 145] and routine use in applications
such as electron microscopy and beam position monitoring. Esper-Chaín et. al. states that
quadrant photo detectors are the best devices to measure laser beam positions, making them
potentially suitable to measure slight far field deformations [46].

While alternative spatial detector orientations are possible, they would require bespoke
design solutions. The basic concept, monitoring the full passage of the particle through the
laser beam, remains the same, but with the introduction of a significant advancement: rather
than registering a single temporal intensity progression for the entire detector, now individual
intensity readings for each quadrant are obtained.

The design of the detector is illustrated in Figure 6.1. It features a circular detector, tilted
by 45◦ in ϕ direction with an opening angle of θo (right quadrant spanning 315◦ to 45◦, upper
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quadrant from 45◦ to 135◦, left quadrant between 135◦ and 225◦, and the lower quadrant
ranging from 225◦ to 315◦). The far field shown belongs to a sphere (left) and an ellipsoid
(right). It is clearly visible that for the ellipsoid, the vertical quadrants (up+down) contain
a greater intensity than the horizontal (left+right) quadrants. A ratio of vertical/horizontal
would be greater than one. Tilting the quadrants by 45◦ in ϕ direction is a key element,
otherwise all quadrants would measure the same intensity (if the particles are aligned in flow
direction, which goes right to left in Figure 6.1). Tilting the detector disrupts the symmetry
for aspherical particles with axial symmetry (e.g. bisphere, rod, capsule, ellipsoid) that align
with the direction of flow. From a practical point of view this also gives the ability to align the
detector, laser and flow position by comparing the up and down intensity. The center of the
detector shall be at θ = 0◦. The feasibility of the alignment is proven by the sources stated
above.

The setup exploits the fact that aspherical particles posses an aspherical far field. For
better understanding, the case of light diffraction on a slit with two axes can be considered.
The smaller one axis, the wider the spread of the far field in this axis. The quadrant detector
measures the ratio of the two farfield axes, which can serve as a measure of the aspect ratio of
the slit i.e. particle.

The smaller the particle, the less aspheric the far field gets. The question now becomes,
how small can the particles get until the ratio is nearly one and what relations can be utilized
to characterize the asphericity of the particles.

To simulate the transit through the laser beam, at every relative beam-particle position x,
a simulation of the scattered light is performed.

Figure 6.1: Quadrants sketched with far field scattering pattern of a sphere (left) and an ellipsoid
(right) as example in the center of the laser beam. It is obvious to see that the vertical (up+down)
quadrants contain more intensity than the horizontal (left+right). Angle ϕ shown in spherical
direction. Arbitrary unit of opening angle θo in radial direction. The particles flow direction is
from right to left.

Summation of the intensity of all quadrants, provides the scattering intensity scattered
in the opening angle θo that is usually used in flow cytometry measurements. The total
scattering intensity can be plotted against the beam position x, yielding a pulse shape. For
particles of any shape and small in size compared to the beam diameter, the pulse shape of
the total intensity usually has the same form as the beam profile. In contrast, by comparing
the scattering intensity of the four quadrants with each other, different particle shapes give
rise to distinct combined pulse shapes, making them distinguishable.
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6.1 Simulation of Pulse Shapes for Aspherical Particles

All scattering simulations in this section were done with the ADDA code [77], using the
amplitude scattering matrix S.The amplitude scattering matrix is read with Python and the
scattered field calculated regarding a linearly polarized laser parallel to the flow direction. The
scattered field is then integrated in the desired quadrants to receive the scattering intensity. At
every beam position x, a full ADDA simulation must be done. Beneficial is, that the simulations
for different positions are independent of each other and can therefore be parallelized trivially.
Nevertheless, the total computation time can increase drastically with the size parameter,
since a range of about 25 points in x direction is needed for a well-resolved pulse shape.

To describe the laser beam, the fifth-order Gaussian beam model by Barton et al. [65] is
employed with waist radius ω0 = 9 µm and vacuo wavelength λ0 = 405 nm. An opening angle
of 12◦ is chosen since this is also approximately the opening angle of the previously utilized
device. The surrounding medium is water with a refractive index of nmedium = 1.3431 and the
particles are assigned a refractive index of nparticle = 1.6236 (equal to that of polystyrene).
The particles are sampled with 10 dipoles per wavelength. Compared to the Glare Point
simulations the dipoles per wavelength were reduced, since here only the total intensity is of
interest and not fine structures as with Glare Points. In their ADDA manual Yurkin et. al.
state that even 10 dipoles per wavelength are sufficient for calculating images.

