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Abstract

Integrating spectral data (spectral responsivities of photometers or spectral distributions of light
sources) to calculate quantities such as tristimulus values is straightforward at first sight.
However, estimating the measurement uncertainty of these integrated quantities is challenging.
When calculating integral photometric quantities, some uncertainty contributions from the
spectral data transfer to the final results, some "cancel out", some "average out" and others
increase or decrease their weight by correlation.

The spectral quantities are usually assumed to be uncorrelated when deriving other quantities
by integration, which is typically not justified. Using Monte Carlo simulations (MCS) and
orthogonal functions, this paper shows that the neglection of partial spectral correlations may
lead to a significant underestimation of the measurement uncertainty of these integral
quantities, and how to use this information for better estimation.

Keywords: Photometry, Colorimetry, Measurement Uncertainty, Monte Carlo Simulation,
Correlation

1 Introduction

Integration of spectral data is critical for calculating photometric quantities, non-visual effects,
and photobiological safety. The main calculations to determine the value of the measurand, i.e.,
by weighted sums of spectral responsivities of photometers or spectral distributions (SDs), or
similar, over the spectral range, are relatively simple, but calculating estimates for the
associated measurement uncertainty immediately becomes complicated and challenging (CIE
198-SP2:2018, 2018). The correlation of uncertainty components at different wavelengths can
significantly contribute to the combined uncertainty of the integrated quantities (Karha et al.,
2017, Schmabhling et al., 2018).

Based on Monte Carlo simulations (MCS) (JCGM 102:2011, 2011), and the application of
orthogonal basis functions to describe correlations, a basic approach for the estimation of
dependencies is developed, which allows a better insight into the origin of those significant
contributions to the measurement uncertainty caused by correlations in the spectral data to be
integrated.

The main contribution of this work is that, in addition to the fully-correlated errors on the
wavelength and responsivity scales, the partially correlated contributions are also investigated.
For this purpose, a method that describes correlations through orthogonal basis functions was
used in this work.

2 Methods

The proposed basic approach does not describe a specific measurement technique, and the
impact of correlated spectral data on the calculated spectrally integrated quantities does not
consider the physical background of a particular measurement setup or device under test (DUT)
in a first step. Instead, predetermined input SDs are used as the outcome of fictitious
measurements, whose data fluctuate around their mean values within given uncertainties. While
the basis function approach accomplishes the (correlated) fluctuation, the calculation of the
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desired output quantity is done by a classical MCS. In this way, calculating the spectrally
integrated quantity of interest is decoupled from the measurement process and becomes
universally valid. For the basic approach of the simulation, the variation of the wavelength and
the variation of the amplitude of the signal are evaluated separately.

On the one hand, the basic approach makes it possible to understand the main contributions of
the spectral measurement uncertainties to the estimated combined measurement uncertainty
and consider them for specific cases. On the other hand, this approach identifies possible
correlations between the output quantities. For instance, the overlap of the CIE colour-matching
functions (CIE15:2018, 2018) in the wavelength range generates correlations between the
tristimulus values. In a second step, one can look for parts of physical models which can be
modelled with the different parameters of the basic approach model (see section 2.3).

According to the methodology to be presented, the uncertainty contributions of the spectral data
are represented as values with specific probability distributions, divided into additive and
multiplicative components, and, for both categories, in uncorrelated, fully-correlated and
partially correlated values. The partially correlated values are modelled by orthogonal basis
functions (Karha et al., 2017) or by applying known covariance matrices from measurement
results.

2.1 Model for uncertainty contributions

A vector representation describes spectral data, where vectors are represented with bold
symbols, whereas scalar have italic symbols. For spectral data with N; elements (e.g., from 360
nm to 830 nm in 5 nm steps > N; = 95), two vectors are used:

e Amplitude vector: S =[S, S;, Sz, ..., Sy-1]

e Wavelength vector: & = [45, 44,22, ..., Ay, -1]

where the variation of the values of the elements in the vectors can be originated either from a
wavelength jitter, signal change, or both. Both vectors are used to calculate the spectrally
integrated quantity of interest (see section 2.1.6). However, to better understand their influence,
they will be simulated independently in the first step.

2.1.1 Amplitude vector

For the basic approach introduced, the following model is used for the signal or amplitude
uncertainty.

s'=S- kSm—b(1 +S.ct Sauc t Sa-b) 1)
where
S’ is the random variable for the amplitude scale in the MCS (vector);
) is the nominal amplitude value of the amplitude (vector);

ksmp, 1S the multiplicative uncertainty component modelled with the basis function approach
(vector, systematic and random, e.g. amplification);

S.. isthe additive fully-correlated” uncertainty component (vector, systematic, e.g. order sorting
filters);

S..uc is the additive un-correlated uncertainty component (vector, random);
S.p is the additive uncertainty component modelled with the basis function approach (vector,
systematic).

Formally the parameter kg, and kgmn.,c are missing in the model, but the information is included
in the basis function approach.

*In the fully correlated case only one random number is generated for all elements in the vector.
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2.1.2 Wavelength vector
For the basic approach introduced, the following model is used for the wavelength uncertainty:
AT = Fam-c (l + }‘a-c + Aa-uc + la-b) (2)

where

AF is the random variable for the wavelength in the MCS (vector);

kym-c 1S the fully-correlated factor for the wavelength scale (scalar, systematic, e.g., wavelength
scale factor);

A is the nominal wavelength (vector);

A, is the additive fully-correlated uncertainty component (vector (same value for all elements),
systematic, e.g., offset);

Aa..uc is the additive uncorrelated random uncertainty or noise (vector, random, e.g., noise);

A,, is the additive uncertainty, modelled with the basis function approach (vector, systematic).

Factors other than a correlated factor are not helpful for the wavelength scale.

The different modelling of the wavelength and value vector is because wavelength errors are
usually modelled as absolute quantities, and amplitude errors are usually modelled relatively.

2.1.3 Combination of amplitude and wavelength scale

Pairs of wavelength and amplitude vectors together are necessary to define the spectral
information X' for further calculations:

sp = (47,5 3

For comparison using actual measurements of spectral irradiance from PTB, the random vector
Sprg IS drawn from a multivariate normal distribution using the mean vector and the given
covariance matrix (see Figure 3 and Figure 4). In this case, the uncertainty information of the
wavelength scale is already included in the covariance matrix, and the nominal wavelength
scale can be used for the value pairs:

XED,PTB = (4, SprB) 4)

2.1.4 Model parameter

The basic approach uses additive (subscript 'a’) and multiplicative (subscript 'm') model
parameters linked to the values as uncertainty components.

Furthermore, the uncertainty contributions will be implemented during the simulation as follows:

e Uncorrelated (subscript 'uc'): Every vector element represents a different realisation of a
random process in each of the Ny MC trials. A vector with random elements is drawn in
each trial. Variations of the vector elements are independent.

e Correlated (subscript 'c’): All vector element variations behave the same way in an MC step.
The random number is drawn once for every trial only.

e Basis function (subscript ' b'): The correlated variations of spectral data points are simulated
by the variations of the vector elements with a periodic spectral dependence. The different
vectors for the trials are calculated according to the basis function approach introduced by
(Kérha et al., 2017) with Fourier or Chebyshev basis functions as described by (Vaskuri et
al., 2018). See section 2.5 for details.

2.1.5 Input quantities

Using the classical Monte Carlo procedure, spectral information is required to calculate
photometric quantities like colour coordinates, correlated colour temperatures, etc. As
examples of spectral data, Figure 1 shows the V(A)-curve and the spectral responsivity of a
photometer, and Figure 2 shows two examples of spectral distributions of light sources.
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The simulated approach is compared with real measurement data from an FEL lamp at PTB
operating at a CCT of about 3077 K (see Figure 3 and Figure 4), including covariance matrixes.
The measured relative spectral distribution of the FEL lamp is very close to the relative spectral
distribution of the blackbody radiator at the same CCT used for the basis function approach
(see Figure 2).
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Figure 1 — V(A) and sample detector spectral  Figure 2 — Examples of spectral distributions
responsivity of light sources
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Figure 3 — Spectral distribution of a FEL lamp  Figure 4 — Correlation matrix of the spectral
measurement distribution measurement of the FEL, shown
in Figure 3

2.1.6 Output quantities

To show the effect of the different measurement uncertainties, several integrated quantities are
calculated from the simulated spectral distribution representing the spectral irradiance /
radiance of an FEL lamp. According to (CIE15:2018, 2018, chap. 7) the tristimulus values
should be calculated with the following equations (using the notation of this paper and the
nominal wavelength scale and y(1) = V(4)):

X =042 R ) - S(A) - AL; Y= XA P y(A) - S(A) - AA; Z = Xk 2(A) - S(A) - AA (5)

i=0

Using the random numbers generated with the basic approach presented here, the tristimulus
values can be calculated as follows:
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Ny-2 (6)
X= ) R X7 (- 2D

i=0

Ny—2 (7)
V= V@D X (R - 4D

i=0

Nj-2 (8)
Z= ) 30D X (g = 2D
i=0
X Y 9)
X = —’ y =
X+Y+Z X+Y+Z
The correlated colour temperature (CCT) is calculated from the chromaticity coordinates (x,y)
values based on standard algorithms according to (Robertson, 1968).