In an experiment it is challenging to handle the different dynamic range of the laser and
the scattered intensity. In the context of flow cytometry this issue is overcome by introducing
a beam-stop that blocks the direct laser beam in forward direction. To mimic this in the
simulation, a spherical aperture with a radius of 3◦ was applied (i.e., θ starts at 3◦ in the
simulation). This is also roughly the beamstop angle of the device.

In Figure 6.2 pulse shapes for four different particle shapes and three volumes (i.e. particle
sizes) are shown. In each case, two opposite quadrants are added to obtain the vertical
(up+down) and horizontal (left+right) intensity (see Figure 6.1). The particles are represented
by predefined shapes in ADDA (sphere with diameter d, bisphere Rcc = 1, capsule h = d, rod
as box with y

x = 1 and z
x = 8. Euler angles are set to α = 0◦, β = 90◦, γ = 0◦)1.

The particles are oriented with their longest side towards the flow direction, as they tend to
align in this manner within the flow, and this orientation is expected to produce the strongest
changes in the signal. The four shapes have the following aspect ratios r 2: sphere 1:1, bisphere
2:1, capsule 2:1, rod 8:1. The scatterer’s volume and its geometrical cross-section usually
have a strong influence on the scattered intensity. Hence, the size is expressed in terms of
volume equivalent to a sphere with diameter dsphere to better compare the different shapes.
This is analogous to deforming a sphere to the respective shapes. This definition will continue
throughout the whole chapter.

1A bisphere consists of two spheres with center-to-center radius of Rcc; therefore a Rcc = 1 means the two
spheres are touching each other. A capsule is defined as two half spheres with diameter d attached to each
plane surface of a cylinder with height h. A rod is a cuboid with aspect ratio y

x
and z

x
. z defines the length of

the longest side. A rod is a cuboid with aspect ratios y
x

and z
x

, where z is the length of the longest side. Euler
angles of α = 0◦, β = 90◦, and γ = 0◦ orient the z axis of the shape parallel to the x axis of the flow cytometer,
aligning the longest side of the particles with the flow direction.

2longest side divided by shortest side, r = x
y

in the coordinate system of the flow cytometer (laser in z
direction, flowing in x direction, y perpendicular to x,z)
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The single sphere diameter dsphere can be converted to the longest side of the mentioned
shapes as follows:

dbisphere = 2
3√2

· dsphere ≈ 1.59 · dsphere (6.1)

drod = 3

√︃
32π

3 · dsphere ≈ 3.22 · dsphere (6.2)

dcapsule = 2 · 3

√︃
2
5 · dsphere ≈ 1.47 · dsphere (6.3)

Figure 6.2: Pulse shapes of vertical (up+down) and horizontal (left+right) combination. The
size is given in volume equivalent to a sphere with the diameter dsphere.

In Figure 6.2 it is generally visible that the bigger the particle and the larger its
aspect ratio, the more pronounced the difference becomes between vertical (up+down) and
horizontal(left+right) intensity. This can be exploited to differentiate spherical and aspherical
particles. Except for spheres of all sizes where significant difference between vertical and
horizontal intensity is noted, with only a slight, negligible variation due to laser polarization.

As previously mentioned and clearly visible in Figure 6.2, the scattering intensity is strongly
dependent on the scatterers size. To better compare different particle sizes one can e.g. form
the ratio r of vertical and horizontal (referred to as simply ‘ratio‘) intensity as depicted in
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Figure 6.3. The ratio approach has several advantages. First, by taking the pairwise ratios
of the intensities from two opposite quadrants, a wide range of particle volumes produce
similar curves. Second, filters, amplifiers or parasitic effects that act linearly can be ignored.
Additionally, it is easier to compare the unknown shape to a sphere, since a sphere has a ratio
close to one. It is important to note again that these observations are made in the far-field,
implying that an aspect ratio r greater than one results from an aspect ratio vertical/horizontal
smaller than one of the particle.