The spectral mismatch correction factor F (according to (ISO/CIE, 2014)) is defined by the
following integral ratio, with the notation of this paper:

ffn'j‘;x Sret (D) Sa(DdA [2°M™ y(1ys(2)dA (10)

360 nm

VDSaDdA [} 5, (DS (A)dA

f830 nm
360 nm

The spectral mismatch correction factor F for the measurement of the modelled spectral
distribution X" is calculated using the spectral responsivity of the photometer (s, (), Figure 1)
without any uncertainty contribution, calibrated at CIE standard illuminant A, S,(A).

S e () SaGD) - Ay = 4D IV VD XD (A — AD 1)

i=0 i=0

T VD SaQD) Ay = 4D T sca () X7+ (g — A

i=0 i=0

For simplicity, only one wavelength scale is used here. In practice, one would have to use
separate wavelength scales for the spectral responsivity of the photometer, for the
measurement of the spectral distribution of the DUT and for the spectral distribution of the
calibration light source for which random numbers are generated independently.

Note:

Using a non-nominal wavelength scale usually requires interpolation for further
calculations. It is essential not to interpolate the values S' to the nominal wavelength
scale A. The standard functions (e.g., colour matching functions, luminous efficiency
functions, illuminants) used in the calculations should be interpolated to the usually non-
equidistant random wavelength scale (CIE15:2018, 2018, chap. 7.2.3).

Only in case of passing on to another user the value vector should be interpolated to a
usually equidistant wavelength vector. Thereby the measurement uncertainties of the
wavelength vector are converted to the amplitude values and their measurement
uncertainties and correlations. This is comparable with the luminous flux measurement
at a standard lamp. Here, the operating current is also specified as a nominal value (i.e.
without measurement uncertainty) and the uncertainty in the setting/measurement of
the operating current is included in the measurement uncertainty of the luminous flux
value.

2.2 Parameters for random numbers

For simplicity, the random numbers used for simulating the uncorrelated and correlated
contributions introduced above are drawn from normal distributions:
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e Additive components (mean value = 0): X" ~ N (0; o)

e Multiplicative components (mean value = 1): X" ~ ¥ (1;0)

The standard deviation parameter is selected in a way that one can adapt the result of the
simulation conveniently to the situation in a concrete measurement setup:

e Uncertainty of the wavelength scale parameters is 1 nm.

e Uncertainty of the amplitude scale parameters is 1 %. (Usually, normalised data.)

e The uncertainty for the wavelength scale factor k;,,.. is modelled with kj,,,_. ~ N(1;0,001) due
to the high sensitivity of this contribution.

2.3 Connection to physical models

The basic approach proposed here can be linked to the physical properties of measurement
systems or at least to some properties usually used in "Black Box" models. A very first overview
will be given here:

Table 1 — Connection to physical models

Symbol | Description Origin in other (physical) models
The measurement result of several narrowband
spectral lamps for the wavelength calibration is the
ke Wavelength scale factor | scale factor in nm/pixel or nm/° of the
spectroradiometric system. The uncertainty of this
scale factor can be used to model k...
Wavelenath scale shift The stability (reproducibility or repeatability) of the
Aac of the whgole scale homing/initialisation of a monochromator can be used
to model 1,..
Wa\_/elength scale shift Reproducibility or repeatability of the wavelength
Ao of single measurement . . -
points setting at a single wavelength position.
A complicated relationship between different
wavelength settings can be modelled by
A General uncertainty of A.,.- An example of a physical-based modelling for
ab the wavelength scale such a parameter can be found in (White et al., 2012).
The basis function approach can model the described
behaviour if the correction is not possible.
Uncertainty of the A sophisticated modelling of the calibration factor can
k absolute/relative be introduced, e.g., aging causing correlations
Sm-b amplitude calibration between the calibration factors of different wavelength
factor. regions.
S Correlated uncertainty Modelling the global dark signal (e.g., generated by
a-c of a global offset clamping).
Uncorrelated . S .
Saus uncertainty of the offset Modelling the |nd|\_/|_dual dark signal at every
signals measurement position.
Uncertainty modellin A time-depended offset of a reference voltage can
Sab for the offsyet 9 cause wavelength dependent offset values in the
' amplitude scale.
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2.4 Basis function approach

The basis function approach is explained in (Kéarhé et al., 2017) for Fourier basis functions and
in (Vaskuri et al., 2018) for Chebyshev basis functions in detail. The implementation can be
found in (19nrm02, 2023) in the MC Toolbox of the package in the file FourierNoise.py. A
short summary is given below.