Figure 6.3: Ratio of vertical and horizontal signal shown for different shapes and sizes in
logarithmic scale for an opening angle of 12◦. The size is given in volume equivalent to a sphere
with the diameter dsphere.

It is evident from Figure 6.3 that the maximum ratio is achieved at x = 0 and for small
particles, which are more of interest, the ratio resembles more a straight line than a pulse.
Therefore for further analysis only the maximum ratio at x = 0 is considered. This also saves
a lot of computation time. In an experiment it could still be beneficial to record the whole
transit to better fit the maximum ratio. With only calculating the maximum ratio, a lot more
computations of different sizes are possible. In Figure 6.4 the ratio r is plotted against different
volume equivalent diameters d. As expected, the larger the particle and aspect ratio, the larger
the ratio. This is an important relation for characterization. The ratio for a sphere is not
perfectly one. For small particles the ratio is observed to be slightly above one, a phenomenon
that can be attributed to polarization effects that intensify with smaller particles 3.

In contrast to that, in Figure 6.5, the relative total scattered intensity is plotted. With
increasing size, the order of the shapes changes. At about 600 nm the intensity of the rod
is about twice as high as that of a sphere with the same volume. If the shape is unknown,
one could conclude that the particles either have different shape or a different volume. Both
conclusions are valid. It is apparent that there is no consistent relationship between the
maximum scattering intensity and the shape.

3see for example in Figure 6.10. The laser beam is polarized along ϕ = 0◦. This results in an induced
dipole moment parallel to the laser beam polarization and more intensity scattered perpendicular to the dipole
moment axis. The quadrants up and down (at 90◦ and 270◦) contain therefore more intensity

79
https://doi.org/10.7795/110.20260122



6. Theoretical Implementation of a Quadrant Detector

Figure 6.4: ratio r plotted against volume
equivalent diameter of different particles. The
ratio is plotted in logarithmic scale.

Figure 6.5: Intensity of aspherical particles
in relation to the intensity of a volume equiva-
lent sphere for different sizes.

Changes in the ratio with variations in the opening angle θo are particularly noteworthy, as
demonstrated in Figure 6.6. The ratio of the non-spherical particles increases with increasing
opening angle θo. For instance, increasing the opening angle from 12◦ to 30◦ increases the ratio
of the capsule at d =250 nm from 1.047 to 1.28. This significantly facilitates the distinction of
spheres and aspherical particles, underscoring the desirability of a larger opening angle, at least
for small particles. However there seems to be a tipping point for large opening angles and
particles at which the monotonously rising ratio seems to stop. Even the order of the bisphere
and capsule change for large particles and opening angles of 20◦ and 30◦. The explanation to
this effect and how to avoid this will be explained in the next section.

Figure 6.6: Ratio of vertical and horizontal shown for different shapes and sizes in logarithmic
scale. The size is given in volume equivalent to a sphere with the diameter d.

6.2 Procedure of Characterization

When attempting to characterize particles by size and shape using this method, certain
ambiguous cases arise. Initially, an estimation of the scattering volume by the scattering
intensity, which is more sensitive to changes than the ratio, might be made. This can be
achieved via determining a volume equivalent scattering volume of a sphere. Although the
intensity can change by a factor of 2 or 3 compared to a sphere, the volume can still be
estimated quite well, since the scattering intenstiy is heavily dependend on the scattering
volume as visible in Figure 6.2.
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6.2 Procedure of Characterization

For characterization purposes, only the maximum ratio at x = 0 is relevant. However, data
points to the left and right of x = 0 can assist in interpolating. The ratio, while sensitive to
different sizes as evidenced in Figure 6.3, is by far less sensitive than the intensity. Furthermore,
the exact shape cannot be precisely reproduced; it only indicates a degree of ’asphericity’ or
aspect ratio. To conclude that the changes in the ratio are due to different aspect ratios, the
rough size of the particles needs to be known before the analysis. Small variations in size,
which usually occur, should not affect the ratio too much.

Based on previous measurements and experience, a measurement accuracy of 4% is assumed.
With such a measurement accuracy, all particles and sizes could be distinguished from the
corresponding sphere from up to d =250 nm in the simulation as seen in Figure 6.3. The
bisphere and capsule, having the same aspect ratio but differing slightly in length, result in
the capsule’s peak potentially being slightly lower than that of the bisphere. According to the
measurement accuracy, it would be feasible to differentiate capsules and bispheres if they are
properly aligned.