Table 2 — Basis function approach

Wavelength scale Value scale

Random numbers My=A+u,-8 Sty =S1+ug-8)

Deviation function 8= Y08 Vifr OF 8= YNE yici

Deviation function (single

function with k = Nj) s = Vifi OF 85 = YiCx

With the generated standard normal distributed random numbers Y, ~ N'(0; 1) one calculates

the normalised weighting factors y, with y, = Y/ [X5_,¥?

Fourier basis functions Chebyshev basis functions

o) =To(D) =1

20— — Ay
T, (A) = cos| k arccos (—)

fo@) =1 X — A

9D =T, /oy

A=A
fi () = V2sin <2nk !
A‘Z - A‘l

+ ¢k> ¢ (D) = cos(py)gzok—1 + sin(Pr) gk

¢y is a uniformly distributed random number in the range of [0,2z] and the wavelength range is
described with [A;;A;]. o4 is the standard deviation of T (A).
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The partially correlated realisation of the random number 47_, with Ng orthogonal basis functions
fi(1) (based on Fourier or Chebyshev basis functions), the weighting factors y, and the standard
uncertainty u,=1nm (here, u, is a parameter of the simulation, representing the standard
deviation of the noise to be generated) are expressed as shown in Table 2.

Using the deviation function with a single basis function only, as shown in the last line of Table
2 and Figure 5 and Figure 6, checks the direct influence of a specific basis function order. An
example of the combination of basis functions is shown in Figure 7 for Fourier basis functions
and Figure 8 for Chebyshev basis functions.

Iterating the MCS over several basis functions Ng = 0...N;/2 — 1 will result in a lot of information.
N;/2 —1 is the maximum number of basis functions possible due to the Nyquist rule. Besides
the basis function number for the maximum impact on the final uncertainty, three specific points
are usually of particular interest:

e The evaluations based on the FEL measurement results from the PTB are shown as an
additional point (and a corresponding horizontal line) in the graphs (description 'PTB').

e The fully-correlated case is also shown in the graphs as a separate point (description 'corr").
e N = N;/2—1: The fully-uncorrelated case is separately marked (description ‘'un-corr").

Therefore, modelling using the additional scalar values kg, and kgn.,c Was not necessary in
(1) because both special cases are included in the basis function approach.

2.5 Model application

The subsequent application of these types of contributions (and all together at the end)
estimates the possible sensitivity coefficients (the variation of the output quantity concerning
the variation of the input quantity). This kind of sensitivity analysis proposed by (JCGM
101:2011, 2011) in Annex B is called one factor at a time (Razavi and Gupta, 2015).

3 Results

A blackbody spectral distribution is used as input quantity to make the simulation as simple as
possible. Based on the theoretical blackbody radiator, the amplitude and wavelength values are
modified during the MCS as described above. With the modified spectral distributions, one can
calculate output integral quantities (e.g., tristimulus value Y, chromaticity coordinates x and y,
the correlated colour temperature CCT and the spectral mismatch correction factor F) and study
their behaviour during the simulation. These data estimate the probability distribution functions
and statistical parameters for all output quantities, including mean and standard deviation. As
a first step, their relations are described with linear correlation coefficients and correlation plots.
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The implementation of this simulation can be found in (19nrm02, 2023). All diagrams, tables
and calculations based on this Python package are made in the Jupyter Notebook
MCSim PM.ipynb. Calculations in the MCS were performed with 20 000 trials.

3.1 Overview

For the first setting, the basis functions are modelled with cumulative Chebyshev basis functions
of order Ny = 7 (description: "basis ¢ 7"). A separate analysis of the influence of the kind of
basis function, the order, and the difference between a single basis function and the cumulative
approach will be shown in section 3.2.

Table 3 shows the output table of a measurement uncertainty calculation with the uncertainty
contributions of every input quantity of the model to selected output quantities.

Figure 9 and Figure 10 show the probability distribution function for the relative tristimulus value
Y the variation of the different model parameters.

Figure 11 and Figure 12 show the influence of the different model parameters on the evaluated
chromaticity coordinates.

Figure 13 to Figure 15 show selected correlation matrixes of the generated SD inside the MSC.
Figure 13 shows the correlation matrix for the SD based on the kg, , modelling with Nz = 7 and
Chebyshev basis functions. Figure 14 shows the same calculation with Fourier basis functions.
Figure 15 shows a correlation matrix for the configuration of Figure 14 but with a single basis
function of order 7 only.

Figure 16 shows the PDF of all selected output quantities and their correlation.

3.2 Evaluation of different basis functions

Observing the influence of the model parameter kg, only, we can vary the kind of basis
function, the number of basis functions Nz and how we use the basis functions (all together up
to a specific order as called cumulative or as a single basis function ('s’) only).

Figure 17 to Figure 21 show the effect of the number of basis functions and the kind of basis
function modelling on the measurement uncertainty of the different selected output quantities.

4 Discussion

The simulations show the expected behaviour, i.e., uncorrelated and fully-correlated
contributions have no significant influence on chromaticity coordinates and the other evaluated
quantities. The exception is the contribution from the additive, fully-correlated errors in the
values of the wavelengths (e.g., caused by the homing/initialising procedure of a
monochromator or by the wavelength adjustment of an array spectroradiometer with a few
spectral lines only), which makes significant contributions to nearly all investigated output
quantities.

However, it was shown by modelling with orthogonal basis functions that partial correlations
contribute significantly to the measurement uncertainty. In the case of the slowly changing
tristimulus functions, only the long-wave basis functions (Ng is small) produce effects that do
not cancel each other out. Therefore, these reflect the possible maximum effects of correlations.
This is a possible contribution to the measurement uncertainty that needs to be considered for
physical models.

The approach based on using single basis functions generally provides information about the
most sensitive frequency for the basis function approach. It is usually observed for intermediate
and more specific spectral frequencies, those related to correlations whose disregard leads to
a greater underestimation of the uncertainty.

The behaviour for the spectral mismatch correction factor F (Figure 21) is different from the
other integral data evaluations. This is because the high frequency difference between the
V(A) function and the photometer #73 (Figure 1) used here also contains higher frequencies.
Therefore, higher orders of the basis function cause more deviation in F than lower orders.
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Table 3 — Evaluation table for the MU calculation using the basic approach

Quantity Unit Mean  StdDev. Distribution Y u(Y) x u(x) y u(y) CCT |/ K u(CCT) I K F u(F)

T K 3077,0 1,000 normal 1,0000 0,0027 0,43155 0,00007 0,40216 0,00003 3077,0 1,0 1,002 4 0,000 010
Aaec nm 0,0 1,000 normal 1,0000 0,0058 0,43155 0,00056 0,40215 0,00025 3077,0 7,7 1,002 4 0,000 074
Aaeuc nm 0,0 1,000 normal 1,000 0,0005 0,43155 0,00010 0,40215 0,00012 3077,0 1,7 1,002 4 0,000 023
Aab nm 0,0 1,000 basis ¢ 7 1,0001 0,0065 0,43154 0,00085 0,40215 0,00078 3077,2 13,8 1,002 4 0,000 106
K jm-c 1 1,0 0,001 normal 1,0000 0,0032 0,43156 0,00021 0,40216 0,00008 3077,0 3,1 1,002 4 0,000 031
Sac 0,0 0,010 normal 11,0001 0,0101 0,43155 0,00000 0,40216 0,00000 3077,0 0,0 1,002 4 0,000 000
Sa-uc 0,0 0,010 normal 1,0000 0,0008 0,43155 0,00014 0,40216 0,00013 3077,0 3,0 1,002 4 0,000 038
Sab 0,0 0,010 basis ¢ 7 1,0001 0,0113 0,43156 0,00097 0,40214 0,00088 3076,8 19,9 1,002 4 0,000 150
Ksmb 0,0 0,010 basis ¢ 7 0,9999 10,0114 0,43156 0,00098 0,402 14 0,00088 3076,8 20,1 1,002 4 0,000 151
All 1,0002 0,0212 0,43155 0,00172 0,40212 0,00151 3076,9 32,5 1,002 4 0,000 255
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Figure 9 — Histogram of the relative tristimulus value Y, based on the
wavelength uncertainty contributions