However, particles do not align perfectly in the flow stream, leading to uncertainty about
their orientation. To account for rotations, two angles are introduced: α, describing rotation
around the laser axis, and β, indicating rotation in the laser-flow plane. A bisphere serves as a
test particle.

At first the rotation around the α axis is looked at. This is a rather straightforward case
as it is analogous to rotating the laser and detector. A rotation of the laser has only minor
influence since the scattering pattern is only marginally dependent on the polarization. The
dependency can be described with a sinus or cosine term as visible in Figure 6.9.

A rotation of the β angle is more complex. In Figure 6.7 the rotation of the β angle for
different particle sizes and opening angles can be seen. Again, the particle sizes are chosen as
volume equivalent to a sphere with the diameter d. It is observed that for 1 µm and 1.5 µm
and opening angles of more than 20◦ the ratio does not rise monotonously. Also the order of
the particles changes. From the measurement perspective it would be beneficial if the highest
ratio is reached at β = 90◦ for all parameter settings and if "the larger the aspect ratio of the
particle, the larger the ratio R" is also true.

Explanation of non-monotonously rising ratio

To understand this behavior, the far-field scattering pattern of bispheres is considered, as
shown in Figure 6.10. For the size dbisphere of 400 nm, only the main maximum is visible within
a 30◦ opening angle, and the minimum is excluded. Larger particles exhibit up to the main
maximum, a second maximum, and the first one or two minima within the field of view. As the
particle rotates from β = 0◦ to β = 90◦, increasing their projected aspect ratio in the laser field,
the scattering pattern changes. The maxima along ϕ = 0 shift to smaller angles, potentially
moving in the field of view, increasing the intensity in the left and right quadrants. This leads
to a decrease in the ratio r, well visible for dbisphere =1.59 µm and dbisphere =2.39 µm.

When varying sizes and a fixed opening angle the effect is similar. As the size increases,
the maxima become denser, and side maxima may appear on the detector, altering the ratio.
To avoid this, the opening angle θo should not exceed the scattering angle of the first minima
along the shortest axes (corresponding to the longest axis in the near field).
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6. Theoretical Implementation of a Quadrant Detector

To define an (analytical) estimation of such a criterion, the two axes of the geometrical
cross section could be separated and the far field can be considered as a superposition of two
far fields emerging from two small spheres with radii corresponding to the length of the axes.
This of course will not resemble the exact field, but gives an estimate of the shortest axes
angular diameter.

In the Rayleigh-Gans regime (|m − 1| ≪ 1 and kd · |m − 1| ≪ 1) the form factor f can be
expressed as follows for a particle with arbitrary shape as described in the book by Bohren &
Huffmann [1]. The condition |m − 1| ≪ 1 is barely fulfilled with m = 1.209 for polystyrene.
The condition kd · |m − 1| < 1 holds true for particles smaller than 230 nm. This is not
fulfilled for most of the particles simulated, however it will still be used due to a lack of better
alternatives.

f(θ) = 3
u3 (sin(u) − u cos(u)) u = 2x sin

(︃
θ

2

)︃
(6.4)

The form factor f is zero if the condition tan(u) − u = 0 holds true. The zeros are in good
approximation given by the Expression 6.5

u2
n =

(︃
n + 1

2

)︃
π2 − 2 with n ∈ N (6.5)

By finding the relation θo(d) for the first minimum of the scattering distribution, a criterion
for the maximum opening angle θo = θn=1 can be defined. For n=1 Equation 6.5 yields
u1 = 4.49517... ≈ 4.5. Inserting u1 into 6.4 gives Equation 6.6

d <
4.5 · λ

2π sin
(︂

θo
2

)︂ ⇒ θo < 2 · arcsin
(︃2.25λ

πd

)︃
(6.6)

Note that the wavelength λ = λ0
nmedium

is the wavelength in the surrounding medium. In case
θo is small, the condition 2 sin

(︂
θo
2

)︂
= sin (θo) is valid which then reduces the Equation 6.6

to Abbes limit (see Equation 6.7) of resolving lines and grids with a prefactor of 9
π . Recap

that Abbes limit is defined as the distance at which the main diffraction maximum of the first
object lies in the first diffraction minimum of the second object. Although Abbe considers two
objects in a distance d compared to an object with diameter d mentioned above, the formulas
are very similar.