Figure 10 — Histogram of the relative tristimulus value Y, based on the
value uncertainty contributions
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Figure 16 — Correlation of the integral output quantities for the
ksmpy part of the model
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Figure 20 — Influence of the basis function Figure 21 — Influence of the basis function
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factor F evaluation

5 Conclusion

The proposed basic modelling approach is an easy tool to understand the origin of possible
significant contributions to measurement uncertainty caused by correlation in the spectral data
used as input quantities or by the evaluation process.
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MCS has shown that when measuring quantities derived from spectral integrations, the full-
correlated and uncorrelated errors contribute much less to the uncertainty than the partially
correlated errors modelled by the basis functions. As expected, the basis functions with fewer
terms (functions with low spectral frequencies representing errors with short autocorrelation
length) provide a more considerable uncertainty in measuring these spectrally integrated
quantities and thus provide a reasonable estimate of the maximum uncertainty.

6 Acknowledgement

This project 19NRMO02 RevStdLED has received funding from the EMPIR program, co-financed
by the Participating States and from the European Union's Horizon 2020 research and
innovation program. El wishes to acknowledge support by the Academy of Finland Flagship
Programme, Photonics Research and Innovation (PREIN), decision number: 320167.

Furthermore, we thank Kevin G. Smet for implementing all the photometric and colourimetric
functions in the LuxPy Python package (Smet, 2020), which we used to implement the
calculations presented here. We also thank Thorsten Gerloff from PTB Germany for providing
the measurement data of the FEL lamp, including the beneficial covariance information.

References

19nrm02, E., 2023. Python package empirl9nrm02
https://github.com/empir19nrm02/empirl9nrm02.

CIE 198-SP2:2018, 2018. Determination of Measurement Uncertainties in Photometry
Supplement 2: Spectral measurements and derivative quantities. Vienna.
https://doi.org/10.25039/TR.198SP2.2018

CIE15:2018, 2018. CIE 015:2018 Colorimetry, 4th Edition. Vienna.
https://doi.org/10.25039/TR.015.2018

ISO/CIE, 2014. ISO/CIE 19476:2014 “Characterization and performance of illuminance meters
and luminance meters.”

JCGM 101:2011, 2011. Evaluation of measurement data — Supplement 1 to the “Guide to the
expression of uncertainty in measurement” — Propagation of distributions using a Monte
Carlo method. International Organization for Standardization Geneva 101, 90.

JCGM 102:2011, 2011. Evaluation of measurement data — Supplement 2 to the “Guide to the
expression of uncertainty in measurement” — Extension to any number of output
quantities. International Organization for Standardization Geneva 102, 1-72.

Karha, P., Vaskuri, A., Mantynen, H., Mikkonen, N., Ikonen, E., 2017. Method for estimating
effects of unknown correlations in spectral irradiance data on uncertainties of spectrally
integrated colorimetric quantities. Metrologia 54, 524-534. https://doi.org/10.1088/1681-
7575/aa7b39

Razavi, S., Gupta, H. V., 2015. What do we mean by sensitivity analysis? The need for
comprehensive characterization of “global” sensitivity in Earth and Environmental
systems models. Water Resour Res 51, 3070-3092.
https://doi.org/10.1002/2014WR016527

Robertson, A.R., 1968. Computation of Correlated Color Temperature and Distribution
Temperature. J Opt Soc Am 58, 1528. https://doi.org/10.1364/JOSA.58.001528

Schmabhling, F., Wibbeler, G., Kriger, U., Ruggaber, B., Schmidt, F., Taubert, R.D., Sperling,
A., Elster, C., 2018. Uncertainty evaluation and propagation for spectral measurements.
Color Res Appl 43. https://doi.org/10.1002/col.22185

Smet, K.A.G., 2020. Tutorial: The LuxPy Python Toolbox for Lighting and Color Science.
LEUKOS 16, 179-201. https://doi.org/10.1080/15502724.2018.1518717

Vaskuri, A., Karha, P., Egli, L., Groébner, J., Ikonen, E., 2018. Uncertainty analysis of total
ozone derived from direct solar irradiance spectra in the presence of unknown spectral
deviations. Atmos Meas Tech 11, 3595-3610. https://doi.org/10.5194/amt-11-3595-2018

White, M., Smid, M., Porrovecchio, G., 2012. Realization of an accurate and repeatable
wavelength scale for double subtractive monochromators. Metrologia 49, 779-784.
https://doi.org/10.1088/0026-1394/49/6/779