d <
λ

sin(θo) ⇒ θo < arcsin
(︃

λ

d

)︃
(6.7)

Figure 6.8 shows a plot of equation 6.7 and 6.6. Plotted is the maximal opening angle θo

versus the longest side of the particle.
The author is aware that this criterion is only a rough estimate, but simulations have shown

it is quite feasible, even if the particles refractive index is not considered and the particle is
too large for the Rayleigh approximation. By comparing Figures 6.4, 6.6,6.7 and 6.10 with
Figure 6.8 the author concludes that Abbes limit underestimates and the limit derived from
the form factor slightly overestimates the maximal opening angle θ. But in general it seems
that the second criterion is in good agreement with the simulations.

A potential user of this setup can of course define their own refined criterion. A sophisticated
model would be a numerical model containing the relative refractive index m, the particle size d
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6.2 Procedure of Characterization

Figure 6.7: maximum ratio of vertical/horizontal plotted against the rotation angle β for different
particle sizes. From left to right 12◦,20◦,30◦ of opening angle.

Figure 6.8: Equation 6.7 and 6.6 plotted
Figure 6.9: Change of the ratio verti-
cal/horizontal versus rotation of the α
angle around the laser axis.

and shape based probably on a finite-volume model. However, this can get very computational
intense.
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6. Theoretical Implementation of a Quadrant Detector

β = 0◦ β = 30◦ β = 60◦ β = 90◦

dbisphere =
0.4 µm

dbisphere =
0.8 µm

dbisphere =
1.59 µm

dbisphere =
2.39 µm

Figure 6.10: Scattered far-field pattern for bispheres with different diameters dbisphere (i.e. length
of longest side) and rotation β towards the laser. Volume equivalent diameters dsphere are 0.25 µm,
0.5 µm, 1.0 µm and 1.5 µm. For better visibility the square root of the intensity is shown. Note
that for dbisphere = 0.4 µm the polarization effect of dipoles becomes visible.

6.3 Thoughts on Experimental Implementation and Outlook

When implementing the quadrant detector in the experiment, there are some additional
challenges that needs to be discussed. It was theoretically shown that it is sufficient to record
the maximum value, when the particle is in the center of the laser beam, of the ratio R.
However, the accuracy of the measured maximum value could be further enhanced by fitting a
polynomial to the whole recorded pulses of each quadrant, similar to Section 5.1.1. Since the
signal at the end and beginning of the pulse is noisy and close to zero, forming the ratio of
these leads to unsuitable results. To solve this problem, a cut-off time for the formation of the
ratio should be defined.

Currently the experimental opening angle in forward direction is fixed at 12◦. According
to the analysis in this chapter, for a future setup, it would be useful to use an objective with a
larger aperture to increase the sensitivity for small particles.
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6.3 Thoughts on Experimental Implementation and Outlook

Another issue that needs to be addressed is an unknown particle orientation in the
measurement, since the ratio R changes with particle rotation in flow. Fortunately, this
problem can be mitigated for monodisperse suspensions by plotting the count numbers versus
measured ratio R in a 1D histogram. It is known that the ratio R is maximal when the longest
side of the particle is perfectly aligned in flow direction and minimal when it is shifted by 90◦

around the z axis (with respect to condition 6.7). The minimum ratio is the reciprocate of the
maximum value. Using the histogram it is much easier to find the maximum and minimum
possible ratio from the measurement, assuming that all orientation states are adopted. If
all particles owe the same geometrical and optical properties, the maximum and minimum
possible ratio represent the case of perfectly aligned particles. This value can then be analyzed
and compared with simulations. When comparing the measured distribution of ratios to a
theoretical uniformly distribution, orientation effects in the flow cell can estimated. Note that
for particles approximately smaller than the wavelength it is no longer valid that a sphere obeys
a ratio R = 1 due to polarization/dipole effects. However this is easy to estimate theoretically.

As a conclusion one can say that the presented detector design is in theory capable of
distinguishing spherical particles and non-spherical particles in the sub-micrometer range.
Unlike the simple intensity maximum, the relation in ratio (rod>bisphere>capsule>sphere) of
vertical to horizontal intensity remains consistent across different sizes and opening angles if
only the main maximum is present in the opening angle. With a large aperture, the distinction
between e.g. bispheres and spheres should be feasible even for particles smaller than the
wavelength, provided that the forward scattering signal is sufficiently strong for detection.
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7
Summary

In this work, new measurement approaches were explored and introduced. However, before
conducting any measurements, it is crucial to ensure that all relevant device parameters of the
flow cytometer are well characterized. Determining these parameters is particularly challenging
for the opening angles in the forward and sideward directions, as well as for the beam stop in
the forward direction. While the numerical aperture of the lenses is typically well documented,
it can be affected by the presence of additional optical components in the beam path, leading
to a reduction in effective aperture and complicating precise angle measurements.

To address this challenge, a method was developed to determine these optical parameters
by comparing the measured intensity of standardized polystyrene spheres with theoretically
expected values. By analyzing a sufficiently large range of particle sizes, a distinct set of
intensity ratios is obtained, which uniquely corresponds to the optical configuration of the
system. The measured intensities can be mapped onto simulated values through a linear
detector function. The optical parameters are then optimized using differential evolution,
a statistical optimizer, to achieve a best-fit alignment between measured and simulated
intensities. The scattering process is described by the Lorenz-Mie theory.

In the forward direction, this method proved to be effective. A numerical stable residual
formulation was identified, which produces expected results, and exhibits low variance
across repeated simulations. A beamstop angle of around 3.5andopeningangleof12 to
13isassumedtobethecorrectvalue.Thestablestresiduumformulationfound3.71040.0031 for
the beamstop and 13.3400.021fortheopeningangle.Anuncertaintyofabout0.2 is desired.
However, due to the mentioned inherent uncertainties in parameter determination, it remains
challenging to directly validate whether the extracted optical parameters match the actual
system properties. In the sideward direction, while the method yields plausible results,
repeated simulations exhibit substantial variance (i.e. more than tolerable). This variability
is likely attributed to the pronounced sensitivity of side-scattered intensity to fluctuations
in the opening angle. If this approach is validated as reliable, it has the potential to enable
precise and efficient characterization of the flow cytometer with minimal effort, significantly
enhancing the accuracy of particle property measurements.
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7. Summary

Typically, flow cytometers utilize a photomultiplier tube to detect scattered light as a
single intensity value. However, advancements in camera technology now enable the direct
imaging of scattered light. In this work, a rigorous imaging model was employed to
simulate these scattering images. Previous studies in related fields have relied on paraxial
approximations, using methods such as the Fresnel diffraction integral or Fourier transformation
as imaging models. Furthermore, most prior works applied geometrical optics rather than the
numerically exact Lorenz-Mie theory.

Here, the scattering process is modeled using Lorenz-Mie theory for spherical particles. The
scattered light is propagated towards a single lens, where its phase is transformed according
to an ideal lens model. The imaging process itself is rigorously described by the Rayleigh-
Sommerfeld diffraction integral.

When imaging spheres in the sideward direction, the particle does not appear as a simple
spherical outline but instead exhibits two or more bright spots, known in other fields as Glare
Points. It could be shown in this work that the bright spots observed in flow cytometry are in
fact Glare Points. The simulated images reproduce the observed Glare Point structures well
for polystyrene particles with diameters of 3 µm, 5 µm, and 10 µm.

By systematically varying the particle size and relative refractive index, resonances in
the extinction efficiency Qext were identified. It was observed that the structure of the Glare
Points undergoes significant changes when sweeping the relative refractive index m across a
resonance.

To extend the model to aspherical particles, the discrete-dipole approximation was introduced.
Using this approach, deformed particles— stretched or compressed—were theoretically
examined for polystyrene and for a lower relative refractive index of m = 1.04, which
corresponds well to biological tissue. Several scattering features emerged, including vertical
stripes along the laser propagation direction and surface spots in the case of polystyrene.
It was discussed on whether these surface spots originate from surface waves. While a
definitive conclusion could not be reached, the observed effects are fully captured within the
discrete-dipole approximation, regardless of their physical origin.

In commercial flow cytometers, only a single parameter per event—such as the maximum
intensity or pulse area—is typically recorded. In this work, an alternative approach was
pursued: recording the entire transit of a particle or cell through the laser, generating a
one-dimensional intensity-versus-time pulse. This data is stored and post-processed to extract
additional event characteristics.

It was demonstrated that by fitting the pulse data, both the intensity maximum and its
exact temporal position could be determined with higher accuracy. Key extracted parameters
include the maximum intensity, its temporal position, pulse area, standard deviation, skewness,
kurtosis and the temporal distance to consecutive pulses.

Using the standard deviation, coincidences of same sized particles could be detected
with significantly higher reliability. These coincidences would remain indistinguishable in
conventional histograms based solely on maximum intensity or pulse area.
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By modeling particle agglomerates and closely spaced coincidences, it was found that
agglomerates exhibit lower pulse area and peak intensity than two separate coincidences due to
interference effects. An upper boundary for distinguishing agglomerates was identified, which
is beneficial for correcting counting statistics and improving sample preparation.

The inclusion of skewness allowed for the identification of most coincidences involving
differently sized particles in polydisperse suspensions. These events are undetectable using
conventional maximum intensity or pulse area histograms when the intensity contribution of the
smaller particle is dominated by that of the larger one. The algorithm was successfully validated
using suspensions of 1 µm and 5 µm polystyrene particles, as well as with thrombocytes and
erythrocytes in whole blood.

A key advantage of this approach is that it does not rely on Poisson-distributed event
rates, unlike traditional methods such as dead-time correction or dilution series analysis.
Furthermore, it enables the identification of individual coincident pulses and can be extended
to other counting measurement techniques that yield a temporally resolved, approximately
Gaussian-shaped signal.

If the counting process follows Poisson statistics, coincidences can be corrected by using the
exponentially distributed waiting times between consecutive events. In the presence of a
dead time, waiting times shorter than the dead time are not recorded and instead appear as
coincidences within other events.

To correct for this, the average waiting time ⟨t⟩ is measured for all events exceeding a
defined cutoff time t0 (where t0 is greater than the dead time). From this, the mean waiting
time 1

a for all measurements can be inferred in first correction. A second correction compensates
for a systematic overestimation of the total waiting times due to undetected coincidences.
Using the corrected mean waiting time 1

a , the statistically correct total event count can be
determined.

A comparison with dilution series and dead-time correction methods demonstrated that
the waiting-time correction provides reliable results. A major advantage of this approach
is that only a single measurement is required, in contrast to the four measurements needed
for a dilution series. Furthermore, different particle populations can be gated and corrected
separately using this algorithm.

The method is not limited to flow cytometry but is applicable to any event-counting system
that follows Poisson statistics, such as single-photon counting. However, a key limitation is
that the measurement setup must be capable of precisely determining the temporal distances
between consecutive events, a feature that many commercial flow cytometers lack. Additionally,
concentration-dependent counting effects can only be identified and addressed through dilution
series measurements. For samples that have been verified to exhibit no concentration-dependent
effects, this method has the potential to replace the current state-of-the-art dilution series
approach.

Finally, the theoretical feasibility of using a quadrant photodetector as an alternative
to the currently employed photomultiplier tube was evaluated for its ability to extract shape
information of particles. To this end, simulations of the far-field intensity distribution were
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7. Summary

conducted using the ADDA software, and the ratio R of the signals from the tilted horizontal
to vertical quadrants as a measure of asphereness was analyzed.

The results indicate that a quadrant detector can provide a measure of both aspect ratio
and size, even for particles smaller than the wavelength. A higher numerical aperture leads
to an increased ratio R, thereby enhancing sensitivity to variations in aspect ratio. While
the total scattered intensity depends on the particle’s aspect ratio, this dependence is not
consistent across different particle sizes when compared to a sphere.

In contrast to that, the relative ordering of aspect ratios for different particle types is
preserved in the ratio R across the entire tested size range from 100 nm to 1100 nm for an
opening angle of 12◦. The upper size limit decreases for larger opening angles; however, this
does not pose an issue. The numerical aperture must then be selected to match the particle
size: large opening angles are suited for small particles, while small opening angles are better
for large particles.

The theoretical analysis suggests that a quadrant detector could enable efficient differentia-
tion between spherical and aspherical particles, even for sub-wavelength-sized particles, while
also providing an estimate of the aspect ratio of the sample. An experimental validation is
still pending.
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